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Abstract

We examinethe sensitvity of optimal routing policiesin ad hoc wirelessnetworks with respecto estimationerrors
in channelquality. We consideran ad hoc wirelessnetwork wherethe wirelesslinks from eachnodeto its neighborsare
modeledby a probability distribution describingthe local broadcashatureof wirelesstransmissions.Theseprobability
distributions are estimatedin real-time. We investigatethe impact of estimationerrorson the performanceof a set of
proposedoutingpolicies.

I. INTRODUCTION

Due to the variability and uncertaintyin the behaior of the wirelesschannel,wirelessnetworks shouldbe
modeledas stochasticsystems.Hence,serviceprovisioning andresourceallocationissues(suchasadmission
control,routing, etc.)in wirelessnetworksarebestmodeledasstochasticschedulingandstochasticontrol prob-
lems,wherethe wirelesslinks aredescribedy stochastigrocessesThe statisticsof ary wirelesslink depends
onthe physicalchanneladditive noise,pathloss,shadwing, fading,etc.),the numberof usersthatusethe link
simultaneouslyandthe users'transmissiorstratgies. Generally the overall structureandstatisticalbehaior of
the system,e.g.the mamginal andjoint distributions of the processesvolved, is studiedand modeledoff-line,
while the particularparameteref suchmodels,e.g.meanandcovariance areleft to be estimatedn areal-time
measurement-baséashion.For instancea single-hopwirelesslink mightbe modeledasanindependenidenti-
cally distributedbinary symmetricchannelwhosetransmissiorerror probability p,, is estimatedn-line. In such
an approachthe control stratgy regulatesall communicationsn the system,henceit can potentially provide
information on the statisticsof the wirelesschannels.Hence,evenin situationswherethe wirelesssystemis
controlledin a centralizedmanneyr the estimationproblemcombinedwith the controlissues shouldbe ideally
studiedasa stochastiaontrol problemwith imperfectinformation. Stochasticcontrol problemswith imperfect
informationaredual control problemsthataddresgoint estimationandcontrolissues.The informationstate[1]
for theseproblemdiesin aninfinite dimensionakpacesvenwhenthestate-spacandactionspacearefinite. This
featuremakessuchdual control problemsanalyticallyand computationallydifficult. An alternatie approachs
to decouplehe estimationandcontrolissuesn dual control problems.Suchan approactprovidesa parameter
estimationalgorithmwhich operatesndependenthyof the control decisionsandfeedsthe estimatecparameters
into a controllerdesignedunderthe perfectinformationassumption.Following suchan approachservicepro-
visioning in wirelessnetworks canbe addressedby the following threestepprocedure:(i) Off-line modeling
of the overall statisticalbehaior of the wirelesslinks; (i7) specificationof the parameterassociatedvith link
modelsby exploiting parameteestimationalgorithms basednreal-timemeasurementsind(zi:) determination
of optimalserviceprovisioning stratgiesassuminghattheresultsof step¢) and(ii) describehe systems true
stochastidoehaior. As expectedthereareerrorsassociateavith the estimationtechniquesisedin (¢7) andthe
accuray of theestimategarameterss limited to theemplg/ed estimatioralgorithms errormaigin. Ontheother
handtheoptimalcontrolstratgy resultingfrom (z¢z) is guaranteedo be optimalonly for the particularvaluesof
parametergivenby (i7); andit generallyvarieswhentheseparametershange.Hencei|jt is vital to quantifythe
lossin performancef the proposedravisioning stratgy with respecto the aforementione@stimationerrors.
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Fig. 1. Ad hocwirelessnetwork with probabilisticlocal broadcasmodel

In this chapterwe presenta sensitvity analysisof a knowvn optimal (with respecto anenegy consumption
criterion) routing policy in a stochasticad hoc network. Our analysisis basedon the model and resultsof
[2]. In [2], the authorsinvestigatea time-invariant network routing problemwherea probabilisticmodel for
wirelesdocalbroadcastss used(seeFig. 1). Undertheassumptiorthatthetransmissiomprobabilitiesof thelocal
broadcasinodelfor eachnodearepreciselyknown, theexistenceof anoptimalpriority policy with time-irvariant
indicesis shavn in [2]. As expectedihesendicesdependnthe parametersf thelocal broadcasmodel. There
exist centralizedalgorithmswhich computetheseindicesoff-line, althoughsuchpriority policiescanalwaysbe
implementedn adistributedfashion(se€[2]). We investigatehesensitvity of this priority policy with respecto
errorsin the knowledgeof the aforementionedransmissiorprobabilities,andanalyticallydetermineghe impact
of errorsin the broadcastmodelon the performanceof the optimal policy. We quantify this impactasfollows:
(7) we first establishappropriatedistancemeasuredetweentwo probabilisticbroadcasiodels,and between
two policiesin termsof their performancefiz) we constructpolicies7 and«* that are optimal for to the true
broadcasmodel P andthe estimatedroadcastnodel@, respectiely; and(i7:) we boundthe distancebetween
the performancef thetwo policies# and#* by atermproportionalto the distancebetweerbroadcastnodelsP
and( (estimatiorerror).

Onekey featureof anad hoc network is thatthereexists no centralcontrol or computationunit to supervise
the implementatiorand calculationof routing decisions. This featureunderlinesthe importanceof providing
a distributed algorithm for computationand implementationof an optimal policy. The authorsin [2] provide
algorithmsin which eachnodecomputests optimallocal routingactionsin adistributedfashion,i.e. eachnode
only usesthe local information available to it to make routing decisions. It is shavn that undera technical
condition,which holdsalmostin all realscenariosthesealgorithmsall converge to an optimal stationarypolicy
whichis consistentvith the optimalindex policy computedcentrally Combiningthis resultwith our sensitvity
analysisfor the centralizedcontrol problem,we extend our sensitvity resultsto optimal routing stratgiesthat
arecomputedn adistributedfashion.

The remainderof this chapteris organizedasfollows. In Sectionll, we formulatethe problemwe analyze.
In Sectionll-A we first presentthe formulation of the routing problemin an ad hoc networks, provide some
usefulnotationanddefinitionsandstatethe resultgiven by [2] on the structureof the optimal routing strateyy.
In Sectionll-B, we formulatethe problemof sensitvity of routing policieswith respecto estimationerrorsand
establisithe desirablegoalsof suchstudy In Sectionll-B.2, we constructexamplesto illustratethatsuchgoals
may notalwaysbeachiezable.In Sectionlll we presenthemainresultof our sensitvity analysis.In Sectionlll-
A we establishthe mathematicalelationshipsbetweenloss of performanceandthe errorin the estimationof
thelocal broadcasmodels.In Sectionlll-B, we discusshe essencef our sensitvity resultsthroughexamples.
In Sectionlll-C, we extendour resultsto Model (M4), wherethe optimal routing policies are computedand
constructedn adistributedfashion.In SectionlV, we concludethe chapter



[l. PROBLEM FORMULATION

Wefirst revisit thefollowing problem(Problem(P1)) formulatedin [2], andstatetheresultsprovedin [2] that
arenecessaryor our analysis.Basedon Problem(P1), we formulateProblem(P 2) whichis aninvestigationof
the sensitvity of anoptimal routing policy with respecto errorsin estimationof the transmissiorprobabilities
which aredescribedy thelocal broadcasimodel.

A. Problem(P1): StatemenandResults
A.1 Model (M), Notation,andPreliminaries

We bagin by briefly defining notation and stating definitionsfor the systemmodel, which we refer to as
Model (M), underconsideration.As discussedn [2], Model (M) is probabilistic,and control is centralized,
meaningthat the controllerhasaccesgo all the informationavailableat the network. A descriptionof the ele-
mentsof this network modelis givenbelow.

N is thenumberof nodesin the network.

Q2 ={1,...,N}isthesetof all nodes.So|2| = N.

S C Q) refersto a stateof the systemdefinedasthesetof nodeswhich have recevedthe messages; refersto
thestateattimet.

We defineS := {S: S C Q}.

We write P*(S’|S) to indicatethe probability of reachingstate S’ from stateS when choosingnodes for
transmissior; € S. Wewrite P¢(S|i) asshorthandor P*(S|{i}).

Wereferto P = {P'(S'|S)}is,s asthebroadcasmodel.

We defineP;; := Y q.; ics P'(S]i).

We assumehattransmissioreventsat a givennodearei.i.d., andtransmissioreventsareindependenamong
all nodes.

Nodej is calledaneighborof nodes if P;; > 0.

Given the local broadcastmodel P, N'p(i) is the setof all neighborsof 4, togetherwith ; itself. Note that
F;; # Pj; is permitted.

Definition1 (IncreasingProperty) Model (M) is saidto have the increasingpropertyif for ary systemreal-
izationunderary policy we have Sy, 2 S;,, Vt1,Vta > 1.

Definition2 (DecouplingProperty) Model (M) is saidto have the decouplingproperty if successfutrans-
missionfrom a nodeto a setof neighborsat a giventime is unafectedby which othernodesalreadyhave the
message.

We assumehatModel (M) hasboththeincreasinganddecouplingproperties.

R : 2% — R* istherewardfunction,andR; := R({i}). AlSO Rpax := max;cq R;.

7 is a Markov policy.

We write 7(S) = i to indicatepolicy = transmitsatnodei whenin statesS.

We write 7(S) = r to indicatepolicy 7 retiresandrecevesreward R(S) whenin stateS. For corvenience
we write 7(S) = r; asshorthandhatpolicy = retiresandrecevesR;,: € S. In this casewe saythatpolicy =
retiresandreceiveghereward of node;.

By 7(S) # i, 7, we meanbothz(S) # i andn(S) # r;.

By 7(S) = 7(S), we meaneithern(S) = 7(S) = ¢, orn(S) = #(S) = r;, for some;.

Eachtransmissiorfrom node: incursa costof c;.

We next formulatethe centralizedversionof the stochastiadouting problemwith time-invariantparameters.

A.2 Statemenbf Problem(P1)

Problem(P1) We considerthe transmissiorof a singlemessagefrom a giveninitial stateS; (i.e. a given set
of nodes)to a setof destinationstates,in a wirelessad hoc network of N nodesdescribedby Model (M) in



which the transitionprobabilitiesare given by the broadcasmodel P. Transmissiorinstancesccurat discrete
time points. Eachtransmissiorfrom a givennodes incursa fixedcoste; > 0. Accordingto Model (M): (7) at
eachtransmissionnstancethe transmittingnodeis choserby a centralcontrollerthatalwaysknows the current
stateof thesystem(i.e. the setof nodeghathave the message):) nodetransmissionsrelocal broadcastghat
is, multiple neighbomodesmay all simultaneouslyeceve the message(iii) giventhe nodechoserto transmit,
the probability that a given setof nodesrecevesthe messagés knowvn andfixed; (iv) The centralcontrolleris
informed,without any cost,asto which nodesreceve the messageControlinformationflow betweernthe nodes
andthecontrolleris consideredree of enegy andinstantaneous time; (v) eachtransmissioreventis assumed
independentf thosebeforeandafter; (vi) arewardfunction R is specified At ary instancethecentralcontroller
canterminatethetransmissioproces®r choosdo continuetransmitting. Theobjective is to choose(:) thenode
to transmitat eachtransmissionnstanceand(:z) theinstanceo terminatethetransmissiorprocessto maximize
overall Markov policies,

71
Jp(So) = ET {R(Sf) - Zci(t)} ; 1)
t=1

wherer is thetransmission/terminatigpolicy thecontrollerfollows, 7 is thetime whenthetransmissiormprocess
is terminatecunderpolicy 7, S is thestateat r, i(t) is thenodechoserby thetransmissiorpolicy attime ¢, and
JE(S) is theexpectedreward whenstartingin stateS underpolicy = underlocal broadcastmodel P.
Restrictionto Markov policies doesnot entail ary loss of optimality becauseéProblem(P1) is a stochastic
controlproblemwith perfectobserations[1].
MathematicallyProblem(P1) is parameterizetly atuple (N, P, ¢, R).

A.3 TheTransmissiorControlProblem

Consideranad hoc network in which control of transmissiortype (in termsof power, antennalirectionality
andaddressingis allowed. In sucha network ateachtime stepthe centralcontrollerchooses nodefor transmis-
sion,amongthe nodeswith the messageandatransmissiortype,amongafinite setof allowabletypes,is chosen
for thatnode. To eachnode: andtransmissiortype k, a transmissiorcostc; ;) anda probability distribution,
denotedoy P(F)(S|4), describinghe probabilitythata givensetof nodeseceve themessagareassignedThe
objectve for the controllerin sucha network is to determinea policy which maximizesa total reward similar to
thatof equation(1). Sucha policy specifieghe optimalnumberandcoverageof hops,alongeachrealizationof
the operationof network.

Sucha network canbe modeledby Model (M) and can be formulatedas Problem(P1) with a particular
structureon the probability of successfutransmissioni.e. a particularstructureon the broadcastnodel. Thisis
possiblesincein Model (M) no particularassumptiorregardingthe statisticalcorrelationamongthe transition
probabilitieshasbeenmade.We seekto constructa particularnetwork describedy Model (M), which satisfies
theconditionsrequiredby theadditionof multiple transitiontypesresultingfrom theuseof multiple powerlevels.
In orderto do sowe represeneachnode: asa setof sisternodeswith cardinality W;, whereW; refersto the
numberof transitiontypesavailableat node:. Eachsisternodein sucha setrepresent transmissiortype for
nodei, andis identifiedby thepair (i, k), wheres € Qandk = 1,2,... ,W;. WedefineQ, to bethecollectionof
thesesetsof sisternodes.Transmissions the (2, spacearebasedon the correspondingventsin €, asfollows.
Eachtransmissiorat node: € Q with transmissiortype k corresponds$o a control decisionu which chooses
node (i, k) € €. Suchtransmissiorincursa costc; ). If sucha transmissiorleadsto a setof nodes,say
S1 € , receving the messageall nodes(l, k) € Q, suchthat! € S; receve the messageThis implies that
all sisternodesreceve the messagsimultaneouslyor in otherwords, messageeceptiondor sisternodesin €2,
are deterministicallycoupled. Finally eachsisternodeof i receivesthe samereward describedby the reward
function.



The problemof optimal routing in the ad hoc wirelessnetwork describedby €, is a specialcaseof Prob-
lem (P1), whentransmissiorprobabilitieshave a particularcoupledstructureto accommodatelifferenttrans-
missiontypesassisternodesat which the messageeceptionsare deterministicallydecoupledfor moredetails
se€]2] and[3]). Hencethesensitvity resultderivedin this chaptempplyto awirelessadhocnetwork with power
controlandmultiple transmissiortypes.

A.4 Critique of Model (M) andProblem(P1)

In this sectionwe briefly discussthe fundamentabssumptiongnd modelingchoicesin Problem(P1). We,
liketheauthorsn [3], pointoutthatamodels valuedepend®n how well it capturesmportantaspect®f reality.
Furthermore ad hoc networks vary greatlyin their characteristicgn termsof mobility, transmissiorchannels,
etc. Hence thevalidity of the modeldepend®n thesecharacteristicd,e. agoodmodelfor a particularnetwork
with low mobility andheavy traffic might be of no usefor a heavily dynamicnetwork with rare messageand
vice versa.lIn this sectionwe discusghe fundamentabhssumptionsisedin the constructionof Model (M), and
theirimplicationson the utility of theresultingoptimalroutingstratgy. Thediscussiorhereis qualitatve aimed
at providing insightinto the applicability of Model (M) to variousad hoc networks. Henceno attemptis made
to preciselyquantifythe phenomenave address.

Thefirst assumptions the broadcashatureof local transmissiongn Model (M). This assumptions justified
by the omni-directionalityof the antennas.It implies the ability of multiple neighborsto receve a message
simultaneouslydecoddts headerandacknavledgethetransmitter

Anotherassumptioris thetime-invariantnatureof the rewardfor thereceptionof amessagatits destination,
and a fixed consumptionof transmissionenegy (can be extendedto averagereception)at eachnode. As a
consequencef this assumptionthe objective is to minimize the enegy transmissiongven at the expenseof
timelinessor systemcapacity

In Model (M), eachmessagés consideredn isolation. Thisimpliesthattheresultis valid mainly for systems
wherein spite of the presencef suficient messages the systemto justify RouteMaintenancethe neighbor
interferencas not the dominantchanneimpairment.

Finally, in Model (M) it is assumedhattransmissioreventsat a givennodearedescribedy atime-irvariant
conditionaldistribution, which is independenamongall nodes. We clarify the meaningof this assumptiorn
termsof the channelandnetwork models. Thoughthis assumptionmplies a time homogeneityon transmission
probabilities we cansatisfythis requirementvith lessrigid assumptionsuchas(1) slow changeof topologyand
(2) restrictionof channeldegradationto either“slow” or “fast” channeleffects. The dynamicsof transmission
successlependon the characteristicimesof differenton-goingprocessesBy characteristicime, we meanthe
approximatdime for aprocesge.g.achangeof network topology arrival of amessagéo its destinationgtc.)to
becompleted We definethefollowing characteristi¢cimesof fundamentahetwork andchannebprocesses.

T, := characteristi¢cime of significantnetwork topologyvariation

T+ := characteristicime of messagéransitfrom sourceto destination
Tm := Characteristicime of aonenodemessagéransmission

Ts = characteristi¢ime of averagepathloss

7, := characteristi¢ime of log-normalshadaing

T, := characteristitime of multi-pathfading

Theassumptiorof iid successfulransmissiomprobabilitiesis reasonablandjustifiedif oneof thefollowing two
relationsis true.

Tp T K T <7 KL Ty, Ts

T KL Tm <7 L Ty Ty Ts



A.5 PreliminaryResults:OptimalRoutingin Problem(P1)

In this section,we summarizethe resultsin [2] that arerelevantto our work. For that matterwe needthe
following definitions:

Definition3: A Markov policy 7 is apriority policy if thereis a strict priority orderingof thenodess.t.Vi € Q
wehave 7(S U {i}) = n({i}) =i orr;, VS C QF, whereQ is thesetof nodesof priority lower thani.

Definition4: For priority policy =, wewrite i >, j wheni hashigherpriority than; underxr.

Definition5: For priority policy = andnodes, we denoteby U7 (7) the classof higher priority subsetsof
neighborsof 4, i.e. UE(7) := {S : i € S C N;(P),n(S) # i}. Similarly we defineL% (i) := {S : i€ S C
Ni(P),(S) = i}

Now we statethefollowing factsfrom [2] (for moredetailssee[3]).

Fact.1: For priority policy = we have J5(S) = JE({n(S)}) = Jp({i}), wheni >, j forVj € S — {i}.

Thisfactholdsby thedecouplingoropertyandthe definitionof a priority policy.

Fact.2: For priority policy = andary stateS wherer(S) = i or r; we canwrite theexpectedrewardas

—ci + X g5 (i) PY(S"]i)J5({n(S")}) if m selectdransmission
Tp(8) = JB(i}) = { if = selectgetirement @
Fact.3: Thereis anoptimal Markov policy * for Problem(P1) which is a priority policy whoseexpected

reward hasthefollowing property:

TP (8) = max Jp' ({i}) (3)
Fact.4: Underthe optimalMarkov policy 7* the expectedrewardfor eachnode: definesanindex

~ci+ Yseoy o PEDIFURSD |
ZSEU;*(i)Pi(sﬁ) T

thisindex, in turn, definesanoptimal orderingof the nodesandtheactionstakenat thesenodesj.e.

Jp ({i}) = max{ (4)

TE (i) >JE ({3}) = i>e
i>nj = JE ({i}) 2 JE ({j}) (5)

All thesdactswhichareprovedin [2] establisithat,undertheassumptiothatthenetwork parameterarefixed
andknown, thereexists an optimal routing priority orderingof nodes.The authorsin [2] proposea centralized
algorithm (Algorithm 1 in [3]) with compleity O(N?) which computeghe optimal priority listing of nodesin
Problem(P1) whenall the network parameterareknown andavailable at the samelocation(this algorithmis
similar in natureto standardDijkstra in OSPF[4]). Furthermorethreedistributed algorithmsto computethe
optimal priority listing of the neighborsat eachnodeare proposed.Note that dueto the natureof the optimal
priority policy, thereis a naturaldistributed implementationof suchpolicy; suchan implementatiorrequires,
for eachnode,a priority list of the nodeitself andits neighbors.A nodetransmitsuntil anothemodeof higher
priority successfullyecevesthe messageln otherwords,the network layer doesnot dictatethe route,andin
factthereis no oneroute, but the actualroute a messageakes betweensourceand destinationis samplepath
dependentThis characteristiof the solutionis distinctly differentfrom that of otherproposedalgorithms(see
[5], [6], [4], [7], [8]).

The abore model and all proposedalgorithmsassumeknowledge of the transmissiorprobabilitiesP. To
actuallyimplementthe algorithms,methodso estimatetheseprobabilitiesshouldbe emplo/ed (seediscussion
in [3]). On the otherhand,suchmethodsintroducevariouslevels of errot In otherwords,in reality P is not
known but hasto be estimated.The presencef estimationerrorsraisesthe importantissueof the sensitvity of
theresultsin [2] with respecto (small) variationsin P. This motivatesthe sensitvity analysispresentedn this
chapter



In theremainderof this chapterwe frequentlyusethefollowing lemma.Lemmal is a directconsequencef
theresultsgivenin [2].

Lemmal: Let#* and# betwo optimalpriority routingpoliciesunderbroadcasmodelsP and(@, respectuiely.
Assumethat7*({:}) = ¢ (7 ({¢}) = 1), thatis, policies7* and# do notretirewhenthestateis {:}. Then

G

> PS> o———
SeUs’ (i) P = It SEUZ (i)

Proof. 7*({¢}) = ¢ impliesthat

G

>0 O sk > F—

ma.x_Ri

> 0).

o o 4t Sseug o PSIHIE (' (5))
t ZSeU};*(i) Pi(Sl’i)

Ontheotherhand,for VS € S andary policy = we have J3(S) < Rmax. Hence,

(6)

ZSGU;;* (4) Pi(sﬁ)
Thisimpliesthaty> ge e ;) P'(S]i) > g5 > 0.

Similarly, if 7({z}) =1, ESGUg(z') QY(Si) > r— > 0. Theproofof Lemmal is now complete.

Ri < + Rmax (7)

Basedon Model (M) andthe abore preliminary resultswe proceedwith the sensitvity analysisof Prob-
lem (P1).

B. SensitivityAnalysis:ProblemFormulation

ConsiderProblem(P1) associateavith two setsof systemparameterg,N, P, ¢, R) and(N, Q, ¢, R), describ-
ing the true and estimatednodelsof the system respectrely. Accordingto the resultsgivenin Sectionll-A.5
thereexistsanindex policy #* whichis anoptimalroutingpolicy for Problem(P1) with parameter§¢N, P, c, R).
At the sametime the optimal solutionto the estimatednodel,(N, @, ¢, R), is anindex policy 7 thatis not opti-
mal for thetrue model (N, P, ¢, R), in general.Policy 7 is appliedto the systemwith the true broadcasmodel
(distribution) P. We areinterestedn: (i) Determining/quantifyig the differencebetweenthe performanceof
policy 7 in sucha systemandthe bestpossibleperformanceachieved by 7*. (i7) Relatingthe aforementioned
differenceto a quantitydescribingthe estimationerrorin the (true) broadcastnodel.

To quantify the differencespecifiedin () we defineanappropriatametric on the spaceof all routingpolicies.
We definethe distancebetweerpoliciesm; andry at stateS' in the context of the distribution P as

dp(my,me, S) := |Jp' (S) — Jp* ()] (8)
We definethe distancebetweerpoliciesm; and s in the context of distribution P as
dp (m1,m2) 1= max| JE () — JE(S)| ©)

To relatethe differencespecifiedin (z) to the estimationerrorin the (true) broadcastnodelwe first quantify
thiserrorby definingadistancemeasurdetweerthetruebroadcasinodel P andtheestimatednodel@. We use
thetotal variationmetricfor this purposegsee[9], [10]). Thetotal variationdistancebetweertwo local broadcast
models,P and@, describingthe probabilitiesof transmissiorsucces$or nodes, is definedas

o(P;, Qi) = sup | Y (PU(Sli) — Q(S']4))| - (10)

ACS |grea
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Fig. 2. Examplel.

We extendthis measurdo definethetotal variationdistancenetweerbroadcasinodelsP and( as
U(Pa Q) = m?XO'(B,QZ) (11)

Basedontheabore we reformulatethefollowing sensitvity analysisproblem.
Problem(P2) ConsiderProblem(P1) for two setsof parameters(N, P, ¢, R) and(N, @, ¢, R), describingthe
trueandestimatednodelsof thesystemrespecirely. Let 7* beanoptimalroutingpolicy for Problem(P1) with
parameter$N, P, ¢, R), and7 beanoptimalroutingpolicy for Problem(P1) with parameter¢N, @, ¢, R). The
objectve is to determinethe distancebetweenpolicies and#* in the context of P, andrelatethis distanceto
thetotal variationdistancebetweerthe estimatednodel@ andthetrue systenmodelP, i.e.o (P, Q).

B.1 BasicAssumptionon CorvergenceRateof EstimationAlgorithm

As mentionedbefore, the estimatedlocal broadcasimodel @@ is constructedhroughan on-line parameter
estimationalgorithm. Denoteby 7. the characteristidime of the estimationalgorithm,thatis the time required
for the estimationalgorithmto corverge to someestimate().

We assumehroughoutthe following analysisthat ., + 7. < 7,, wherer, is the characteristidime for the
computationand disseminatiorof suchcalculationthroughthe network, and 7,, is the characteristidime of
significantnetwork topologyvariation,definedin Sectionll-A.4.

Thefollowing exampleshawvs that,in general pptimalrouting canbe extremelysensitve to estimationerrors,
i.e. thereexist scenariosvherea small errorin estimationcanunboundedlydeterioratethe performanceof the
constructedriority policy.

B.2 Example

Considerthe simple network given by Fig. 2. We assumethat transmissiorsuccesgrobabilitiesare given
by the true model P and the estimatedvaluesof theseprobabilitiesare given by model Q. The value of
thesetransmissiorprobabilitiesare P ({1,2,3}|1) = Q*({1,2,3}|1) = 0, P}({1,2}|]1) = Q'({1,2}|1) =
. PX({1,2}]2) = Q*({1,2}}2) = p, P*({1,2,3}]2) = Q*({1,2,3}[2) = 0, andfinally P*({2,3}[2) =
Q%*({2,3}|2) = p. Furthermorewe assumeP!({1,3}|1) = 0 while Q'({1,3}|1) = . Assumethatnodei
hastransmissiorcostsc;; i = 1,2. Rewardsarezerofor thefirst two nodes,andit is equalto R > % atthe
destination.Thecostof transmissioratnode2 is muchlargerthanthecostof transmissiomtnodel, i.e.cs > ¢;.

In this examplethe total variation distancebetweenthe two broadcasmodelsP and @, i.e. max; o(P;, Q;)
is 0. Therearetwo priority policies7* and# possiblein this network. Underthesepolicieswe have 1 <« 2
and2 <z 1. Thedistancebetweerthesetwo policiesin the context of P is infinite, sinceJ5({1}) = —oo. We
shav thatevenfor asmalldistancebetweermmodelsP and@, i.e.smallé, policy & canbeselectedasthe optimal



policy (dueto its optimality in the contet of (). To prove this, we write the expectedrewards:

T2y = R-2

o . c1+c

By = -5

B = R

B2y = R-3l -5 (12)

Sincecy > c1, thereexistsa (small) § for which 7 is selectedasthe optimal priority policy whenthe estimated
distribution @ is assumedo describethe transmissiorsuccessOn the otherhand,J5({1}) = —oo. Therefore
we have |J5! (1) — J52(1)| = oo eventhoughmax; o(P;, Q;) = 6.

This exampleillustratesthatin generala small errorin channelestimationcancausean unboundediecrease
in performance.

[11. SENSITIVITY ANALYSIS
A. Analysisof Problem(P2)

In this sectionour goalis to boundthe distancebetweentwo policies7 andz* by a term proportionalto the
distancebetweerthebroadcastmodelsP and(@. As illustratedin Examplell-B.2, thisis not possiblein general.
Thus,to obtaina positive result,we make thefollowing assumptioron the natureof the estimationerror.

AssumptiorL: For ary nodes suchthat#(z) = ¢, thereexistsA; < 1 suchthat

o(P;, Qi)
2 seug(m) @ (Smi)

Intuitively Assumptionl impliesthatthe magnitudeof the estimationerrorat eachnodecannotbelargerthan
thetotal estimatedorobability of routingthe messagécloser” to thedestinationn otherwords,transmissiorat
eachnodehasatrue positive probability of reachinga betternode.

Undertheabore assumptionwe seekto boundthelossof performancdy atermproportionalto theestimation
error To do sowe first presenthefollowing definitionwhichwill simplify our notation.

Definition6: For ary measurabldunctionv : S — R whichis P?(.|S)-integrable,we definethe Markov
operator

<A,

Py(8,i) =Y PYS'|S)u(S) (13)
s'es
Usingthis definitionwe canwrite theexpectedewardfor priority policy 7 atstateS, assumingr(S) = ¢ or ry,
as

—c; + PJE(S,1) if = selectdransmission

Jp(S) = Jp({i}) = { R; if r selectgetirement (14)

We begin by establishing_emmaz2 which relatesthe overall distancebetweentwo policies7 and7* to the
distancebetweerthe policiesat eachsingleton{;}.

Lemma2: dp(n*,7) < max {JF (7)) — T5({(iD) } +max | T3({iD) ~ T
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Proof. Leti = n*(S) andj = 7(S). Then,

dp(n*,#,8) = |JB (S) — JB(S)
= JE (8) = JB(S)
= JE ({7 (9)}) — JR({F(S)})
= Jp ({i}) — JE({5})
< JE({i}) = IS + J5{aY) — JE({a})
< Jp ({i}) =I5 + [J6{IH — TR (15)

Thesecondequalityin equation(15) is truesincen™ is optimalin the context of P, andthefirstinequalityholds
becaus@olicy 7 is optimalin the context of Q.
Hence,

dp(m*,7) = mgxdp(w*,fr,S)
max {JF (1) — FB((3D)} + max [ T3 (13) — TH(G)] - 16)

IN

To boundthe performancdoss, we develop upperboundson eachof the maximathat appearin Lemma?2
(right handside of equation(16)). Boundson the first term, i.e. max; {J;;* {5} — Jg({j})}, are obtained

via Lemma3 and Corollary 1. Boundson the secondterm, i.e. max; | J,({j}) — J{;({j})‘, are obtainedvia
Lemmas4 and5 andCorollary 2. The proofsof Lemmas3 and4 aregivenin AppendixC.

Lemma3 belov establishesat eachnodej a relationshipbetweenJ? ({j}) — Jg({j}) andthe distance
betweerbroadcasimodelsP and(.

Lemma3: Assumehat{{;, s, -+ ,&n}isthenodes'strictpriority orderingunderpolicy 7%, i.€.&; >+ &j41.
Then,we have

TE ({&1) = J5 (&) < alg) maxo(Py,, Q). (17)

wherea(¢;) is increasingn j andsatisfiegherecursion

Pmax_ o) if o
ale) =0, a(&'):{ Seerg ey PGy T lbim1) ) =
a(éi-1) if m(&i) = re;
Lemma4 below establishesat eachnoden;, arelationshipoetween J5 ({n;}) — Jg({ i})| andthe distance
betweerthebroadcasmodelsP and(.

Lemmad: Assumethat{n;,n2,--- ,nn} iSthenodes'strict priority orderingunderpolicy 7, i.e.n; ># 1;41.
We have
[TE({ni}) = TG ({mi})] < v(nj) maxo(By,, Qn), (18)

wherey(n;) isincreasingn j andsatisfiegherecursion

v(m) =0,

() = { EseUﬁfSSaﬁni(slm) (1) 7 (ng) = mi
¥(ni-1) if 7(ni) =1y,
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Remark:In Examplell-B.2 we have ZSGUW P3(S|3) = 0 which implies the unboundednessf the right
hand side of equation(18). This is conS|sten1W|th the result provided in Sectionll-B.2, establishingthat

|JE({3}) — J& 6({3})| = cc. NotethatLemmas3 and4 do notassumehevalidity of Assumptiond.

Lemmab: UnderAssumptionl,we have
TE{mi}) = Ta{mi DI < d(ny) max o (Py,, Qn);

whereg(n;) is increasingn j andsatisfiegherecursion

¢(m) =0, (i) = { (-4 )ESEUW)

Proof.
Casel: If 7(n;) = ry;, thenJE({n;}) = J§&(n;) = Ry,. Hence,

[TE({n}) — Jg{m D] = 0.

Ontheotherhand,theright handsideof equation(5) is alwaysa positve number Hence,

T }) = Ja{m DI < d(ny) maxo(Fy,, Qn,)

This completeghe proofin Casel.
Case2: If 7(n;) = n;, thenAssumptionl impliesthat:

U(Pnjaan)
< A,..
ZSeUg(nj)Q”j(SVIj)_ K
Ontheotherhandwe have
Z P (S|n;)
SeUE(n;:)
= Pism= Y PGS
SEUF (m)VUE(n:) SeL} (m)
= Y Prlm) - Y QESl)+ > QE(SIm)
SeLf (n:) SeUE (m) SeUE (m)
> > QUESIm)—| Y. PE(SIm) - Y. Q"(SIm)
Seu(n;) SeL} (m) SeUE (m)
Z Z Q"h(shh)_o-( "z’QTh)
SeUE (m)
. ( Un 7Q77)
= > Qu(SIm) (1— o (G
SeUgm) 2seuginy) @ (1)
> Y QUE(SIm)(1—Ay)
SeUE (m)

= (1=4y) Y Q"(Skm)

SeUg(m)

oSy T p(ni-1) i T(ni) =mi
P(ni-1) if (i) =

(19)

(20)

(21)

(22)

(23)
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wherethefirst equalityholdssincefor every S ¢ Np(i), P*(S|i) = 0, thethird inequalityfollows the definition
of total variation metric, and the last inequality holds becauseof equation(22). The assertionof the lemma

follows from equation(23) andLemma4
[ |

CombiningLemmas2, 3, and5 we establishthe following theorem which summarize®ne of the two main
resultsof this chapter
Theoem1: UnderAssumptionl, we have

dp(r*, %) < Rmax(T(P,0) + T(Q,A)) max o (P}, Q;), (24)

wherethe function T (A, ¢) denotesthe optimal probabilisticconnectiity for a broadcasmodel 4, its corre-
spondingoptimalpriority policy 7, andthe vectorof boundson estimatiorerrordenotedy e = [e1, €2, ... ,en]
andis definedas

1
T(A €)= . 25

e jeQﬂrZ(j)—j (1 =€) Xseup() A7 (Sld) )

Theterm Y(P,0) + T(Q,A) in equation(24) dependsn the topology of the network underthe true and
the estimatedoroadcastmodels. This dependengc providesinsightinto the study of sensitvity of the optimal
routing policieswith respecto the estimationerror undervarioustopologicalstructureslt canbe seenthatloss
of performancdor networkswhereeachtransmissiomeaches large setof higherpriority nodess smallerthan
for networkswith “hot links,” wheretheconditionof afew links is critical in determiningheability of therouting
policy to transferthe messagéo the destination. This is animportantfeatureof the proposedoptimal priority
routingpolicy. We will elaborateonthisin Sectionlll-B.

On the other hand, sensitvity analysismight be usedto provide guidelinesin designingon-line estimation
algorithmswith acceptablenagin of error In suchapplications,the dependenc of our boundson the true
andestimatedstructuresandtopology of the network cancreatedifficulty. In generalandin a practicalsetting,
suchmodelsare not known and cannotbe exploited to designappropriatealgorithms. Furthermorejn an ad
hoc network it is undesirabldo assumeary particulartopologicalstructure.For theseapplicationswe provide
Theorem?2 below to eliminatethe dependengc of our boundon the particular(and unknavn) topology of the
network. To do so,we needCorollariesl and2.

Corollary 1 (of Lemma3) Assumethat{&1, &2, --- ,&n} isthenodes'strict priority orderingunderpolicy 7*.

Then,we have
B (&} — J5U& ) < B(&) maxo(Py, Q). (26)

wheref(¢;) is increasingn j andsatisfiegherecursion

BE) =0,  B&) = Rm“(RZ?X —Be) 4 pie ). 27)

Proof. Theassertiorof the corollaryfollows directly from Lelfnmasl and3.

Corollary 2 (of Lemmab) UnderAssumptionl, we have
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wheref(n);) is increasingn j andsatisfiegherecursion

Rm X Rm X R i
o) =0, () = TP ) g ) (29)
Ui i

Ui
Proof. Theassertiorof the corollaryfollows directly from Lemmasl and5.

We now useCorollariesl and2 to prove Theorem2, which providesa boundonthe errorindependentlyf the

topology
Theoem2: UnderAssumptionl, we have

dP(ﬂ-*’ﬁ') < Kmaxa(PJ,QJ), (30)
J
where

- R;j)(2-4))
K= max max ] )
Z ci(1—=A4))
Proof. CombiningLemmaz2 andCoroIIanesB and4, we have

dp(n,7) < max {JE () — JGN } +max | T3({3}) ~ B

IN

max {ﬁ(&j) max o(Pg,, Q.gk)} + max {9(77]) I,glg;w( . an)}

= (BEn) +0(nn)) m]?XU(Pk, Qk)
N

Rmax (Rmax R& InaX (Rmax sz )
= (; e, +Z ce,(1— Ayy) Jmaxo(Pr, Q)
N Rmax(Rmax - Rz)(2 - Az)
= (; (1= Ay ) max o (P, Qr)
= ngxa(Pk,Qk), (31)

wherethefirst inequalityholdsbecausef Lemma2, the secondnequalityis a resultof corollaries3 and4, and
thefirst andsecondequalitiesresultfrom thedefinitionof functionsg; andé; andtheir monotonicityin theindex
i. [ |

A.1 Sufiicient Conditionsfor Assumptionl to Hold

Assumptionl is the minimum requiremenineededo guaranteend obtaina finite boundon the sensitvity
of the optimal index routing policy to the estimationerrorin the broadcasimodel. This assumptiordepends
on the natureof the optimal policies (of both true model P and estimatedmodel @), hencethe topology of
the network. Neverthelessthereare strongerconditionswhich are independenbdf topology are suficient to
guarantedssumptionl, areeasyto verify, andaregivenbelow.

Conditionl1: Forary nodes, thereexists M; < oo suchthat

Q'(S]i) — P'(S]i) < M;P'(Sl3).
Condition1 guaranteeshatthereexists A; = lil—](/[] for which Assumptionl is satisfied.Intuitively, Condi-

tion 1 hastwo significantimplications. First, it impliesthatthe network topologyunderthe estimatecbroadcast
model@ doesnot containlinks which do notreally exist, i.e.Vi € {1,2,--- , N}, Ng(i) C Np(i). Secondthe
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conditionimplies that, wheneer thereis a link betweemodes: andj, i.e. P;; > 0, thereis afinite bound/;

on the percentag®f errorin over-estimationof the quality of thelink, i.e. Qi ,P“ < M;. In otherwords, M;

specifieshe maximumerrorpercentagén the estimationof the quality of links connectedo node;.
Condition2: Theestimatiorerroris boundedoy the following expression:

C
(Pka Qk) < Akﬁ
max
From Lemmal it follows that Condition 2 guaranteeshat Assumptlonl holds. Although Condition2 is

too restrictve, it canbe checled without ary knowledgeof the probabilistictopologyof the network and/orthe
structureof theoptimalpolicies. Unlike Condition1, Condition2 boundgheabsolutesalueof errorin estimation
ratherthanthe errorpercentage.

B. ExamplesandDiscussion

In this sectionwe presenthreenetworks (£21, 29, £23) given by figureslll-B-IlI-A to illustratehow topology
affectsthe sensitvity of the optimal routing policy with respectto the estimationerror Considerthesethree
networks. We assumehatsuccessfutransmissionglongdifferentlinks areindependentHenceModel (M) for
network 2, canbedefinedby (Ny, Qx, ¢, Rx) whereQ); is atransitionmatrix whose(z, j)th elementepresents
the probabilityof successfulransmissiorirom node: to j. WeassumeR; = Ry = R3 = 300, Ny =5, No =7,
N3 =9,¢; =[1,1,1,1,1], ¢y = [e1,1.5,3], andcy, = [cy,2.2,4]. We assumehatthe estimatedvalueof the
transmissiorprobabilitiesare
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Furthermorewe assumehattheprobabilitiesof successfulransmissioretweereachpair of nodesareknowvn
exceptfor thelink betweemodes?2 and3 in eachnetwork wherethereis ane errorin theestimatiorof thequality
of thelink. Hence for ary errorvaluee andk = 1,2, 3, we have Py (e) = Q, — €123, WwhereP; representthetrue
broadcastmodelfor Network ¢, and1;; is a matrix whoseonly non-zeroelements the (i, j)th elementwhichis
equalto 1. We varytheerrore from 0 to 100 percentbf the estimatedralueof thelink’s transmissiorprobability
Q(2,3), andcompare(1) the lossof performancen the threedifferentnetworks, and (2) the boundsprovided
by Theoreml in eachcase.Furthermorefor comparisorpurposeswe provide the performancef a OSPF-type
routing algorithm(see[5], [6], [4], [7], [8]) wheresomeform of shortestrouteis establishedisthe minimum
enegy route. In this routing algorithma full routewith minimum expectedenengy is identifiedandsetup, and
all informationbetweersourceanddestinations transmittedon this fixedroute.
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Before discussinghe sensitvity of routing policiesin theseexamples,we would like to point out a known
advantageof usingthe samplepathdependentouting policy (SPDR)proposedby [2]. As mentionedbefore,
an importantfeatureof the proposedoptimal routing policy givenin [2] is the fact that the route a message
takesbetweensourceanddestinationis samplepathdependenti.e. it depend®n the particularrealizationsof
channelsandtransmissiorsuccessln otherwords,whenimplementingthe proposedSPDR,the network layer
avoids establishinga fixed route. It is known (seeg[2]) thatdueto this property in well-connectedhetworksthe
optimal SPDRpolicy shavs an adwantagein achiezing lower expectedcostover stratgieswhich setup fixed
routes. This is mainly becausén well-connectechetworks, dueto the presencef multiple alternatve routes
betweersourceanddestinationthe optimal SPDRstratgy avoids unnecessargetransmissionby choosingthe
bestneighboramongthosewhich have recevedthe messageThe graphsprovided by Fig. 3-5illustratethis fact
in anerrokfree system.

We use networks €21-Q23 to discussthe natureof our sensitvity analysis. We have setup theseexamples
to illustrate the effect of topology of the network on the sensitvity of the performanceof the optimal SPDR
policy (network €2, hasthe lowestconnectiity, while Q3 is the mostconnected).In eachcase,we studythe
performanceof the optimal SPDRstratgly whenthe estimatedprobabilisticmodelincludesan ¢% estimation
errorover a particularlink on the minimum enegy route. In addition,we assumehat sucherroroccursin the
form of over-estimation.For eachnetwork 2, we plot the performancef policy 7, whichis theoptimal(SPDR)
priority policy associatedvith the estimatednodel( Ny, Qy, ¢, Rx). We provide the optimal cost,hadthetrue
modelbeenknown, asa bench-markFurthermorewe plot the boundsprovided by Theoren?2.

Theresultscanbe summarizedsfollows. Network €2, consistsof a singleroutebetweenhe sourceandthe
destinationhenceit is expectedfor all policiesto demonstratédentical performanceandrobustness.in sucha
scenarioall routingpoliciesrely onthefailing link for theirroutingdecisions As thequality of thelink decreases
all policiesfail to successfullytransportthe messagdrom the sourceto the destination.Notice thatdueto the
retiring option the optimal cost, had the true modelbeenknown, is slightly belov the costof other policies.
In network €9 thereare more thanoneroute from sourceto destination. This featureof the network hasno
effect on the performanceof OSPF-typaouting stratgies, sincesuchstratgiesalwaysselecta fixedroute. On
the otherhand,the optimal priority (SPDR)policy shavs betterperformancesvenin the presencef estimation
error; Notice thereis still only oneroute from node2 to the destinationhenceasthe error goesto 100%, Ay
goesto zero,hencetheright handside of equation(24) becomesinbounded.In network Q3 wherethereexist
alternatve routesaroundthefailing link, theoptimal SPDRpolicy shawvs a high degreeof robustnessin addition
to capturingthe effect of topologyon the sensitvity of the optimal policy, theseexamplesprovide aroughidea
on thetightnessof the boundsprovided by theright handsideof equation(24). It canbe seenthatthe obtained
boundbecomedighterasmax; A; increases.

C. DistributedComputatiorof the Optimal Policy

As mentionedin Section4.1, the key featureof an ad hoc network is the absenceof a central control or
computationunit, andthis underlinesthe importanceof providing distributed algorithmsfor computationand
implementatiorof an optimal policy. The authorsin [2] provide threealgorithmsin which eachnodeusesits
local informationin orderto computea local priority list of its neighbors. The priority list for eachnodeis
determinedbasedon the estimatesof the optimal expectedreward of the nodeand its neighbors. The local
informationavailableat eachnodeconsistsf thelocal broadcastnodelfor thatnodeandthe updatedestimates
of its neighbors'optimalexpectedewards.Theseestimatesrerecevedregularly by thenodefromits neighbors.
Eachnodecomputesanew estimateof its own optimalexpectedewardaccordingo anupdateequatiorspecified
by thedistributedcomputatioralgorithmsandit regularly communicatethis estimateto its neighbors.To agreat
extentthesealgorithmsare,in theirinformationstructure similarto the DistributedBellman-Ford algorithm[11],
[12]), andcanbethoughtof thesample-pathlependengxtensionsof suchpolicy. In all thedistributedalgorithms
presentedh [2], eachnodeusesnformationonly aboutits own local broadcasiodelandnottheglobalnetwork
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model. Thisimpliesthat,in practice,it is sufiicient for eachnodeto estimatdts broadcasmodellocally. We are
interestedn studyingthe lossin performanceof thesealgorithmswhenthereare estimationerrorsat the local
broadcasimodel.

In [2] it is shawn thatunderthe proposedlistributedalgorithmsthe estimate®f the optimal expectedreward
of eachnodecorverge to their true values. Furthermorejt is proved thatalmostin all practicalscenarioghis
cornvemgenceoccursn finite time. In otherwords,in almostall practicalcasesanoptimallocalindex policy which
is consistenwith the optimal index policy describedn Sectionll-A.5 canbe constructedn finite time. This
impliesthat, given a sufiiciently long time horizon,all the algorithmsof [2] demonstratédenticalperformance
lossin the presencef estimationerrorsin the broadcasmodel. More specifically assumehatthe true system
modelis (N, P,c, R) asbefore,andthe vectorII¢ = {r/x7...n}" } represents collectionof optimal local
routingdecisionsatnodesl, 2, - - - , N attimet underdistributedalgorithma(oneof thethreealgorithmprovided
in [2]). Now assumehateachnodei estimatests local broadcasmodel, P(S/i), for eachS ¢ AN(i) in alocal
fashionbasednall its communicationshothcontrolsignalsandmessagesswell asits channemeasurements.

Construcianoveralllocal broadcastodel@ suchthatfor Vi € {1,2,--- , N} andVS C Q we have
o) P(S/i) if S C Npa(i)
7 — P
Q'(S74) { 0 otherwise
Assumethatvectorf[? = {wtlwf eee w{v} represents collectionof local routingdecisionsaatnodesl, 2,--- , N

at time ¢ underdistributed algorithma andunderthe estimatednodel P. For almostall practicalcasesthere

exists a large horizonT', suchthatfor V¢’ > T IIf, = 7, where7 is a stationarypolicy thatis optimal for the
centralizedproblemwith model(N, @, ¢, R). Thisimpliesthat,in the contet of truemodel P, the performance

of policy {f{g, }:’o . constructedy distributedalgorithma is independendf a andis equalto the performance
=11

of the stationarypolicy #. Onthe otherhand,dueto the optimality of the distributed algorithma, thereexistsa
finite horizonT, suchthatpolicy {I'Ig}toiT2 is optimalin the contet of thetrue model P; i.e. its performancas
identicalto thatof thestationarypolicy n*, wherer™ is anoptimalindex policy for the centralizedoroblemwith
thetrue model (N, P, c, R). HencepasthorizonT = max{T1,T>}, underary of the distributed algorithmsof
[2], thelossin performancealueto estimatiorerrorsin thebroadcasimodelis equalto thelossin performancef
policy 7. Suchalosshasbeencalculatedn Sectionlll-A andis boundeddy theestimatiorerror, i.e. thedistance
betweerthetrue model P andestimatednodel Q.

Theorem3 summarizeshis discussiorin a precisefashionunderthe following assumptions.

Assumptior2: For ary node: suchthat(:) = i, thereexistsA; < 1 suchthat

U(IDZ" Qz)
ZSEUg(m) Q" (S|ni)

This assumptions identicalto Assumptionl.

Assumptior8: For ary pairof nodes; and; suchthati € N5 (j), Jg({z‘}) £ Jg({j}).
This assumptiorimplies that no two neighboringnodeshave the sameexpectedreward (i.e. optimal index) to
routea messagédo the destination.It holdsin almostall practicalscenariossincetwo neighboringnodeshave
identical indexes when the network has strongsymmetrypropertieswhich never hold in an ad hoc wireless
ernvironment. Underthis assumptionthe policies constructedby ary of the threedistributed algorithmsin [2]
convergeto a stationaryoptimalindex policy in finite time, i.e. f[,? = 7 for all ¢ sufficiently large.

Theoem3: If Assumptions2 and 3 hold and T is suficiently large, thenfor V¢ > T andfor ary of the
distributedalgorithmsof [2], saya,

<A,

A~

dp (T3, 117) < (T (P.0) + T(Q, &) maxo(P;, P) (32

wherethefunctionY (A, ¢) is definedby equation(25).
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Proof. Assumption3 impliesthatfor everyt > T > Ty, we have f[g, = 7 (seethe above discussiorand[2]),
where7 is anoptimalindex policy for the estimatednodel@, describedn Sectionlll-A.

Ontheotherhand,for all t > T > T, we have JX* ({i}) = J& ({i}), wherer* is anoptimalindex policy for
thetruebroadcastodel P describedn Sectionlll-A (se€[2]).

Hencefor ¢t > max(71,T3)

A~

dp(II}, 1) = dp(n*, 7) < Rurax(Y(P,0) + T(Q, A)) max o (P}, P)
J

wheretheinequalityfollows from Theoreml.
[ |

NoticethatT' in Theorem3 is thetime to computeanddisseminateéhe local optimal policies. In otherwords
T =~ 1. wherer, is definedin Sectionll-B.1

IV. CONCLUSION

In this chaptemwe examinedthe sensitvity of optimalroutingpoliciesin adhocwirelessnetworkswith respect
to estimationerrorsin channelquality. We considerecanad hocwirelessnetwork wherethe wirelesslinks from
eachnodeto its neighborsare modeledby a probability distribution describingthe local broadcashatureof
wirelesstransmissionsTheseprobability distributionsare estimatedn real-time.We investigatedhe impactof
estimationerrorson the performancef asetof proposedoutingpolicies.Our resultscanbe usedasa guideline
to designon-line estimationalgorithmswith acceptablemamgin of error At the sametime our resultsprovide a
methodto studytheeffect of thenetwork topologyontherobustnes®f aroutingstrategy with respecto errorsin
channekestimation We provideda few numericalexampledo illustratesuchrobustnessssues Furthermorewe
discussedhe implication of estimationerrorson the distributed computatiorof optimalindex routingpolicies.
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APPENDICES
. INTEGRAL PROBABILITY METRIC

In this appendixwe provide the backgroundmaterialneededo introducethe appropriatedistancemeasure
betweentwo local broadcastmodels. Furthermorewe provide a resultwhich is fundamentain our sensitvity
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analysis. As discussedn Chapter4, we usethe total variation metric as the distancemeasurebetweentwo
broadcasmodelsP (the true model)and @ (the estimatedmodel). Total variation metric is an instanceof a
larger classof distancemeasuresalledintegral probability metrics.As we will shaw in this appendixthis class
of measuress closelyrelatedto Markov operatorgseeDefinition 12), which makesthemappropriatefor our
sensitvity analysis. In the interestof brewvity, we only statethe basicdefinitionsrelatedto the topic, andthe
rsultsmostusefulfor our analysis.For moredetaileddiscussioron this topic, se€[9], [13], and[14].

Definition7: ConsiderasubsetD of boundedunctionalson S. Considerthe spaceof P of probability distri-
butionsdefinedon the o-field 2°. We definetheintegral probability metricassociatedvith D onthe spaceP by
thedistanceip

do(P.Q) = sup / V(S")dP — / u(S’)dQ‘ VP,Q e P
veD |JS S
or := sup| Y w(S)P(S) - D v(SNQS)| VPQeP (33)
VED |gics S'es

wherethe secondeqality holdsfor finite setS andthe correspondingliscretes-field 25. We call D a generator

of theintegral probabilitymeticdp.
Example. We candefinean integral probability distanceassociatedvith setD betweentwo local broadcast

modelsdescribingthetransmissiorprobabilitiesfor nodes: as

D w(SYPUS i) - Y w(S)QH(S]4)

S'eS S'eS

dD(-P’ia QZ) = sup
veD

= sup |Pv({i},i) — Qu({i},i)|  (34)

Note that the term [ v(S")dP (3 g sv(S")P(S")) canbe written asa Markov operatoroperatingon a
boundedfunctionalv. On the otherhandMarkov operatorsandtheir differenceare usedto determinethe dis-
tancebetweenthe performanceof Markov policiesin an MDP, hencethey arevital to our sensitvity analysis.
Unfortunatelythey arenot suficient to establisithe sensitvity analysissincethey only relatetheintegral metric
andthe markov operatoron the particularfunctionsy € D. It canhappenthatthe value functionsand/orex-
pectedrewardsof a certainpolicy donotbelongin theboundsetD. To relatethedifferencebetweertwo Markov
operatordo theintegral probability metric for functionsv ¢ D we needthe following definitionsandfacts(for
detailsandproof, se€g[9]).

Definition8: A setV of functionalson S is balancediff for Vv € V andVe, |a| < 1, thefunctionalar also
belongsto V.

Fact.5(Theoem3.2in [9]) If D is anarbitrarygeneratoof anintegral probability metric,thenthe balanced
corvex hull spannedy D generateshe sameprobabilitymetricasD.

A balanceconvex subsetD of functionalscanbe usedto definethe Minkowski functionalassociaciate@ith
D.

Definition9: Considera balancedandcornvex subsetD of the setB of boundedfunctionalson the spacesS.
We definethe Minkowskifunctionalassociatedvith D, up : B — R, as

pp(v) :==inf {t > 0:t"'v € D} (35)

Intuitively, the Minkowski functional“down-scales’afunctionv ¢ D by thesmallestamountt soasto result
in ascaledvectort—1v which belongsto thebalancedboundedgcornvex setD.

From Definition 9 and Fact 5 we concludethat there can be a Minkowski functional associatedvith ary
integral probability Furthermorethesefactsanddefinitionsprovide arelationshipbetweerthe differenceof two
Markov operatorgcloselyrelatedto the distancebetweerpolicies)on a function, its Minkowski functional,and
theintegral probability metricbetweerthe correspondingprobability distributions (e.g.local broadcastnodels).
Thisrelationshipis givenby thefollowing fact. For the proof seg[9].
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Fact.6: |[sv(S")dP — [sv(S)dQ| < pp(v).dp(P,Q)
Il. TOTAL VARIATION METRIC

In this appendixwe usethe notionsintroducedn AppendixC andillustratehow to constructhetotal variation
metric asan integral probability metric. After suchconstructiorwe identify Fact7 asa specialcaseof Fact6,
wheretheintegral metricis thetotal variation. Fact 7 is the basisof the proof of Lemmas3 and4.

DefineD; asthe setof all indicatorfunctionsof subset®f S, i.e.D; = {14 : A C S}, wheretheindicator
functiont)4 is definedasy4(S) = { (1) :I g E g_ A

Definition10: Thetotal variation metricon the set? of probability distributionsdefinedon the o-field 2 is
definedastheintegral probability metricassociateavith D; onP.

For thepurposeof sensitvity analysisof anoptimalroutingstratgy in adhocnetworks,we focusourattention
onthetotal variationdistanceon the setP, of all local broadcastmodelsfor node:. Notethatalocal broadcast
modelfor nodes fully describeshe probabilitiesof successfulransmissiorsucces$rom nodes to its neighbors.
Using the mechanismintroducedin Appendix A, we canfind the total variation distancebetweentwo local
broadcasimodelsaroundnodes, P; andQ;

o(P;, Qi) = sup | > (PH(S']d) — Q'(S'10))| (36)
ACS |grea
Fact.7: Consideraboundedunctionalr : S — R. We have
|Pv(S,i) — Qu(S;4)| < (supv(S) — infv(5)).0 (P, Qi) (37)
S

Proof. We prove Fact7 asa specialcaseof Fact6. In orderto constructthe Minkowski functonalassociated
with the total variationmetric we first useFact5 to constructthe balancedcovex hall of Dy, Dipt—var- IN Other
words,

Diot—var ={r:0<v(S) <1forvSe S, or —1<v(S) <0forvS e S}. (38)

SinceDyt—var IS @ balancedcorvex hull of D; it generateshe sameintegral probability metric on the local
broadcasimodesj.e. it generateshetotal variationmetric.

For ary boundedunction f definedon spaceS, i.e. f € B, we caneasilyconstructhe Minkowski functional
for thetotal variationmetricas

{0 if feD
(/) —{ sup(f) — inf(f) it f€B D (39)
Using Fact6 we have
[Pr(8,7) = Qu(S,3)] < (supw(S) — infv(S5)). sup Yo (PUSIS) - QUSS))
o ACS |grea 5cs
= (supv(S) — infv(S)). sup Pi(S'|'i) - Qi(S'|i)
S S ACS S'e%cs' ( )
= (supv(S) — igfl/(S)).O’(f)i, Q) (40)

S

wherethefirst equalityholdsbecaus@f the decouplingproperty
Hence theassertiorof Fact7 is true.
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I11. PROOF OF LEMMAS 3 AND 4

Now we provide thefull prooffor Lemmas3 and4.
Lemmal5: Assumethat {{1,&o,--- ,&n} is the strict priority orderingunderpolicy 7*, i.e. & >q &j41.
Then,we have

TE ({6 = Jo(&}) < alg) maxo(Py,, Qe,). (42)

wherea(¢;) isincreasingn j andsatisfiegherecursion

R .
max - - + (0% 6'_ |f m é' — é’
alé1) =0, a(é) = { ZSGUE*(Q)P%(SKJ (&i-1) . (&) i

Proof. We prove thelemmaby inductionontheindex i of thestrictordering{&;,&2,--- ,&{n}-

Basisof Induction: Sincer* is anoptimalrouting policy for a problemassociatedvith thetuple (N, P, c, R)
we have J}_I,*({gl}) = Rmax- Similarly, 7 is an optimal routing underpolicy@ and Jg({gl}) = Rpmax (S€e

Section3.3.2in [2]). Hencewe have J§ ({&1}) — J5({&1}) = 0
InductionStep:We assumehat

Tb ({&-1)) = (&1} < al§-1) max, o(Pei, Qg,)- (42)
We needto shawv that
TE (&) = I5&D) < al§)) max o (P, Q) (43)
wherea(¢;) = Rmax + a(&-1)-

Csevgtep F (516
Casel: If 7*(&;) = r¢;, thenJF ({¢;}) = Re;. Hence,

TE (&) — Jo({&}) = Re, — max {Re;, —cg; + QIG({&},)} < 0 (44)
Ontheotherhand,theright handsideof equation(43) is alwaysa positive number Hence,
B (&) — W& < al§) maxo(Py, Q). (45)

This completegheinductionstepin Casel.
Case2: If 7*(¢&;) = &, thenJT ({¢;}) = —c¢; + PJIE ({&5},€;). Hence,
IE (&) — J5H&D)
= —cg; + PJE ({§},¢5) — max {Re;, —cg; + QIG({£},€) }
< PJE ({&}.&) — QIG{E},€)
= PJE ({&},€) — PIG({E}),6) + PIGHE ), &) — QIG({€3:€)
< (sgp To(8) — inf J§(8))o (P, Qg,) + PJE ({&},¢5) = PIG({E),€))

Rumaxor(Pe;, Qe)) + P (JE (161, &) - J5({&1,69))
Ruaxo(Pg, Q)+ Y PS(SIg) (VB (" () — JEUF(S)D))

SELE (&)

Y POSIEUE ([T (8)) - JG{RS)D)

SEUE™ (&)
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< Runo(Pg,Qg)+ > PS(SI) (5 ({7 (9)) - J5({m*(S)))
SELE (&)
Y PYSIGUE [ ()N - T (9)D)
SeUE’ (&)
= Ruaxo(Pg, Q)+ D PY(SIG)ITE ({41 — T5H&D)
SELE (&)
+ Y PYSIGUE (T (S)) - T (9)}H)
SEUE™ (&)
< RmaxU(PEJ,Q§J)+(J}T’*({§J})_Jg({gj})) Z Pé](5|§.7)

SeLE (&)

PS(S|E; *(S)). P,
+ Z 1(S|€5)a(m*(S)) {k:gkgfjg*(s)}a( e Qe )

SEUE" (&)
< Rmaxo(Py;,Qg;) + (JB ({41 — T5U&D) Y. PY(SIg)
SeLE (&)
+ Z Ps] (Slé.])a(gj—l) kfgaf(l U(Pfkank)
SEUE (&) =
< Rmax0(Py,Qg) + (Jp (&) — T5(&)) Y. PY(SIE)
SELE (&)
+ alg) max o(Py,Qe) > PY(SIE) (46)

SeUE™ (&)

wherethesecondnequalityholdsbecausef Fact7 (AppendixD), thethird inequalityholdssinceantheexpected
rewardof anoptimalpolicy ateachnodeis boundedn theintenal [0, Rn.x | andwe assumehat is anoptimal
policy in the contex of @, the fourth inequalityis true since7 is an optimal routing policy associatedvith the
tuple (N, Q, ¢, R) (i.e. J5({7(8)}) > JA({n*(S)})), thefifth inequalityholdsdueto theinductionhypothesis
andthefactthatfor all S suchthat¢; € S andzn*(S) # &; we have 7*(S) € {&1,&,... ,€—1}, andthelast
inequalityholdssincea/(&;) is increasingn (.

Now we solve equation(46) for J&* ({£;}) — Jg({fj}). We have,

(L= > PYSIENUE (&) — JoHED)

SeLy (&)
< Rmaxo(Pg, Q) +a(gj1) max o(Pe, Q) Y, PH(SI4) (47)
= SeUE™ (&)
or
(JB (&) —T5U&) Y. PY(SIE)
SEUE" (&)
< Rmaxl}clgfa(PﬁkaQEk)+a(§j—1)rlrclg;(0(P£kaQ§k) Z P (S|E)) (48)

SEUE™ (&)
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or
a(fj)
* T Rmax
T (&) - J3UE) < (Zsew rewEi) a(fj1>> maxo(Py., Qc,) (49)

Theproof of theinductionstepin Case2 is now complete . Hencethe assertiorof thelemmais true.

[ |
Similarly we have Lemmad4.
Lemmal6: Assumethat{n;,72,--- ,nn } isthenodes’strictpriority orderingunderpolicy 7, i.e.n; ># 1;41.
We have
75 ({n5}) = TG ({ng DI < 7(my) max o (P, Q) (50)

wherevy(n;) isincreasingn j andsatisfiegherecursion

R . ~
gy T V(1) i@ (ni) = mi
v(m) =0, v(m) = { ey 1Y . ~( =
¥(ni-1) if 7 (m:) = 7o,

Proof. We, again,prove this lemmaby inductionon theindex 7 of thestrictordering
{77177727"' 77’N} -

Basisof Induction: Sincer is anoptimalroutingpolicy underbroadcasmodel@, 7 (n1) = r1 andJj ({n1}) =
JE({m}) = Rmax (seeSection3.3.2in [2]). Hencewe have |JE({m}) — J5({m})| = 0, andequation(50) is
satisfiedwith v(n;) = 0.

InductionStep:We assumehat

[TE({nj-1}) = I5({nj—1 P < v(n-1) ax o(Pyy, Q) (51)
We needto shaw that
|75 ({n;}) = Ja{mi I < v(nj) I,glg;w(Pnk,an), (52)
where
(1) = Fimax 1) (53)
T sty PP Iy T

Casel: If @(n;) = ry;, thenJE({n;}) = J5(n;) = Ry, Hence,

[TE({n;}) — TG {m})| = 0. (54)
Ontheotherhand,theright handsideof equation(50) is alwaysa positve number In otherwords,

|T5({n;}) — Ja{mi P < v(nj) max o (Py,; Qn) (55)

This completegheinductionstepin Casel.
Case2: If 7(n;) = n;, then
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|TE({n;}) — J5 (i}

= |PIE({n;},mi) — QJI5(En;}: )]

= |PJE({n;},m;) — PI5(Eni},my) + PIG({ns} i) — QIG{ni Y my)l
\PI5 (i}, mi) — QIG{nit i)l + |PIE({ns}.m) — PIG(n;} mj)
(sup JG(S) — inf JG(S))o (P> Quy) + [PTE ({0} nj) = PIG({ns}my)l

INIA

< Ruax0 (P, Quy) + 50 }) =I5}l Y P (Sly)
SELE (nj)
+ Y Pu(SIny)JE{R(S)}) — JEUR(S)))]
SEUE(n;)
< Ruax0 (Pyy, Quy) + ITE({mi}) =I5 V)l Y- PV (Sly)
SeL (n;)
+ Z P (Sni)y(nj-1) o o (P Quy)
SEUP(UJ)
= Ruaxo(Pyy, Q) + [TE{ni}) = T5({mHl - Y- P (SIny)
SeLy (n;)
+ A1) max o(Py, Qu) Y, PY(SIny) (56)

SeUE(n;)

wherethe secondnequalityholdsbecausef Fact7, the third equalityagainholdssincer is anoptimal policy
in the context of ) andthefactthatateachnodethe expectedreward of anoptimalpolicy alwaysbelongsto the
intenal [0, Rp,ax], andthefourthinequalityfollows from theinductionhypothesisthefactthatfor all S suchthat
n; € S andw(S) # n; wehave ©(S) € {m,n2,... ,nj—1}, andtheincreasingpropertyof y(&;) in .

An agumentsimilar to thatfollowing equation(46) in Lemmaa3 resultsin thefollowing inequality

v(n;)

A
la ~

i i Rmax
[Tp({n;}) = JoUn;}l < (Zsem P (STny) v(nj—l)) max o (P, Qn.) (57)

andthis completeghe proof of inductionstepin Case2. Hence theassertiorof thelemmais true.




