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Abstract— In this paper, we explore the use of network coding
as method for redistributing resources to achieve capacity in twouser unicast networks. We introduce a simple network example,
which we call the extended butterfly network, whose structure
illustrates the idea of resource swapping, and demonstrates
possible issues related to user incentives for network coding.
We show that for such a network, it is possible to construct
a combination network coding/routing scheme that 1) achieves
capacity of the network by employing network coding as a way
to redistribute misplaced network resources, and 2) facilitates
cooperation among users by creating a stable rate allocation in
which users have no incentive to deviate from the network coding
scheme.

I. I NTRODUCTION
Since the seminal work in [1], network coding has received
a great deal of attention as a way to help bridge the gap
between multi-commodity flow capacity and information theoretic capacity of networks [1], [2]. This has spawned an extensive and rich literature on network coding for both multicast
[1]-[7] and unicast [8]-[12] networks. Although the multicast
network coding problem is well understood, the problem of
network coding for unicast networks is fundamentally different
from that of network coding for multicast networks. Since
information in a unicast network is sent between specific
source-destination pairs, it necessarily requires inter-session
network coding in which destinations are only interested in
their own information.
The benefit of network coding for unicast comes about when
a source has the ability to transmit information to the other
source’s destination. This resource is essentially misplaced
in a multi-commodity flow context, but with network coding
it can be used to transmit information for use in decoding
network coded flows. If both sources have this type of misplaced resource, network coding allows the users to “swap”
the misplaced resources. In other words, we can redistribute
misplaced resources to be used in facilitating communication
from a source to its own destination. This idea of using
network coding to swap resources raises some interesting
issues related to user incentives, however. Cooperation among
users is required whenever network coding is used. In the
more traditional multi-cast setting, users do not lose anything
by sending redundant side information since this information
needs to be broadcast to all users in the network. In a

unicast network, however, a user gains nothing by sending
side information unless the other users send side information
as well. The question of what a user will do when faced with
the choice between sending information to its own destination,
and sending information for purposes of decoding at other
users is an interesting one.
In this paper, we explore the use of network coding as
method for swapping resources by introducing a simple network example which we call the extended butterfly. The
structure of this network exactly illustrates the idea of resource
swapping, as well as the notion of incentives for network
coding. We show that for such a network, it is possible to
construct a combination network coding/routing scheme that
1) achieves capacity of the network by employing network
coding as a way to redistribute network resources, and 2)
facilitates cooperation among users by creating a stable rate
allocation in which users have no incentive to deviate from
the network coding scheme.
The remainder of this paper is organized as follows. Section II introduces the extended butterfly network, and illustrates the idea of resource swapping and incentives. Section III introduces notations, definitions, and relevant results
used throughout the paper. Section IV gives a procedure for
finding an outer bound on capacity, while Section V gives
a rate assignment scheme that achieves this bound. Finally,
Section VI gives our conclusions and areas of future work.
II. A S IMPLE E XAMPLE : T HE E XTENDED B UTTERFLY
N ETWORK
In this paper, we work with a simple example of a unicast
network in order to illustrate the ideas of cooperation and
resource swapping through network coding. Consider the
extended butterfly network shown in Figure 1, consisting of
two unicast sessions: one from S(1) to T(1), and one from
S(2) to T(2). Link capacities are as indicated on the graph.
Notice that in addition to the usual butterfly structure, there is
a direct path from S(1) to T(1) that shares a link with a path
from S(1) to T(2), and a direct path from S(2) to T(2) that
shares a link with a path from S(2) to T(1).
Figure 2(a) shows one possible solution to the multicommodity flow problem. Each source sends as much information as the link capacities allow to its own destination - here
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The Extended Butterfly Network

we have given all of capacity on the shared central link to user
1. The total rate achieved by this solution is .3 + 1 + .4 = 1.7.
We see here that the capacity along paths from S(1) to T(2)
and S(2) to T(1) is wasted, since there is no benefit for sources
to send information to the other source’s destination in a multicommodity situation.
In contrast, Figure 2(b) shows the solution to the multi-cast
network flow problem, where information from each source is
broadcast to both destinations1 . Each source sends information
along its path through the central link, and an equal amount of
redundant information along its path to the other destination.
Here, the use of network coding allows both users to send
rate ’1’ over the central link. In other words, network coding
allows users to share this link rather than compete for it. The
total rate achieved by this solution is 1 + 1 = 2, and is an
improvement over the multi-commodity flow solution.
Notice that the resources used by each user to send the
redundant information for decoding purposes could have been
used to send information to its own destination instead. This
raises two concerns. The first concern is that this creates a
prisoner’s dilemma-type situation. If both users network code,
they are both better off. If one user decides not to network
code, however, the other user is better off by not network
coding. The second concern is, of course, that there still seems
to be misplaced capacity in the network. Hence, it would seem
that the solution to the multi-cast network flow solution may
not be optimal. In fact, we will see in the following sections
that the multi-cast network flow solution does not achieve
capacity of the network.
In the remaining sections of this paper, we give an outer
bound on the capacity of the extended butterfly network,
and present a combination network coding/routing scheme
that achieves this outer bound. We show that in addition to
achieving capacity, this scheme does not result in a prisoner’s
dilemma-type scenario. In other words, we present a scheme
that is both capacity-achieving, and stable in terms of incentives for network coding!

1 We can think of this as the situation where we add a pseudo source node,
that sends information from both sources. The resulting problem is an intrasession multi-cast network coding problem.

Fig. 2. Multi-Commodity Flow Solution (a) and Multi-Cast Network Coding
Solution (b)

III. N OTATION , D EFINITIONS , AND R ELEVANT
BACKGROUND I NFORMATION
Throughout this paper, we use the following notation.
Denote by G = (V, E) the directed unicast network given
in Figure 1, where N = {1, 2} is the set of source-destination
pairs. Following the convention introduced in [2] (and without
loss of generality), we assume that each source has a single
outgoing link S(i) with infinite capacity, and each destination
has a single incoming link T (i) with infinite capacity. Let
ρ = {S(1), S(2)} and ϕ = {T (1), T (2)}. Let L = {1, . . . , L}
be the set of links (edges), each with capacity cl and let
K = {1, . . . , K} be the set of paths from any source S(i)
to any destination T (j).
We now introduce the following definitions that will aid us
in our description of the network capacity and coding scheme.
Definition 1: A cut A is a set
P of links. We define the
capacity of cut A to be C(A) = l∈A cl .
Definition 2: A path is a shared path if it goes from S(i)
to T (i), and it shares at least one link with a path that goes
from S(j) to T (j). A path is a dedicated path if it goes from
S(i) to T (i) and it is not shared. A path is a redundant path
if it goes from S(i) to T (j).
In the following sections, we derive the capacity of the
extended butterfly network by first constructing an outer
bound on the capacity region, then showing achievability of
the outer bound. In order to do so, we draw heavily from
definitions and theorems given in [2]. This paper uses the
concept of informational dominance to relate the structure of
a graph to information-theoretic notions of capacity. In order
to facilitate our discussion of network capacity and achievable
rate regions, we summarize here the relevant facts, definitions,
and theorems from this paper.
Definition 3: An edge set A informationally dominates
edge set B if the information transmitted on edges in A
determines the information transmitted on edges in B for
all network coding solutions, regardless of the rate of the
solution. We denote by Dom(A) the set of all edges that are
informationally dominated by A.
Fact 1: If B ⊆ Dom(A), then H(B) ≤ H(A).
Fact 2: For an edge set A, the set Dom(A) satisfies the
following conditions:
1.
A ⊆ Dom(A).
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Subgraphs and Cuts for Procedure P1: (a) Step 1 (b) Step 2

Fig. 4.

Subgraphs and Cuts for Procedure P1: (a) Step 3 (b) Step 4

S(i) ∈ Dom(A) if and only if T (i) ∈ Dom(A).
Every edge in E\Dom(A) is reachable in
G\Dom(A) from a source.
4.
For every source edge S(i) in G\Dom(A), there is
an indirect walk for commodity i in G(Dom(A), i).
(Theorem 10 from [2])
Fact 3: Given a directed acyclic graph G, a network coding
solution with rate vector r exists if and only if there exists a
constant b such that the following hold: for all edges l ∈ L,
2.
3.

H(l) ≤ cl log2 (b)
Fig. 5.

and for all sources i ∈ N
H(S(i)) ≥ ri log2 (b)
Again, we emphasize that Definition 3 and Facts 1-3 are
relevant results from [2] that we will use in examining
our combined network coding/routing scheme. The reader is
encouraged to examine that paper in greater detail.
IV. P ROCEDURE TO B OUND C APACITY OF THE N ETWORK
In this section, we present a procedure to find cuts in the
network that give an outer bound on the network capacity
for network coding. In later sections, we will see that for the
extended butterfly network, this outer bound is achievable by
a combination network coding/routing scheme, hence is the
capacity of network.
Procedure P1
Step 1 Consider graph G. Find the smallest cut A1 that
separates S(1) from T (1) on G.
Step 2 Consider graph G. Find the smallest cut A2 that
separates S(2) from T (2) on G.
Step 3 Create subgraph G1 = (V, E 1 ), where E 1 is the set
of links traversed by dedicated or redundant paths.
Step 3.1 Find the smallest cut A31 that separates S(1)
from {T (1), T (2)} and S(2) from T (2) on G1 .
Step 3.2 Find the smallest cut A32 that separates S(2)
from {T (1), T (2)} and S(1) from T (1) on G1 .
Step 4 Create subgraph G2 = (V, E 2 ), where E 2 is the set
of links traversed by shared paths.
Step 4.1 Find the smallest cut A41 that separates S(1)
from {T (1), T (2)} and S(2) from T (2) on G2 \A31 .
Step 4.2 Find the smallest cut A42 that separates S(2)
from {T (1), T (2)} and S(1) from T (1) on G\A32 .

Outer Bound on Network Capacity

A31 ∪ A41 if C(A31 ∪ A41 ) < C(A32 ∪ A42 )
.
A32 ∪ A42 else
Figures 3 and 4 show the subgraphs and cuts obtained
when using Procedure P1 to find the capacity of the extended
butterfly network. From Procedure P1, we have C(A1 ) = 1.3,
C(A2 ) = 1.4, and C(A) = min(2.3, 2.4) = 2.3.
We now present a theorem showing that this procedure can
be used to outer-bound the capacity not only of the extended
butterfly network, but of general two-user unicast networks.
Theorem 1: Let R1 and R2 be the total information rate
conveyed from S(1) to T (1) and from S(2) to T (2), respectively. We denote by ∆ the set of rates R1 , R2 that satisfy the
following conditions:


Step 5 Set A =

R1 ≤ C(A1 )
2

(1)

R2 ≤ C(A )

(2)

R1 + R2 ≤ C(A)

(3)

where A1 , A2 , and A are as defined in Procedure P1. Then
the capacity region of graph G is a subset of ∆.
Proof: First, consider R1 . From the max-flow mincut condition (see e.g. [13], Chapter 3), we know that the
information rate between a single source and a single sink in
a network is outer bounded by the capacity of the smallest cut
that separates the source from the sink. Since this is exactly
how we have defined A1 , we have R1 ≤ C(A1 ). Similarly for
the condition R2 ≤ C(A2 ).
Next, consider the condition R1 + R2 ≤ C(A). There
are two main steps needed to show that this is an outer
bound on the total information rate in a network that employs
network coding. First, we show that the set A informationally

dominates the source nodes S(1) and S(2). Then we show that
this informational dominance implies that the total information
rate in the network is outer bounded by C(A).
To see that A informationally dominates the source nodes
S(1) and S(2), consider subgraphs G1 and G2 , and their corresponding edge sets E 1 and E 2 . We note that by definition,
E 1 ∪ E 2 = E and E 1 ∩ E 2 = ρ ∪ ϕ. In other words, the edge
sets E 1 and E 2 are disjoint except for the infinite capacity
source and destination edges - hence cuts A31 and A41 are
completely disjoint. Now, consider subgraph G\A31 \A41 . By
construction of A31 and A41 and using the fact that E 1 and E 2
are disjoint except at the source and destination edges, T (2)
is not reachable from a source node. From Fact 2, T (2) ∈
Dom(A31 ∪ A41 ), hence S(2) ∈ Dom(A31 ∪ A41 ) on G. Since
S(2) ∈ Dom(A31 ∪ A41 ), and by construction of A31 and A41 ,
T (1) is not reachable from a source node in G\Dom(A31 ∪A41 ).
Again from Fact 2, we have T (1) ∈ Dom(A31 ∪ A41 ), hence
S(1) ∈ Dom(A31 ∪ A41 ) on G.
Once we have that {S(1), S(2)} ⊆ Dom(A31 ∪ A41 ), we
have:
H(A31 ∪ A41 ) ≥ H(S(1), S(2))
= H(S(1)) + H(S(2))
≥ (r1 + r2 ) log2 (b)
where the first inequality comes from Fact 1, the equality
comes from an assumption of independent sources, and the
last inequality comes from Fact 3. But we also have
X
H(A31 ∪ A41 ) ≤
H(l)
l∈(A31 ∪A41 )

≤

X

cl log2 (b)

l∈(A31 ∪A41 )

where the first inequality comes from the definition of entropy,
and the second inequality comes from Fact 3. Combining these
two inequalities, we get:
X
C(A31 ∪ A41 ) =
cl ≥ R1 + R2
l∈(A31 ∪A41 )

We can follow this same argument using cuts A32 and A42 to
get C(A32 ∪ A42 ) ≥ R1 + R2 . Since this is an outer bound on
R1 + R2 and we defined A to be the arg min of C(A31 ∪ A41 )
and C(A32 ∪ A42 ), then C(A) ≥ R1 + R2 are we are done.
Figure 5 shows the region given by ∆ for the extended
butterfly network.
V. N ETWORK C ODING S CHEME TO ACHIEVE C APACITY
In this section, we introduce a combination network coding/routing scheme that achieves capacity of the extended
butterfly network using linear XOR coding. The procedure
for finding the rate assignments that achieve capacity has
three main components: use traditional routing to assign rates
along dedicated paths (a multi-commodity flow problem),
solve a multi-cast network coding problem over the shared and
redundant paths, and finally use traditional routing to assign
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Step 1: Multi-Commodity Flow Sub-Problem 1

rates along shared paths if there is any “leftover” capacity after
solving the multi-cast problem.
Rate Assignment Procedure RA
Step 1: Solve a Multi-Commodity Flow Problem
Construct a subgraph consisting of all dedicated
paths - i.e. the paths from each source to its own
destination over which network coding cannot occur.
Solve the multi-commodity flow problem over this
subgraph, as shown in Figure 6(a). Subtract these
rates from the capacity of the original network,
giving the network shown in Figure 6(b).
Step 2: Solve a Multi-Cast Network Coding Problem
Take the network from Figure 6(b) and solve the
multi-cast network coding problem, as shown in
Figure 7(a). Again, subtract these rates from the
capacity of the network from Figure 6(b), giving us
the network shown in Figure 7(b).
Step 3: Solve a Second Multi-Commodity Flow Problem
The last step is to take the network from Figure 7(b)
and solve the multi-commodity flow problem. In this
step, users are essentially competing for any capacity
on the central link that is leftover after solving the
multi-cast network coding problem. For example, we
can assign rates as shown in Figure 8(a), where the
leftover capacity is given entirely to user 1.
The rates achieved by this solution are R1 = .3 + .6 +
.4 = 1.3 and R2 = .4 + .6 = 1.0. Not only is the total
rate assignment R1 + R2 = 2.3 an improvement over both the
multi-commodity flow and multi-cast network coding solutions
presented in Section II, but this solution exactly achieves the
corner point R1∗ from Figure 5. Ultimately, our goal is to show
that the outer bound on capacity given by the region ∆ from
Section IV is achievable, making it the capacity of the network.
Since we have shown that it is possible to achieve the first
corner point R1∗ , we only need to show that the second corner
point R2∗ is achievable in order to show that the entire region
∆ is achievable.
In order to do this, we notice that in Step 3 of Procedure
RA, user 1 was given all of the leftover capacity along the
central link. Alternately, we could have given this capacity
to user 2, resulting in the solution R1 = .3 + .6 = .9 and
R2 = .4 + .6 + .4 = 1.4. This still gives total rate assignment
R1 + R2 = 2.3, but achieves the corner point R2∗ .

Fig. 7.

Step 2: Multi-Cast Network Coding Sub-Problem

There are many interesting and important extensions to this
work, and we discuss a few of them briefly. With the exception
of the procedure to outer bound capacity of the network,
the results presented here are specific to the extended butterfly example. Extension of this scheme to general two-user
(and possibly multi-user) networks is an important (although
difficult) first step. In addition, the rate assignment scheme
presented in this paper is centralized; that is, it assumes that
the desired communication rates and capacity of links in the
network are fixed and known. Construction of a distributed
rate control mechanism will be an important area of future
work.
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