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Abstract

We examinethe sensitivity of optimal routing policies in ad hoc wirelessnetworks with respectto estimationerrors
in channelquality. We consideranad hoc wirelessnetwork wherethe wirelesslinks from eachnodeto its neighborsare
modeledby a probability distribution describingthe local broadcastnatureof wirelesstransmissions.Theseprobability
distributions are estimatedin real-time. We investigatethe impact of estimationerrorson the performanceof a set of
proposedroutingpolicies.

I . INTRODUCTION

Due to the variability anduncertaintyin the behavior of the wirelesschannel,wirelessnetworks shouldbe
modeledasstochasticsystems.Hence,serviceprovisioning andresourceallocationissues(suchasadmission
control,routing,etc.) in wirelessnetworksarebestmodeledasstochasticschedulingandstochasticcontrolprob-
lems,wherethewirelesslinks aredescribedby stochasticprocesses.Thestatisticsof any wirelesslink depends
on thephysicalchannel(additive noise,pathloss,shadowing, fading,etc.),thenumberof usersthatusethelink
simultaneously, andtheusers’transmissionstrategies.Generally, theoverall structureandstatisticalbehavior of
thesystem,e.g.themarginal andjoint distributionsof the processesinvolved, is studiedandmodeledoff-line,
while theparticularparametersof suchmodels,e.g.meanandcovariance,areleft to beestimatedin a real-time
measurement-basedfashion.For instance,asingle-hopwirelesslink mightbemodeledasanindependentidenti-
cally distributedbinarysymmetricchannel,whosetransmissionerrorprobability ��� is estimatedon-line. In such
an approachthe control strategy regulatesall communicationsin the system,henceit canpotentiallyprovide
informationon the statisticsof the wirelesschannels.Hence,even in situationswherethe wirelesssystemis
controlledin a centralizedmanner, theestimationproblemcombinedwith thecontrol issues,shouldbe ideally
studiedasa stochasticcontrolproblemwith imperfectinformation. Stochasticcontrolproblemswith imperfect
informationaredualcontrolproblemsthataddressjoint estimationandcontrol issues.Theinformationstate[1]
for theseproblemslies in aninfinite dimensionalspaceevenwhenthestate-spaceandactionspacearefinite. This
featuremakessuchdualcontrolproblemsanalyticallyandcomputationallydifficult. An alternative approachis
to decoupletheestimationandcontrol issuesin dualcontrolproblems.Suchanapproachprovidesa parameter
estimationalgorithmwhich operatesindependentlyof thecontroldecisionsandfeedstheestimatedparameters
into a controllerdesignedundertheperfectinformationassumption.Following suchan approach,servicepro-
visioning in wirelessnetworks canbe addressedby the following threestepprocedure:( � ) Off-line modeling
of the overall statisticalbehavior of the wirelesslinks; ( ��� ) specificationof theparametersassociatedwith link
modelsby exploiting parameterestimationalgorithms,basedonreal-timemeasurements;and( ����� ) determination
of optimalserviceprovisioningstrategiesassumingthattheresultsof steps( � ) and( ��� ) describethesystem’s true
stochasticbehavior. As expected,thereareerrorsassociatedwith theestimationtechniquesusedin ( ��� ) andthe
accuracy of theestimatedparametersis limited to theemployedestimationalgorithm’serrormargin. Ontheother
hand,theoptimalcontrolstrategy resultingfrom ( ����� ) is guaranteedto beoptimalonly for theparticularvaluesof
parametersgivenby ( ��� ); andit generallyvarieswhentheseparameterschange.Hence,it is vital to quantifythe
lossin performanceof theproposedprovisioningstrategy with respectto theaforementionedestimationerrors.
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Fig. 1. Ad hocwirelessnetwork with probabilisticlocalbroadcastmodel

In this chapterwe presenta sensitivity analysisof a known optimal (with respectto an energy consumption
criterion) routing policy in a stochasticad hoc network. Our analysisis basedon the model and resultsof
[2]. In [2], the authorsinvestigatea time-invariant network routing problemwherea probabilisticmodel for
wirelesslocalbroadcastsis used(seeFig.1). Undertheassumptionthatthetransmissionprobabilitiesof thelocal
broadcastmodelfor eachnodearepreciselyknown, theexistenceof anoptimalpriority policy with time-invariant
indicesis shown in [2]. As expected,theseindicesdependon theparametersof thelocalbroadcastmodel.There
exist centralizedalgorithmswhich computetheseindicesoff-line, althoughsuchpriority policiescanalwaysbe
implementedin adistributedfashion(see[2]). Weinvestigatethesensitivity of thispriority policy with respectto
errorsin theknowledgeof theaforementionedtransmissionprobabilities,andanalyticallydeterminetheimpact
of errorsin thebroadcastmodelon theperformanceof theoptimalpolicy. We quantify this impactasfollows:
( � ) we first establishappropriatedistancemeasuresbetweentwo probabilisticbroadcastmodels,andbetween
two policiesin termsof their performance;( ��� ) we constructpolicies �� and �	� that areoptimal for to the true
broadcastmodel 
 andtheestimatedbroadcastmodel � , respectively; and( ����� ) we boundthedistancebetween
theperformanceof thetwo policies �� and � � by a termproportionalto thedistancebetweenbroadcastmodels

and � (estimationerror).

Onekey featureof an adhocnetwork is that thereexistsno centralcontrolor computationunit to supervise
the implementationandcalculationof routing decisions. This featureunderlinesthe importanceof providing
a distributed algorithmfor computationand implementationof an optimal policy. The authorsin [2] provide
algorithmsin which eachnodecomputesits optimal local routingactionsin a distributedfashion,i.e. eachnode
only usesthe local information available to it to make routing decisions. It is shown that undera technical
condition,which holdsalmostin all realscenarios,thesealgorithmsall converge to anoptimalstationarypolicy
which is consistentwith theoptimal index policy computedcentrally. Combiningthis resultwith our sensitivity
analysisfor thecentralizedcontrol problem,we extendour sensitivity resultsto optimal routing strategiesthat
arecomputedin adistributedfashion.

The remainderof this chapteris organizedasfollows. In SectionII, we formulatethe problemwe analyze.
In SectionII-A we first presentthe formulationof the routing problemin an ad hoc networks, provide some
usefulnotationanddefinitionsandstatethe resultgiven by [2] on thestructureof theoptimal routingstrategy.
In SectionII-B, we formulatetheproblemof sensitivity of routingpolicieswith respectto estimationerrorsand
establishthedesirablegoalsof suchstudy. In SectionII-B.2, we constructexamplesto illustratethatsuchgoals
maynotalwaysbeachievable.In SectionIII wepresentthemainresultof oursensitivity analysis.In SectionIII-
A we establishthe mathematicalrelationshipsbetweenlossof performanceandthe error in the estimationof
thelocal broadcastmodels.In SectionIII-B, we discusstheessenceof our sensitivity resultsthroughexamples.
In SectionIII-C, we extendour resultsto Model (M4), wherethe optimal routing policiesarecomputedand
constructedin adistributedfashion.In SectionIV, we concludethechapter.
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I I . PROBLEM FORMULATION

Wefirst revisit thefollowing problem(Problem( ��
 )) formulatedin [2], andstatetheresultsprovedin [2] that
arenecessaryfor ouranalysis.Basedon Problem( ��
 ), we formulateProblem( ��� ) which is aninvestigationof
thesensitivity of anoptimal routingpolicy with respectto errorsin estimationof the transmissionprobabilities
whicharedescribedby thelocal broadcastmodel.

A. Problem( ��
 ): StatementandResults

A.1 Model ( � ), Notation,andPreliminaries

We begin by briefly defining notationand statingdefinitions for the systemmodel, which we refer to as
Model ( � ), underconsideration.As discussedin [2], Model ( � ) is probabilistic,andcontrol is centralized,
meaningthat thecontrollerhasaccessto all the informationavailableat thenetwork. A descriptionof theele-
mentsof thisnetwork modelis givenbelow.�

is thenumberof nodesin thenetwork.����������������� �! 
is thesetof all nodes.So " � " � � .#%$��

refersto astateof thesystem,definedasthesetof nodeswhichhave receivedthemessage.
#'&

refersto
thestateat time ( .

Wedefine)�* ���+# * #-,��  .
We write 
/.10 #32 " #54 to indicatethe probability of reachingstate

#32
from state

#
when choosingnode � for

transmission,�76 # . Wewrite 
 . 0 # " � 4 asshorthandfor 
 . 0 # " � �  4 .
Wereferto 
 �8� 
 . 0 # 2 " #54  .:9 ;=<>9 ; asthebroadcastmodel.
Wedefine 
 .@? * �BA ;DC .:9 ?FE�; 
/.10 # " � 4 .
We assumethat transmissioneventsat a givennodearei.i.d., andtransmissioneventsareindependentamong

all nodes.
NodeG is calledaneighborof node� if 
 .@?IHKJ .
Given the local broadcastmodel 
 , LNMO0:� 4 is the setof all neighborsof � , togetherwith � itself. Note that
 .@?QP� 
 ?R. is permitted.
Definition1 (IncreasingProperty) Model ( � ) is saidto have the increasingproperty if for any systemreal-

izationunderany policy we have
# &TSVU # &XW �ZY (\[ �]Y (]^ H (\[ .

Definition2 (DecouplingProperty) Model ( � ) is said to have the decouplingproperty if successfultrans-
missionfrom a nodeto a setof neighborsat a given time is unaffectedby which othernodesalreadyhave the
message.

WeassumethatModel ( � ) hasboththeincreasinganddecouplingproperties._ *�`�acbedgf is therewardfunction,and
_ . * � _ 0 � �  4 . Also

_ih5j]k * �ml�n+o .:E+a _ . .� is aMarkov policy.
Wewrite � 0 #545� � to indicatepolicy � transmitsatnode� whenin state

#
.

We write � 0 #54/�qp to indicatepolicy � retiresandreceivesreward
_ 0 #54 whenin state

#
. For convenience

we write � 0 #54r�sp . asshorthandthatpolicy � retiresandreceives
_ . � �V6 # . In this case,we saythatpolicy �

retiresandreceivesthereward of node� .
By � 0 #54 P� � �1p . , we meanboth � 0 #54 P� � and � 0 #54 P�tp . .
By � 0 #54g� �� 0 #54 , we meaneither � 0 #545� �� 0 #g45� � , or � 0 #545� �� 0 #545�tp . , for some� .
Eachtransmissionfrom node� incursacostof u . .
Wenext formulatethecentralizedversionof thestochasticroutingproblemwith time-invariantparameters.

A.2 Statementof Problem( ��
 )
Problem( ��
 ) We considerthe transmissionof a singlemessage,from a given initial state

#'v
(i.e. a given set

of nodes)to a setof destinationstates,in a wirelessad hoc network of
�

nodesdescribedby Model ( � ) in
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which the transitionprobabilitiesaregivenby thebroadcastmodel 
 . Transmissioninstancesoccurat discrete
time points. Eachtransmissionfrom a givennode � incursa fixedcost u .wHxJ . Accordingto Model ( � ): ( � ) at
eachtransmissioninstancethetransmittingnodeis chosenby a centralcontrollerthatalwaysknows thecurrent
stateof thesystem(i.e. thesetof nodesthathave themessage);( ��� ) nodetransmissionsarelocalbroadcasts,that
is, multiple neighbornodesmayall simultaneouslyreceive themessage;( ����� ) giventhenodechosento transmit,
theprobability thata givensetof nodesreceivesthemessageis known andfixed; ( ��y ) Thecentralcontrolleris
informed,without any cost,asto whichnodesreceive themessage.Control informationflow betweenthenodes
andthecontrolleris consideredfreeof energy andinstantaneousin time; ( y ) eachtransmissioneventis assumed
independentof thosebeforeandafter;( yz� ) arewardfunction

_
is specified.At any instance,thecentralcontroller

canterminatethetransmissionprocessor chooseto continuetransmitting.Theobjective is to choose:( � ) thenode
to transmitateachtransmissioninstance,and( ��� ) theinstanceto terminatethetransmissionprocess,to maximize
overall Markov policies,

{}|M 0 #'vF45�m~ |���_ 0 #}��43����� [� &T� [ u .:� &T��� � (1)

where� is thetransmission/terminationpolicy thecontrollerfollows, � is thetimewhenthetransmissionprocess
is terminatedunderpolicy � ,

#	�
is thestateat � , �\0:( 4 is thenodechosenby thetransmissionpolicy at time ( , and{ |M 0 #54 is theexpectedrewardwhenstartingin state

#
underpolicy � underlocalbroadcastmodel 
 .

Restrictionto Markov policiesdoesnot entail any lossof optimality becauseProblem( ��
 ) is a stochastic
controlproblemwith perfectobservations[1].

Mathematically, Problem( ��
 ) is parameterizedby a tuple 0 � � 
 � u � _ 4 .
A.3 TheTransmissionControlProblem

Consideranadhocnetwork in which controlof transmissiontype(in termsof power, antennadirectionality,
andaddressing)is allowed. In suchanetwork ateachtimestepthecentralcontrollerchoosesanodefor transmis-
sion,amongthenodeswith themessage,andatransmissiontype,amongafinite setof allowabletypes,is chosen
for thatnode. To eachnode � andtransmissiontype � , a transmissioncost u ��.:9 � � anda probabilitydistribution,
denotedby 
Q��.:9 � � 0 # " � 4 , describingtheprobabilitythatagivensetof nodesreceive themessageareassigned.The
objective for thecontrollerin sucha network is to determinea policy which maximizesa total rewardsimilar to
thatof equation(1). Sucha policy specifiestheoptimalnumberandcoverageof hops,alongeachrealizationof
theoperationof network.

Sucha network canbe modeledby Model ( � ) and can be formulatedas Problem( ��
 ) with a particular
structureon theprobabilityof successfultransmission,i.e. a particularstructureon thebroadcastmodel.This is
possiblesincein Model ( � ) no particularassumptionregardingthestatisticalcorrelationamongthe transition
probabilitieshasbeenmade.We seekto constructa particularnetwork describedby Model ( � ), which satisfies
theconditionsrequiredby theadditionof multipletransitiontypesresultingfrom theuseof multiplepowerlevels.
In orderto do so we representeachnode � asa setof sisternodeswith cardinality � . , where � . refersto the
numberof transitiontypesavailableat node � . Eachsisternodein sucha setrepresenta transmissiontype for
node� , andis identifiedby thepair 0:� � � 4 , where�56 � and � �s��� ` �������3� � . . Wedefine

���
to bethecollectionof

thesesetsof sisternodes.Transmissionsin the
� �

spacearebasedon thecorrespondingeventsin
�

, asfollows.
Eachtransmissionat node ��6 � with transmissiontype � correspondsto a control decision � which chooses
node 0:� � � 4 6 � � . Suchtransmissionincursa cost u ��.:9 � � . If sucha transmissionleadsto a setof nodes,say# [Q6 � , receiving themessage,all nodes 0X� � � 4 6 � � suchthat �i6 # [ receive themessage.This implies that
all sisternodesreceive themessagesimultaneously, or in otherwords,messagereceptionsfor sisternodesin

���
aredeterministicallycoupled. Finally eachsisternodeof � receives the samereward describedby the reward
function.



5

The problemof optimal routing in the ad hoc wirelessnetwork describedby
� �

is a specialcaseof Prob-
lem ( ��
 ), whentransmissionprobabilitieshave a particularcoupledstructureto accommodatedifferenttrans-
missiontypesassisternodesat which themessagereceptionsaredeterministicallydecoupled(for moredetails
see[2] and[3]). Hencethesensitivity resultderivedin thischapterapplyto awirelessadhocnetwork with power
controlandmultiple transmissiontypes.

A.4 Critiqueof Model ( � ) andProblem( ��
 )
In this sectionwe briefly discussthe fundamentalassumptionsandmodelingchoicesin Problem( ��
 ). We,

like theauthorsin [3], pointout thatamodel’s valuedependsonhow well it capturesimportantaspectsof reality.
Furthermore,ad hoc networks vary greatly in their characteristicsin termsof mobility, transmissionchannels,
etc.Hence,thevalidity of themodeldependson thesecharacteristics,i.e. a goodmodelfor aparticularnetwork
with low mobility andheavy traffic might be of no usefor a heavily dynamicnetwork with raremessagesand
vice versa.In this sectionwe discussthefundamentalassumptionsusedin theconstructionof Model ( � ), and
their implicationson theutility of theresultingoptimalroutingstrategy. Thediscussionhereis qualitative aimed
at providing insight into theapplicabilityof Model ( � ) to variousadhocnetworks. Henceno attemptis made
to preciselyquantifythephenomenaweaddress.

Thefirst assumptionis thebroadcastnatureof local transmissionsin Model ( � ). This assumptionis justified
by the omni-directionalityof the antennas.It implies the ability of multiple neighborsto receive a message
simultaneously, decodeits header, andacknowledgethetransmitter.

Anotherassumptionis thetime-invariantnatureof therewardfor thereceptionof amessageat its destination,
and a fixed consumptionof transmissionenergy (can be extendedto averagereception)at eachnode. As a
consequenceof this assumption,the objective is to minimize the energy transmission,even at the expenseof
timelinessor systemcapacity.

In Model ( � ), eachmessageis consideredin isolation.This impliesthattheresultis valid mainly for systems
wherein spiteof the presenceof sufficient messagesin thesystemto justify RouteMaintenance,theneighbor
interferenceis not thedominantchannelimpairment.

Finally, in Model ( � ) it is assumedthattransmissioneventsat a givennodearedescribedby a time-invariant
conditionaldistribution, which is independentamongall nodes.We clarify the meaningof this assumptionin
termsof thechannelandnetwork models.Thoughthis assumptionimpliesa time homogeneityon transmission
probabilities,wecansatisfythis requirementwith lessrigid assumptionssuchas(1) slow changeof topologyand
(2) restrictionof channeldegradationto either“slow” or “f ast” channeleffects. The dynamicsof transmission
successdependon thecharacteristictimesof differenton-goingprocesses.By characteristictime, we meanthe
approximatetimefor aprocess(e.g.achangeof network topology, arrival of amessageto its destination,etc.) to
becompleted.Wedefinethefollowing characteristictimesof fundamentalnetwork andchannelprocesses.��� * � characteristictimeof significantnetwork topologyvariation� & * � characteristictimeof messagetransitfrom sourceto destination��� * � characteristictimeof aonenodemessagetransmission�F��* � characteristictimeof averagepathloss����* � characteristictimeof log-normalshadowing� � * � characteristictimeof multi-pathfading

Theassumptionof iid successfultransmissionprobabilitiesis reasonableandjustifiedif oneof thefollowing two
relationsis true. � � � ����� ���x¡�� & �¢��� � �F�� � � ���B¡£� & � ��� � ��� � �F�
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A.5 PreliminaryResults:OptimalRoutingin Problem( ��
 )
In this section,we summarizethe resultsin [2] that are relevant to our work. For that matterwe needthe

following definitions:
Definition3: A Markov policy � is apriority policy if thereis astrictpriority orderingof thenodess.t.

Y �56 �
we have � 0 #¥¤c� �  4g� � 0 � �  4g� � or

p . �]Y}#-,�� |. , where
� |. is thesetof nodesof priority lower than � .

Definition4: For priority policy � , wewrite � H | G when � hashigherpriority than G under� .
Definition5: For priority policy � and node � , we denoteby ¦ |M 0:� 4 the classof higher priority subsetsof

neighborsof � , i.e. ¦ |M 0:� 4 * �§�+# *}�¨6 #8, L . 0X
 4\� � 0 #54 P� �  . Similarly we define © | M 0:� 4 * �§�+# *}�I6 #s,L . 0X
 4\� � 0 #547� �  
Now we statethefollowing factsfrom [2] (for moredetailssee[3]).
Fact.1: For priority policy � we have

{ |M 0 #545� { |M 0 � � 0 #54  45� { |M 0 � �  4 , when � H | G for
Y G�6 #c�ª� �  .

This factholdsby thedecouplingpropertyandthedefinitionof a priority policy.
Fact.2: For priority policy � andany state

#
where� 0 #545� � or

p . we canwrite theexpectedrewardas{ |M 0 #545� { |M 0 � �  45�q« � u .­¬ A ; <T®°¯ .T± 
 . 0 # 2 " � 4 { |M 0 � � 0 # 2 4  4 if � selectstransmission_ . if � selectsretirement
(2)

Fact.3: Thereis an optimal Markov policy �	� for Problem( ��
 ) which is a priority policy whoseexpected
rewardhasthefollowing property: { |�²M 0 #545�³l�n+o.´E=; { |�²M 0 � �  4 (3)

Fact.4: UndertheoptimalMarkov policy � � theexpectedrewardfor eachnode� definesanindex

{ | ²M 0 � �  4��³l�n+o � � u .­¬ A ;µE=¶°· ²¸ ��. � 
/.10 # " � 4 { |M 0 � � 0 #54  4A ;DE�¶°· ²¸ �¹. � 
 . 0 # " � 4 � _ . �»º (4)

this index, in turn,definesanoptimalorderingof thenodesandtheactionstakenat thesenodes;i.e.{}| ²M 0 � �  4 H {}| ²M 0 � G  4¼�	½ � H | ² G� H | ² G �	½ { | ²M 0 � �  47¾ { | ²M 0 � G  4 (5)
All thesefactswhichareprovedin [2] establishthat,undertheassumptionthatthenetwork parametersarefixed

andknown, thereexistsanoptimal routingpriority orderingof nodes.Theauthorsin [2] proposea centralized
algorithm(Algorithm 1 in [3]) with complexity ¿�0 � ^ 4 which computestheoptimalpriority listing of nodesin
Problem( ��
 ) whenall thenetwork parametersareknown andavailableat thesamelocation(this algorithmis
similar in natureto standardDijkstra in OSPF[4]). Furthermore,threedistributed algorithmsto computethe
optimal priority listing of the neighborsat eachnodeareproposed.Note that dueto the natureof the optimal
priority policy, thereis a naturaldistributed implementationof suchpolicy; suchan implementationrequires,
for eachnode,a priority list of thenodeitself andits neighbors.A nodetransmitsuntil anothernodeof higher
priority successfullyreceivesthemessage.In otherwords,thenetwork layer doesnot dictatethe route,andin
fact thereis no one route,but the actualroutea messagetakesbetweensourceanddestinationis samplepath
dependent.This characteristicof thesolutionis distinctly differentfrom thatof otherproposedalgorithms(see
[5], [6], [4], [7], [8]).

The above model and all proposedalgorithmsassumeknowledgeof the transmissionprobabilities 
 . To
actuallyimplementthealgorithms,methodsto estimatetheseprobabilitiesshouldbeemployed (seediscussion
in [3]). On the otherhand,suchmethodsintroducevariouslevels of error. In otherwords,in reality 
 is not
known but hasto beestimated.Thepresenceof estimationerrorsraisesthe importantissueof thesensitivity of
theresultsin [2] with respectto (small)variationsin 
 . This motivatesthesensitivity analysispresentedin this
chapter.
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In theremainderof this chapter, we frequentlyusethefollowing lemma.Lemma1 is a directconsequenceof
theresultsgivenin [2].

Lemma1: Let �	� and �� betwo optimalpriority routingpoliciesunderbroadcastmodels
 and � , respectively.
Assumethat � � 0 � �  47� �50À�� 0 � �  4g� � 4 , thatis, policies � � and �� donot retirewhenthestateis

� �  . Then�
;DE=¶ · ²¸ ��. � 
 . 0

# " � 4�¾ u ._ih5j]k � _ . H£J 0 �;DE�¶�Á·Â ��. � � . 0
# " � 4�¾ u ._ih5j]k � _ . H£J 4\�

Proof. � � 0 � �  47� � impliesthat_ . ¡ � u .Ã¬ A ;DE�¶ · ²¸ �¹. � 
 . 0 # " � 4 { | ²M 0 � �	� 0 #54  4A ;µE=¶ · ²¸ �¹. � 
 . 0 # " � 4 (6)

On theotherhand,for
Y}# 6¥) andany policy � we have

{ |M 0 #54 ¡ _ih5j]k . Hence,_ . ¡ � u .A ;DE=¶ · ²¸ ��. � 
 . 0 # " � 4 ¬ _ih5j]k (7)

This impliesthat
A ;µE=¶ · ²¸ �¹. � 
 . 0 # " � 4O¾ Ä�ÅÆÃÇµÈXÉ � Æ Å H£J .

Similarly, if �� 0 � �  4g� � , A ;DE�¶ Á·Â ��. � �/.Ê0 # " � 4O¾ Ä�ÅÆ ÇµÈXÉ � Æ Å H£J . Theproof of Lemma1 is now complete.

Basedon Model ( � ) and the above preliminary resultswe proceedwith the sensitivity analysisof Prob-
lem( ��
 ).
B. SensitivityAnalysis:ProblemFormulation

ConsiderProblem( ��
 ) associatedwith two setsof systemparameters,0 � � 
 �RË � _ 4 and 0 � � � �RË � _ 4 , describ-
ing the trueandestimatedmodelsof thesystem,respectively. Accordingto the resultsgiven in SectionII-A.5
thereexistsanindex policy �	� whichis anoptimalroutingpolicy for Problem( ��
 ) with parameters0 � � 
 �RË � _ 4 .
At thesametime theoptimalsolutionto theestimatedmodel, 0 � � � �RË � _ 4 , is anindex policy �� that is not opti-
mal for the truemodel 0 � � 
 �RË � _ 4 , in general.Policy �� is appliedto thesystemwith thetruebroadcastmodel
(distribution) 
 . We areinterestedin: ( � ) Determining/quantifying the differencebetweenthe performanceof
policy �� in sucha systemandthebestpossibleperformance,achieved by � � . ( ��� ) Relatingtheaforementioned
differenceto aquantitydescribingtheestimationerrorin the(true)broadcastmodel.

To quantifythedifferencespecifiedin ( � ) we defineanappropriatemetricon thespaceof all routingpolicies.
Wedefinethedistancebetweenpolicies � [ and � ^ at state

#
in thecontext of thedistribution 
 asÌ Mw0 � [ � � ^ �\#g4 * � " { | WM 0 #54Í� { | SM 0 #54 " � (8)

Wedefinethedistancebetweenpolicies � [ and � ^ in thecontext of distribution 
 asÌ Mw0 � [ � � ^ 4 * �³l�n+o; " { | WM 0 #543� { | SM 0 #54 " (9)

To relatethedifferencespecifiedin ( � ) to theestimationerror in the (true)broadcastmodelwe first quantify
thiserrorby definingadistancemeasurebetweenthetruebroadcastmodel 
 andtheestimatedmodel � . Weuse
thetotalvariationmetricfor thispurpose(see[9], [10]). Thetotalvariationdistancebetweentwo localbroadcast
models,
 and � , describingtheprobabilitiesof transmissionsuccessfor node� , is definedas

Î 0X
 . � � . 45�ÐÏRÑµÒÓ�Ô­Õ×ÖÖÖÖÖ
�
; < E ÓÙØ 
 . 0 # 2 " � 4Ú� � . 0 # 2 " � 41Û ÖÖÖÖÖ

�
(10)
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Weextendthismeasureto definethetotal variationdistancebetweenbroadcastmodels
 and � asÎ 0X
 � � 47�ml�n+o. Î 0X
 . � � . 4\� (11)

Basedon theabove we reformulatethefollowing sensitivity analysisproblem.
Problem( �×� ) ConsiderProblem( ��
 ) for two setsof parameters,0 � � 
 �RË � _ 4 and 0 � � � �RË � _ 4 , describingthe
trueandestimatedmodelsof thesystem,respectively. Let � � beanoptimalroutingpolicy for Problem( ��
 ) with
parameters0 � � 
 �RË � _ 4 , and �� beanoptimalroutingpolicy for Problem( ��
 ) with parameters0 � � � �RË � _ 4 . The
objective is to determinethedistancebetweenpolicies �� and �	� in thecontext of 
 , andrelatethis distanceto
thetotal variationdistancebetweentheestimatedmodel � andthetruesystemmodel 
 , i.e. Î 0X
 � � 4 .
B.1 BasicAssumptionon ConvergenceRateof EstimationAlgorithm

As mentionedbefore, the estimatedlocal broadcastmodel � is constructedthroughan on-line parameter
estimationalgorithm. Denoteby � � thecharacteristictime of theestimationalgorithm,that is thetime required
for theestimationalgorithmto convergeto someestimate� .

We assumethroughoutthe following analysisthat � � ¬ � Ä � � � , where � Ä is the characteristictime for the
computationand disseminationof suchcalculationthroughthe network, and ��� is the characteristictime of
significantnetwork topologyvariation,definedin SectionII-A.4.

Thefollowing exampleshows that,in general,optimalroutingcanbeextremelysensitive to estimationerrors,
i.e. thereexist scenarioswherea small error in estimationcanunboundedlydeterioratethe performanceof the
constructedpriority policy.

B.2 Example

Considerthe simplenetwork given by Fig. 2. We assumethat transmissionsuccessprobabilitiesaregiven
by the true model 
 and the estimatedvaluesof theseprobabilitiesare given by model � . The value of
thesetransmissionprobabilitiesare 
 [ 0 ����� ` �ÝÜ  " ��4»� � [ 0 ����� ` �ÝÜ  " ��4¥� J , 
 [ 0 ����� `  " ��4N� � [ 0 ����� `  " ��4»�� , 
 ^ 0 ����� `  " ` 4!� � ^ 0 ����� `  " ` 4�� � , 
 ^ 0 ����� ` �ÝÜ  " ` 4�� � ^ 0 ����� ` �ÝÜ  " ` 4!� J , and finally 
 ^ 0 � ` �ÝÜ  " ` 4��� ^ 0 � ` �ÝÜ  " ` 4Þ� � . Furthermore,we assume
 [ 0 �����ÝÜ  " ��4ß� J while � [ 0 �����ÝÜ  " ��4Þ�áà

. Assumethat node �
hastransmissioncosts u . ; � �â��� ` . Rewardsarezerofor the first two nodes,andit is equalto

_ H Ä�Åã at the
destination.Thecostof transmissionatnode2 is muchlargerthanthecostof transmissionatnode1, i.e. u�^Vä u�[ .

In this examplethe total variationdistancebetweenthe two broadcastmodels 
 and � , i.e.
l�n+o . Î 0X
 . � � . 4

is
à
. Therearetwo priority policies �	� and �� possiblein this network. Underthesepolicieswe have

�Nå | ² `
and ` å�æ| � . Thedistancebetweenthesetwo policiesin thecontext of 
 is infinite, since

{ æ|M 0 ���  4w�q�iç . We
show thatevenfor asmalldistancebetweenmodels
 and � , i.e.small

à
, policy �� canbeselectedastheoptimal
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policy (dueto its optimality in thecontext of � ). To prove this,wewrite theexpectedrewards:{ | ²è 0 � `  4é� _ � u�^�{ |�²è 0 ���  4é� _ � u�[ ¬ u�^à ¬ �{ æ|è 0 ���  4é� _ � u [à{ æ|è 0 � `  4é� _ � u�^` � � u�[` à (12)

Since u ^ äêu [ , thereexistsa (small)
à

for which �� is selectedastheoptimalpriority policy whentheestimated
distribution � is assumedto describethetransmissionsuccess.On theotherhand,

{ æ|M 0 ���  4V�ë�iç
. Therefore

we have " { | WM 0 ��43� { | SM 0 ��4 " �xç eventhough
l�n+o . Î 0X
 . � � . 4��³à .

This exampleillustratesthat in generala smallerror in channelestimationcancauseanunboundeddecrease
in performance.

I I I . SENSITIVITY ANALYSIS

A. Analysisof Problem( �×� )

In this sectionour goal is to boundthedistancebetweentwo policies �� and � � by a termproportionalto the
distancebetweenthebroadcastmodels
 and � . As illustratedin ExampleII-B.2, this is notpossiblein general.
Thus,to obtainapositive result,we make thefollowing assumptionon thenatureof theestimationerror.

Assumption1: For any node� suchthat �� 0:� 4g� � , thereexists ì . ¡ � suchthatÎ 0X
 . � � . 4A ;DE�¶ Á·Â �¹í Å � � í Å 0 # " î . 4 ¡tì . �
Intuitively Assumption1 impliesthatthemagnitudeof theestimationerrorateachnodecannotbelargerthan

thetotal estimatedprobabilityof routingthemessage“closer” to thedestination.In otherwords,transmissionat
eachnodehasa truepositive probabilityof reachingabetternode.

Undertheaboveassumptionweseekto boundthelossof performanceby atermproportionalto theestimation
error. To do sowe first presentthefollowing definitionwhichwill simplify ournotation.

Definition6: For any measurablefunction ïK*Í)qð� bñd which is 
 . 0 � " #g4 -integrable,we definethe Markov
operator


Iï	0 #3� � 4 * � �
;�<>E Õ 
 . 0 #

2 " #54 ï	0 # 2 4 (13)

Usingthisdefinitionwecanwrite theexpectedrewardfor priority policy � atstate
#

, assuming� 0 #54g� � or
p . ,

as { |M 0 #g45� { |M 0 � �  4��Ð« � u .µ¬ 
 { |M 0 #Ú� � 4 if � selectstransmission_ . if � selectsretirement
(14)

We begin by establishingLemma2 which relatesthe overall distancebetweentwo policies �� and �	� to the
distancebetweenthepoliciesateachsingleton

� G  .
Lemma2:

Ì M 0 � � � �� 4 ¡ l�n+o? ò {}|�²M 0 � G  43� { æ|è 0 � G  4�ó ¬ l�n+o? ÖÖ
{ æ|è 0 � G  4Í� { æ|M 0 � G  4 ÖÖ .
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Proof. Let � � �	� 0 #g4 and G � �� 0 #54 . Then,Ì M 0 � � � �� �\#54é� ÖÖÖ
{ | ²M 0 #543� { æ|M 0 #g4 ÖÖÖ� {}| ²M 0 #543� { æ|M 0 #54� { | ²M 0 � � � 0 #54  4Í� { æ|M 0 � �� 0 #54  4� { | ²M 0 � �  4Ú� { æ|M 0 � G  4¡ {}|�²M 0 � �  4Ú� { æ|è 0 � �  4 ¬ { æ|è 0 � G  4Í� { æ|M 0 � G  4¡ { |�²M 0 � �  4Ú� { æ|è 0 � �  4 ¬ ÖÖ

{ æ|è 0 � G  4Í� { æ|M 0 � G  4 ÖÖ (15)

Thesecondequalityin equation(15) is truesince �	� is optimalin thecontext of 
 , andthefirst inequalityholds
becausepolicy �� is optimalin thecontext of � .

Hence, Ì Mw0 � � � �� 4¼� l�n+o; Ì Mw0 � � � �� �\#54¡ l�n+o? ò {}|=²M 0 � G  43� { æ|è 0 � G  4�ó ¬ l�n+o? ÖÖ
{ æ|è 0 � G  4Ú� { æ|M 0 � G  4 ÖÖ

�
(16)

To boundthe performanceloss,we develop upperboundson eachof the maximathat appearin Lemma2

(right handsideof equation(16)). Boundson the first term, i.e.
l�n+o ? ò { | ²M 0 � G  4Í� { æ|è 0 � G  4 ó , areobtained

via Lemma3 andCorollary 1. Boundson the secondterm, i.e.
l�n+o ? ÖÖÖ

{ æ|è 0 � G  4Í� { æ|M 0 � G  4 ÖÖÖ , areobtainedvia

Lemmas4 and5 andCorollary2. Theproofsof Lemmas3 and4 aregivenin AppendixC.
Lemma3 below establishesat eachnode G a relationshipbetween

{ |=²M 0 � G  4ô� { æ|è 0 � G  4 and the distance
betweenbroadcastmodels
 and � .

Lemma3: Assumethat
�Fõ [ �1õ ^ ��ö�ö�ö	�1õ�÷  is thenodes’strictpriority orderingunderpolicy �	� , i.e.

õ ?øH | ² õ ?\f [ .
Then,we have {}| ²M 0 �Fõ ?  43� { æ|è 0 �Fõ ?  4 ¡£ùO0 õ ? 4úl�n+o��ûz? Î 0X
Íüþý � �øüþý 4\� (17)

whereùO0 õ ? 4 is increasingin G andsatisfiestherecursion

ùO0 õ [ 4�� J � ùO0 õ . 45� � Æ�ÇµÈXÉÿ�� ��� · ²¸���� Å
	 M � Å � ; � ü Å � ¬ ù�0 õ . � [ 4 if �	� 0 õ . 45�tõ .ù�0 õ . � [ 4 if � � 0 õ . 45�tp ü Å
Lemma4 below establishes,at eachnode î ? , a relationshipbetween" { æ|M 0 � î ?  4Ú� { æ|è 0 � î ?  4 " andthedistance

betweenthebroadcastmodels
 and � .
Lemma4: Assumethat

� îD[ � î�^ ��ö�ö�ö�� î ÷  is thenodes’strictpriority orderingunderpolicy �� , i.e. î ?/H æ| î ?\f [ .
Wehave " { æ|M 0 � î ?  4Í� { æ|è 0 � î ?  4 "ú¡
��0:î ? 4úl�n+o��ûz? Î 0X
 í ý � � í ý 4\� (18)

where��0:î ? 4 is increasingin G andsatisfiestherecursion��0:îD[ 45� J � ��0:î . 4�� � Æ ÇµÈXÉÿ � ��� Á·¸ ��� Å
	 M � Å � ; � í Å � ¬ ��0:î . � [ 4 if �� 0:î . 45� î .�Ú0:î . � [ 4 if �� 0:î . 45�tp í Å
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Remark:In ExampleII-B.2 we have
A ;DE�¶ Á·¸ ��� � 
 � 0 # " Ü�4I� J which implies the unboundednessof the right

hand side of equation(18). This is consistentwith the result provided in SectionII-B.2, establishingthat" { æ|M 0 ��Ü  4Ú� { æ|è 0 ��Ü  4 " �Bç . NotethatLemmas3 and4 donotassumethevalidity of Assumption1.
Lemma5: UnderAssumption1, we have" { æ|M 0 � î ?  4Í� { æ|è 0 � î ?  4 "ú¡��Ú0:î ? 4úl�n+o��ûz? Î 0X
 í ý � � í ý 4\� (19)

where �Ú0:î ? 4 is increasingin G andsatisfiestherecursion�30:îD[ 4g� J � �Ú0:î . 4�� � Æ�ÇµÈXÉ� [ ��� � Å � ÿ � ��� Á·Â ��� Å
	 è � Å � ; � í Å � ¬ �30:î . � [ 4 if �� 0:î . 45� î .�Ú0:î . � [ 4 if �� 0:î . 45�mp í Å
Proof.
Case1: If �� 0:î ? 4��tp í�� , then

{ æ|M 0 � î ?  4g� { æ|è 0:î ? 4�� _ í�� . Hence," { æ|M 0 � î ?  4Ú� { æ|è 0 � î ?  4 " � J � (20)

On theotherhand,theright handsideof equation(5) is alwaysapositive number. Hence," { æ|M 0 � î ?  4Í� { æ|è 0 � î ?  4 "ú¡��Ú0:î ? 4úl�n+o��ûz? Î 0X
 í ý � � í ý 4 (21)

Thiscompletestheproof in Case1.
Case2: If �� 0:î ? 4�� î ? , thenAssumption1 impliesthat:Î 0X
 í�� � � í�� 4A ;µE=¶ Á·Â ��í�� � � í�� 0 # " î ? 4 ¡�ì í�� � (22)

On theotherhandwe have�
;µE=¶ Á·¸ ��í Å � 
 í

Å 0 # " î . 4� �
;DE�¶�Á·¸ �¹í Å �
� ¶5Á·Â ��í Å � 
 í Å 0 # " î . 4�¾ �

;µE��}Á·Â ��í Å � 
 í Å 0 # " î . 4� �
;DE�� Á· Â ��í Å � 
 í Å 0 # " î . 4Í� �

;DE=¶ Á·Â �¹í Å � � í
Å 0 # " î . 4 ¬ �

;DE=¶ Á·Â �¹í Å � � í
Å 0 # " î . 4¾ �

;DE�¶�Á·Â ��í Å � � í
Å 0 # " î . 4Ú� " �

;DE��}Á·Â ��í Å � 
 í Å 0 # " î . 4Í� �
;DE=¶5Á·Â �¹í Å � � í

Å 0 # " î . 4 "¾ �
;DE�¶ Á·Â ��í Å � � í

Å 0 # " î . 4Ú� Î 0X
 í Å � � í Å 4
� �

;DE�¶ Á·Â ��í Å � � í
Å 0 # " î . 4����O� Î 0X
 í�� � � í�� 4A ;µE=¶5Á·Â �¹í�� � � í�� 0 # " î ? 4��¾ �

;DE�¶�Á·Â ��í Å � � í
Å 0 # " î . 4 0 �V� ì í Å 4� 0 �w� ì í Å 4 �
;DE=¶ Á·Â �¹í Å � � í

Å 0 # " î . 4 (23)
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wherethefirst equalityholdssincefor every
# P, LNM�0:� 4 , 
 . 0 # " � 45� J , thethird inequalityfollows thedefinition

of total variation metric, and the last inequality holds becauseof equation(22). The assertionof the lemma
follows from equation(23) andLemma4

CombiningLemmas2, 3, and5 we establishthe following theorem,which summarizesoneof the two main
resultsof this chapter.

Theorem1: UnderAssumption1, wehaveÌ Mw0 � � � �� 4 ¡ _ih5j]k 0��Q0X
 � J 4 ¬ �Q0�� � ì 414úl�n+o? Î 0X
 ? � � ? 4\� (24)

wherethe function �Q0! �#" 4 denotesthe optimal probabilisticconnectivity for a broadcastmodel  , its corre-
spondingoptimalpriority policy � , andthevectorof boundson estimationerrordenotedby

" �%$�" [ �#" ^ �������Í�#"Ý÷'&
andis definedas ��0! �#" 45� �

?FE+a'9 | � ? �T� ?
�0 �r�(" ? 4 A ;DE�¶ ·¸ � ? �  ? 0 # " G 4 (25)

The term �Q0X
 � J 4 ¬ ��0�� � ì 4 in equation(24) dependson the topologyof the network underthe true and
the estimatedbroadcastmodels. This dependency provides insight into the studyof sensitivity of the optimal
routingpolicieswith respectto theestimationerrorundervarioustopologicalstructures.It canbeseenthat loss
of performancefor networkswhereeachtransmissionreachesa largesetof higherpriority nodesis smallerthan
for networkswith “hot links,” wheretheconditionof afew links is critical in determiningtheability of therouting
policy to transferthe messageto the destination.This is an importantfeatureof the proposedoptimal priority
routingpolicy. Wewill elaborateon this in SectionIII-B.

On the otherhand,sensitivity analysismight be usedto provide guidelinesin designingon-line estimation
algorithmswith acceptablemargin of error. In suchapplications,the dependency of our boundson the true
andestimatedstructuresandtopologyof thenetwork cancreatedifficulty. In generalandin a practicalsetting,
suchmodelsarenot known andcannotbe exploited to designappropriatealgorithms. Furthermore,in an ad
hocnetwork it is undesirableto assumeany particulartopologicalstructure.For theseapplications,we provide
Theorem2 below to eliminatethe dependency of our boundon the particular(andunknown) topologyof the
network. To do so,we needCorollaries1 and2.

Corollary 1 (of Lemma3) Assumethat
�Fõ [ �1õ ^ ��ö�ö�ö	�1õ�÷  is thenodes’strict priority orderingunderpolicy � � .

Then,we have { | ²M 0 �Fõ ?  43� { æ|è 0 �Fõ ?  4 ¡*)�0 õ ? 4úl�n+o��ûz? Î 0X
�ü]ý � �/üþý 4\� (26)

where)70 õ ? 4 is increasingin G andsatisfiestherecursion)70 õ [ 45� J � )70 õ . 4�� _ h5j]k 0 _ h5j]k � _ ü Å 4uÀü Å ¬ )70 õ . � [ 4\� (27)

Proof. Theassertionof thecorollaryfollows directly from Lemmas1 and3.

Corollary 2 (of Lemma5) UnderAssumption1, wehave" { æ|M 0 � î ?  43� { æ|è 0 � î ?  4 "D¡,+Ã0:î ? 4úl�n+o��ûz? Î 0X
 í ý � � í ý 4\� (28)



13

where+Ã0:î ? 4 is increasingin G andsatisfiestherecursion+�0:î [ 4g� J � +Ã0:î . 45� _ih5j]k 0 _ih5j]k � _ í Å 4u í Å 0 �r� ì í Å 4 ¬ +Ã0:î . � [ 4\� (29)

Proof. Theassertionof thecorollaryfollows directly from Lemmas1 and5.

Wenow useCorollaries1 and2 to proveTheorem2, whichprovidesaboundontheerrorindependentlyof the
topology.

Theorem2: UnderAssumption1, wehaveÌ Mw0 � � � �� 4 ¡,- l�n+o? Î 0X
 ? � � ? 4\� (30)

where - � ÷�
? � [

_ih5j]k 0 _ih5j]k � _ ? 4 0 ` � ì ? 4u ? 0 �w� ì ? 4 �
Proof. CombiningLemma2 andCorollaries3 and4, wehaveÌ Mw0 � � � �� 4 ¡ l�n+o? ò { |�²M 0 � G  43� { æ|è 0 � G  4 ó ¬ l�n+o? ÖÖ

{ æ|è 0 � G  43� { æ|M 0 � G  4 ÖÖ¡ l�n+o? « )70 õ ? 4úl�n+o��ûz? Î 0X
Íüþý � �øüþý 4�. ¬ l�n+o? « +�0:î ? 4úl�n+o��ûz? Î 0X
 í ý � � í ý 4�.� 0/)�0 õ�÷i4 ¬ +�0:î ÷ô414úl�n+o� Î 0X
 � � � � 4
¡ 0 ÷� . � [

_ih5j]k 0 _ôh5j]k � _ ü Å 4uÀü Å ¬
÷�
. � [

_ôh5j]k 0 _ih5j]k � _ ü Å 4uÀü Å 0 �w� ì í�� 4 4úl�n+o� Î 0X
 � � � � 4� 0 ÷� . � [
_ih5j]k 0 _ôh5j]k � _ . 4 0 ` � ì . 4u . 0 �r� ì . 4 4úl�n+o� Î 0X
 � � � � 4� - l�n+o� Î 0X
 � � � � 4\� (31)

wherethefirst inequalityholdsbecauseof Lemma2, thesecondinequalityis a resultof corollaries3 and4, and
thefirst andsecondequalitiesresultfrom thedefinitionof functions) . and + . andtheirmonotonicityin theindex� .
A.1 SufficientConditionsfor Assumption1 to Hold

Assumption1 is the minimum requirementneededto guaranteeandobtaina finite boundon the sensitivity
of the optimal index routing policy to the estimationerror in the broadcastmodel. This assumptiondepends
on the natureof the optimal policies (of both true model 
 and estimatedmodel � ), hencethe topology of
the network. Nevertheless,therearestrongerconditionswhich are independentof topology, aresufficient to
guaranteeAssumption1, areeasyto verify, andaregivenbelow.

Condition1: For any node� , thereexists 0 . åmç suchthat� . 0 # " � 4Ú� 
 . 0 # " � 4 ¡,0 . 
 . 0 # " � 4\�
Condition1 guaranteesthat thereexists ì ? � 1 �[ f 1 � for which Assumption1 is satisfied.Intuitively, Condi-

tion 1 hastwo significantimplications.First, it impliesthat thenetwork topologyundertheestimatedbroadcast
model � doesnot containlinks which do not really exist, i.e.

Y �76 ����� ` ��ö�ö�ö3� �  , L è 0:� 4O, LNMO0:� 4 . Second,the
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Fig. 3. Network 243
conditionimplies that,whenever thereis a link betweennodes� and G , i.e. 
 .@? H J , thereis a finite bound 0 .
on thepercentageof error in over-estimationof thequality of the link, i.e.

è Å � � M Å �M Å � ¡50 . . In otherwords, 0 .
specifiesthemaximumerrorpercentagein theestimationof thequalityof links connectedto node� .

Condition2: Theestimationerroris boundedby thefollowing expression:Î 0X
 � � � � 4 ¡tì � u �_ih5j]k � _ �From Lemma1 it follows that Condition 2 guaranteesthat Assumption1 holds. Although Condition 2 is
too restrictive, it canbecheckedwithout any knowledgeof theprobabilistictopologyof thenetwork and/orthe
structureof theoptimalpolicies.UnlikeCondition1,Condition2 boundstheabsolutevalueof errorin estimation
ratherthantheerrorpercentage.

B. ExamplesandDiscussion

In this sectionwe presentthreenetworks (
� [ �Ý� ^ �Ý� � ) givenby figuresIII-B-III-A to illustratehow topology

affects the sensitivity of the optimal routing policy with respectto the estimationerror. Considerthesethree
networks. Weassumethatsuccessfultransmissionsalongdifferentlinks areindependent.HenceModel ( � ) for
network

� � canbedefinedby 0 � � � � � �RË � � _ � 4 where� . is a transitionmatrixwhose0:� � G 4 th elementrepresents
theprobabilityof successfultransmissionfrom node� to G . Weassume

_ [ � _ ^ � _ � �³Ü J=J , � [ �76 , � ^ �98 ,� � �;:
,
Ë [ �<$ ���F���F���F���F�=&

,
Ë ^ �>$ Ë [ �F���?6ú�ÝÜ@& , and

Ë ^ �A$ Ë ^ � ` � ` �CB�& . We assumethat theestimatedvalueof the
transmissionprobabilitiesare

��[ �EDFG H IKJ L I I IIMJNH H IKJ�O I II IKJ�H H IKJ P II I IKJ�Q H IMJ OI I I IKJ�Q H
RTSU � �/^ � DFFFFG V 3 IMJ PWIMJ OI IIMJNHXIMJNHI II IIWI IKJ�O IWIIWIYIKJ�Q�OZIWI H@J I II H@J I

RTSSSSU � and
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� � � DFFFFFFFG V [ I IIKJ�Q�O IKJ�OI II II IIKJ ^�O II IKJ ^�OIWIYIWIKJ PZIYIWIIWIYIWIKJ PZIYIWI H�J I II H�J I
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Furthermore,weassumethattheprobabilitiesof successfultransmissionbetweeneachpairof nodesareknown

exceptfor thelink betweennodes2 and3 in eachnetwork wherethereis an
"

errorin theestimationof thequality
of thelink. Hence,for any errorvalue

"
and � �s��� ` �ÝÜ , wehave 
 � 0 "À45� � � �_" 
�^ � , where
 . representsthetrue

broadcastmodelfor Network � , and 
 .@? is a matrix whoseonly non-zeroelementis the 0:� � G 4 th elementwhich is
equalto 1. Wevary theerror

"
from 0 to 100percentof theestimatedvalueof thelink’s transmissionprobability��0 ` �ÝÜ�4 , andcompare(1) the lossof performancein the threedifferentnetworks, and(2) theboundsprovided

by Theorem1 in eachcase.Furthermore,for comparisonpurposes,we provide theperformanceof aOSPF-type
routing algorithm(see[5], [6], [4], [7], [8]) wheresomeform of shortestrouteis establishedasthe minimum
energy route. In this routingalgorithma full routewith minimumexpectedenergy is identifiedandsetup, and
all informationbetweensourceanddestinationis transmittedon thisfixedroute.



16

Beforediscussingthe sensitivity of routing policies in theseexamples,we would like to point out a known
advantageof usingthe samplepathdependentrouting policy (SPDR)proposedby [2]. As mentionedbefore,
an importantfeatureof the proposedoptimal routing policy given in [2] is the fact that the route a message
takesbetweensourceanddestinationis samplepathdependent,i.e. it dependson theparticularrealizationsof
channelsandtransmissionsuccess.In otherwords,whenimplementingtheproposedSPDR,thenetwork layer
avoidsestablishinga fixedroute. It is known (see[2]) thatdueto this property, in well-connectednetworks the
optimal SPDRpolicy shows an advantagein achieving lower expectedcostover strategieswhich setup fixed
routes. This is mainly becausein well-connectednetworks, dueto the presenceof multiple alternative routes
betweensourceanddestination,theoptimalSPDRstrategy avoidsunnecessaryretransmissionsby choosingthe
bestneighboramongthosewhichhave receivedthemessage.Thegraphsprovidedby Fig. 3-5 illustratethis fact
in anerror-freesystem.

We usenetworks
� [ - � � to discussthe natureof our sensitivity analysis. We have set up theseexamples

to illustrate the effect of topologyof the network on the sensitivity of the performanceof the optimal SPDR
policy (network

� [ hasthe lowestconnectivity, while
� � is the mostconnected).In eachcase,we studythe

performanceof the optimal SPDRstrategy whenthe estimatedprobabilisticmodel includesan
"
% estimation

errorover a particularlink on theminimum energy route. In addition,we assumethat sucherroroccursin the
form of over-estimation.For eachnetwork

� � weplot theperformanceof policy �� � , whichis theoptimal(SPDR)
priority policy associatedwith theestimatedmodel 0 � � � � � �RË � � _ � 4 . We provide theoptimalcost,hadthetrue
modelbeenknown, asabench-mark.Furthermore,we plot theboundsprovidedby Theorem2.

Theresultscanbesummarizedasfollows. Network
� [ consistsof a singleroutebetweenthesourceandthe

destination,henceit is expectedfor all policiesto demonstrateidenticalperformanceandrobustness.In sucha
scenario,all routingpoliciesrely onthefailing link for theirroutingdecisions.As thequalityof thelink decreases
all policiesfail to successfullytransportthemessagefrom thesourceto thedestination.Notice thatdueto the
retiring option the optimal cost, had the true modelbeenknown, is slightly below the costof other policies.
In network

� ^ therearemore thanone route from sourceto destination. This featureof the network hasno
effect on theperformanceof OSPF-typeroutingstrategies,sincesuchstrategiesalwaysselecta fixedroute. On
theotherhand,theoptimalpriority (SPDR)policy shows betterperformanceevenin thepresenceof estimation
error; Notice thereis still only oneroutefrom node2 to the destination,henceasthe error goesto 100%, ìQ^
goesto zero,hencethe right handsideof equation(24) becomesunbounded.In network

� � wherethereexist
alternative routesaroundthefailing link, theoptimalSPDRpolicy showsahighdegreeof robustness.In addition
to capturingtheeffect of topologyon thesensitivity of theoptimalpolicy, theseexamplesprovide a roughidea
on thetightnessof theboundsprovidedby theright handsideof equation(24). It canbeseenthat theobtained
boundbecomestighteras

l�n+o . ì . increases.

C. DistributedComputationof theOptimalPolicy

As mentionedin Section4.1, the key featureof an ad hoc network is the absenceof a centralcontrol or
computationunit, and this underlinesthe importanceof providing distributed algorithmsfor computationand
implementationof an optimal policy. The authorsin [2] provide threealgorithmsin which eachnodeusesits
local information in order to computea local priority list of its neighbors. The priority list for eachnodeis
determinedbasedon the estimatesof the optimal expectedreward of the nodeand its neighbors. The local
informationavailableat eachnodeconsistsof thelocal broadcastmodelfor thatnodeandtheupdatedestimates
of its neighbors’optimalexpectedrewards.Theseestimatesarereceivedregularlyby thenodefrom its neighbors.
Eachnodecomputesanew estimateof its own optimalexpectedrewardaccordingto anupdateequationspecified
by thedistributedcomputationalgorithmsandit regularlycommunicatesthisestimateto its neighbors.To agreat
extentthesealgorithmsare,in their informationstructure,similarto theDistributedBellman-Fordalgorithm[11],
[12]), andcanbethoughtof thesample-pathdependentextensionsof suchpolicy. In all thedistributedalgorithms
presentedin [2], eachnodeusesinformationonly aboutits own localbroadcastmodelandnot theglobalnetwork
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model.This impliesthat,in practice,it is sufficient for eachnodeto estimateits broadcastmodellocally. Weare
interestedin studyingthe lossin performanceof thesealgorithmswhenthereareestimationerrorsat the local
broadcastmodel.

In [2] it is shown thatundertheproposeddistributedalgorithmstheestimatesof theoptimalexpectedreward
of eachnodeconverge to their true values. Furthermore,it is proved that almostin all practicalscenariosthis
convergenceoccursin finite time. In otherwords,in almostall practicalcasesanoptimallocal index policy which
is consistentwith the optimal index policy describedin SectionII-A.5 canbe constructedin finite time. This
implies that,givena sufficiently long time horizon,all thealgorithmsof [2] demonstrateidenticalperformance
lossin thepresenceof estimationerrorsin thebroadcastmodel. More specifically, assumethat thetruesystem
model is 0 � � 
 �RË � _ 4 asbefore,andthe vector `ba& �dc � [& � ^& ����� � ÷&_e representsa collectionof optimal local
routingdecisionsatnodes

��� ` ��ö�ö�öÍ� � attime ( underdistributedalgorithm f (oneof thethreealgorithmprovided
in [2]). Now assumethateachnode � estimatesits local broadcastmodel, g
�0 #ih � 4 , for each

#�, Lª0:� 4 in a local
fashionbasedonall its communications,bothcontrolsignalsandmessages,aswell asits channelmeasurements.
Constructanoverall local broadcastmodel � suchthatfor

Y �g6 ����� ` ��ö�ö�ö3� �! and
Y}#�,��

wehave

� . 0 #ih � 47�q« g
�0 #ih � 4 if
#-, L%jM 0:� 4J otherwise

Assumethatvector g` a& �5c g� [& g� ^& ����� g� ÷& e , representsacollectionof local routingdecisionsatnodes
��� ` ��ö�ö�ö3� �

at time ( underdistributedalgorithm f andunderthe estimatedmodel g
 . For almostall practicalcasesthere
existsa large horizon k3[ suchthat for

Y ( 2 H k3[ g`la& < � �� , where �� is a stationarypolicy that is optimal for the
centralizedproblemwith model 0 � � � �RË � _ 4 . This impliesthat,in thecontext of truemodel 
 , theperformance

of policy ò g` a& < ónm& < �po�W , constructedby distributedalgorithm f is independentof f andis equalto theperformance

of thestationarypolicy �� . On theotherhand,dueto theoptimality of thedistributedalgorithm f , thereexistsa
finite horizon k'^ suchthatpolicy

� ` a&  m&T�po S is optimal in thecontext of thetruemodel 
 ; i.e. its performanceis
identicalto thatof thestationarypolicy �	� , where�	� is anoptimalindex policy for thecentralizedproblemwith
the truemodel 0 � � 
 �RË � _ 4 . Hencepasthorizon k �ql�n+o°� kÍ[ � k}^  , underany of thedistributedalgorithmsof
[2], thelossin performancedueto estimationerrorsin thebroadcastmodelis equalto thelossin performanceof
policy �� . Suchalosshasbeencalculatedin SectionIII-A andis boundedby theestimationerror, i.e. thedistance
betweenthetruemodel 
 andestimatedmodel � .

Theorem3 summarizesthisdiscussionin aprecisefashionunderthefollowing assumptions.
Assumption2: For any node� suchthat �� 0:� 4g� � , thereexists ì . ¡ � suchthatÎ 0X
 . � � . 4A ;DE�¶ Á·Â �¹í Å � � í Å 0 # " î . 4 ¡tì . �
Thisassumptionis identicalto Assumption1.
Assumption3: For any pairof nodes� and G suchthat �56ßLqjM 0 G 4 , { æ| jM 0 � �  4 P� { æ| jM 0 � G  4 .

This assumptionimplies that no two neighboringnodeshave the sameexpectedreward (i.e. optimal index) to
routea messageto thedestination.It holdsin almostall practicalscenarios,sincetwo neighboringnodeshave
identical indexes when the network hasstrongsymmetrypropertieswhich never hold in an ad hoc wireless
environment. Underthis assumption,the policiesconstructedby any of the threedistributedalgorithmsin [2]
convergeto astationaryoptimalindex policy in finite time, i.e. g`ba& � �� for all ( sufficiently large.

Theorem3: If Assumptions2 and 3 hold and k is sufficiently large, then for
Y ( H k and for any of the

distributedalgorithmsof [2], say f ,Ì MO0!` a& � g` a& 4 ¡ _ih5j]k 0��Q0X
 � J 4 ¬ �Q0�� � ì 414úl�n+o? Î 0X
 ? � g
 ? 4 (32)

wherethefunction �Q0! �#" 4 is definedby equation(25).
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Proof. Assumption3 impliesthat for every ( H k ¾ k3[ , we have g` a& < � �� (seetheabove discussionand[2]),
where �� is anoptimalindex policy for theestimatedmodel � , describedin SectionIII-A.

On theotherhand,for all ( H k ¾ k'^ wehave
{nrpsM 0 � �  45� { |�²M 0 � �  4 , where� � is anoptimalindex policy for

thetruebroadcastmodel 
 describedin SectionIII-A (see[2]).
Hence,for ( H l�n+o 0
k [ � k ^ 4Ì Mw0!` a& � g` a& 45� Ì Mw0 � � � �� 4 ¡ _ôh5j]k 0���0X
 � J 4 ¬ ��0�� � ì 414úl�n+o? Î 0X
 ? � g
 ? 4

wheretheinequalityfollows from Theorem1.

Noticethat k in Theorem3 is thetime to computeanddisseminatethelocal optimalpolicies. In otherwordskut³� Ä where� Ä is definedin SectionII-B.1

IV. CONCLUSION

In thischapterweexaminedthesensitivity of optimalroutingpoliciesin adhocwirelessnetworkswith respect
to estimationerrorsin channelquality. Weconsideredanadhocwirelessnetwork wherethewirelesslinks from
eachnodeto its neighborsare modeledby a probability distribution describingthe local broadcastnatureof
wirelesstransmissions.Theseprobabilitydistributionsareestimatedin real-time.We investigatedtheimpactof
estimationerrorson theperformanceof asetof proposedroutingpolicies.Our resultscanbeusedasaguideline
to designon-lineestimationalgorithmswith acceptablemargin of error. At thesametime our resultsprovide a
methodto studytheeffectof thenetwork topologyontherobustnessof aroutingstrategy with respectto errorsin
channelestimation.Weprovideda few numericalexamplesto illustratesuchrobustnessissues.Furthermore,we
discussedtheimplicationof estimationerrorson thedistributedcomputationof optimalindex routingpolicies.
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APPENDICES

I . INTEGRAL PROBABILITY METRIC

In this appendixwe provide the backgroundmaterialneededto introducethe appropriatedistancemeasure
betweentwo local broadcastmodels.Furthermore,we provide a resultwhich is fundamentalin our sensitivity
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analysis. As discussedin Chapter4, we usethe total variation metric as the distancemeasurebetweentwo
broadcastmodels 
 (the true model)and � (the estimatedmodel). Total variationmetric is an instanceof a
largerclassof distancemeasurescalledintegral probabilitymetrics.As we will show in this appendix,this class
of measuresis closelyrelatedto Markov operators(seeDefinition 12), which makesthemappropriatefor our
sensitivity analysis. In the interestof breivity, we only statethe basicdefinitionsrelatedto the topic, andthe
rsultsmostusefulfor ouranalysis.For moredetaileddiscussionon this topic,see[9], [13], and[14].

Definition7: Considerasubsetv of boundedfunctionalson ) . Considerthespaceof w of probabilitydistri-
butionsdefinedon the Î -field ` Õ . Wedefinethe integral probability metricassociatedwith v on thespacew by
thedistance

ÌKx
Ì x 0X
 � � 4 * � ÏRÑµÒy E x ÖÖÖÖ

z Õ ï	0 # 2 4 Ì 
 � z Õ ï	0 # 2 4 Ì � ÖÖÖÖ Y 
 � � 6{w
or * � ÏRÑµÒy E x ÖÖÖÖÖ

�
; < E Õ ï	0 #

2 4 
�0 # 2 4Í� �
; < E Õ ï	0 #

2 4 ��0 # 2 4 ÖÖÖÖÖ
Y 
 � �s6{w (33)

wherethesecondeqalityholdsfor finite set ) andthecorrespondingdiscreteÎ -field ` Õ . We call v a generator
of theintegral probabilitymetic

Ì x
.

Example. We candefinean integral probability distanceassociatedwith set v betweentwo local broadcast
modelsdescribingthetransmissionprobabilitiesfor node� asÌ x 0X
 . � � . 4���ÏRÑ­Òy E x ÖÖÖÖÖ

�
;�<>E Õ ï	0 # 2 4 
 . 0 # 2 " � 4Ú�

�
;�<>E Õ ï	0 # 2 4 � . 0 # 2 " � 4 ÖÖÖÖÖ

��ÏRÑµÒy E xN" 
Iï	0 � �  � � 45� �Iï	0 � �  � � 4 " (34)

Note that the term | Õ ï	0 #32>4 Ì 
 (
A ; < E Õ ï	0 #32>4 
�0 #32T4 ) can be written as a Markov operatoroperatingon a

boundedfunctional ï . On theotherhandMarkov operatorsandtheir differenceareusedto determinethedis-
tancebetweenthe performanceof Markov policiesin an MDP, hencethey arevital to our sensitivity analysis.
Unfortunately, they arenotsufficient to establishthesensitivity analysissincethey only relatetheintegralmetric
andthe markov operatoron the particularfunctions ïK6uv . It canhappenthat the valuefunctionsand/orex-
pectedrewardsof acertainpolicy donotbelongin theboundset v . To relatethedifferencebetweentwo Markov
operatorsto the integral probabilitymetric for functions ï h6}v we needthefollowing definitionsandfacts(for
detailsandproof,see[9]).

Definition8: A set ~ of functionalson ) is balanced, if f for
Y ï¥6�~ and

Y ù , " ùw"Ã¡ � , thefunctional ù3ï also
belongsto ~ .

Fact.5 (Theorem3.2in [9]) If v is anarbitrarygeneratorof anintegral probabilitymetric,thenthebalanced
convex hull spannedby v generatesthesameprobabilitymetricas v .

A balanceconvex subsetv of functionalscanbeusedto definetheMinkowski functionalassociaciatedwithv .
Definition9: Considera balancedandconvex subsetv of the set � of boundedfunctionalson the space) .

WedefinetheMinkowskifunctionalassociatedwith v , � x *M�-ð� b d , as� x 0 ï 4 * �u������c ( H£J *=( � [ ïÙ6�v e (35)
Intuitively, theMinkowski functional“down-scales”a function ï h6�v by thesmallestamount( soasto result

in ascaledvector ( � � ï whichbelongsto thebalanced,bounded,convex set v .
From Definition 9 and Fact 5 we concludethat therecan be a Minkowski functional associatedwith any

integralprobability. Furthermore,thesefactsanddefinitionsprovidearelationshipbetweenthedifferenceof two
Markov operators(closelyrelatedto thedistancebetweenpolicies)on a function,its Minkowski functional,and
theintegral probabilitymetricbetweenthecorrespondingprobabilitydistributions(e.g.local broadcastmodels).
This relationshipis givenby thefollowing fact.For theproof see[9].
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Fact.6: ÖÖ | Õ ï	0 # 2 4 Ì 
 � | Õ ï	0 # 2 4 Ì � ÖÖ ¡*� x 0 ï 4\� ÌMx 0X
 � � 4I I . TOTAL VARIATION METRIC

In thisappendixweusethenotionsintroducedin AppendixC andillustratehow to constructthetotalvariation
metricasan integral probabilitymetric. After suchconstructionwe identify Fact7 asa specialcaseof Fact6,
wheretheintegral metricis thetotal variation.Fact7 is thebasisof theproof of Lemmas3 and4.

Define v�[ asthesetof all indicatorfunctionsof subsetsof ) , i.e. v�[ �ë��� Ó *p , )  , wherethe indicator

function
� Ó is definedas

� Ó 0 #545�q« �
if
# 6{ J if
# 6N) �  

Definition10: The total variation metricon theset w of probabilitydistributionsdefinedon the Î -field ` Õ is
definedastheintegral probabilitymetricassociatedwith v�[ on w .

For thepurposeof sensitivity analysisof anoptimalroutingstrategy in adhocnetworks,wefocusourattention
on thetotal variationdistanceon theset w'� of all local broadcastmodelsfor node � . Notethata local broadcast
modelfor node� fully describestheprobabilitiesof successfultransmissionsuccessfrom node� to its neighbors.
Using the mechanismintroducedin Appendix A, we can find the total variation distancebetweentwo local
broadcastmodelsaroundnode� , 
 . and � .Î 0X
 . � � . 45�ÐÏRÑµÒÓ�Ô­Õ ÖÖÖÖÖ

�
;�<>E ÓÙØ 
 . 0 # 2 " � 4Ú� � . 0 # 2 " � 41Û ÖÖÖÖÖ

�
(36)

Fact.7: Consideraboundedfunctional ïÙ*=)ªð� bed . Wehave" 
×ï	0 #3� � 43� �¨ï	0 #3� � 4 "ú¡�0 ÏRÑµÒ; ï	0 #54Í�������; ï�0 #5414\� Î 0X
 . � � . 4 (37)

Proof. We prove Fact7 asa specialcaseof Fact6. In orderto constructtheMinkowski functonalassociated
with thetotal variationmetricwe first useFact5 to constructthebalancedcovex hall of v�[ , v &��þ& ��� a�� . In other
words, v &��]& ��� a#� ��� ïÙ* J ¡tï	0 #54 ¡ � for

Y}# 6¥) � or
�£� ¡£ï�0 #54 ¡ J for

Y}# 6¥)  � (38)

Since v &��]& ��� a#� is a balancedconvex hull of v�[ it generatesthesameintegral probabilitymetricon the local
broadcastmodes,i.e. it generatesthetotal variationmetric.

For any boundedfunction � definedon space) , i.e. �Z6�� , we caneasilyconstructtheMinkowski functional
for thetotal variationmetricas �i��0�� 45�q« J if �c6{vÏRÑµÒ 0�� 4Í������� 0�� 4 if �c6�� � v (39)

UsingFact6 we have

" 
Iï	0 #Ú� � 43� �Iï	0 #3� � 4 " ¡ 0 ÏRÑµÒ; ï	0 #g43�������; ï	0 #5414\�zÏRÑµÒÓ�Ô­Õ ÖÖÖÖÖÖ
�

; < E Ó 9 ; Ô ; < Ø 
 . 0 #
2 " #543� � . 0 # 2 " #54RÛ ÖÖÖÖÖÖ� 0 ÏRÑµÒ; ï	0 #g43�������; ï	0 #5414\�zÏRÑµÒÓ�Ô­Õ ÖÖÖÖÖÖ

�
; < E Ó 9 ¯ .>± Ô ; < Ø 
 . 0 #

2 " � 43� � . 0 # 2 " � 4 Û ÖÖÖÖÖÖ� 0 ÏRÑµÒ; ï	0 #g43�������; ï	0 #5414\� Î 0X
 . � � . 4 (40)

wherethefirst equalityholdsbecauseof thedecouplingproperty.
Hence,theassertionof Fact7 is true.
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I I I . PROOF OF LEMMAS 3 AND 4

Now we provide thefull proof for Lemmas3 and4.
Lemma15: Assumethat

�Fõ [ �1õ ^ ��ö�ö�ö��1õ�÷  is the strict priority orderingunderpolicy �	� , i.e.
õ ?-H | ² õ ?\f [ .

Then,we have {}| ²M 0 �Fõ ?  43� { æ|è 0 �Fõ ?  4 ¡£ùO0 õ ? 4úl�n+o��ûz? Î 0X
Íüþý � �øüþý 4\� (41)

whereùO0 õ ? 4 is increasingin G andsatisfiestherecursion

ùO0 õ [ 4�� J � ùO0 õ . 45� � Æ ÇµÈXÉÿ�� ��� · ²¸ ��� Å 	 M � Å � ; � ü Å � ¬ ù�0 õ . � [ 4 if �	� 0 õ . 45�tõ .ù�0 õ . � [ 4 if �	� 0 õ . 45�tp ü Å
Proof. Weprove thelemmaby inductionon theindex � of thestrict ordering

�Fõ [ �1õ ^ ��ö�ö�ö	�1õ ÷  .
Basisof Induction:Since � � is anoptimal routingpolicy for a problemassociatedwith thetuple 0 � � 
 �RË � _ 4

we have
{ |�²M 0 �Fõ [  4Þ� _ih5j]k

. Similarly, �� is an optimal routing underpolicy � and
{ æ|è 0 �Fõ [  4Ù� _ih5j]k

(see

Section3.3.2in [2]). Hencewe have
{ | ²M 0 �Fõ [  43� { æ|è 0 �Fõ [  45� J

InductionStep:Weassumethat{}| ²M 0 �Fõ ? � [  43� { æ|è 0 �Fõ ? � [  4 ¡£ùO0 õ ? � [ 4×l�n+o��ûz? � [ Î 0X
Íüþý � �øüþý 4\� (42)

Weneedto show that { | ²M 0 �Fõ ?  43� { æ|è 0 �Fõ ?  4 ¡£ùO0 õ ? 4úl�n+o��ûz? Î 0X
Íüþý � �øüþý 4\� (43)

whereùO0 õ ? 45� ÆÃÇµÈXÉÿ � ��� · ²¸���� � 	 M � � � ; � ü � � ¬ ù�0 õ ? � [ 4 .
Case1: If � � 0 õ ? 4��tp ü � , then

{ |=²M 0 �Fõ ?  45� _ ü � . Hence,{ | ²M 0 �Fõ ?  4Í� { æ|è 0 �Fõ ?  4�� _ ü � �!l�n+o c _ ü � ��� uÀü � ¬ � { æ|è 0 �Fõ ?  �1õ ? 4 e ¡ J (44)

On theotherhand,theright handsideof equation(43) is alwaysapositive number. Hence,{}|=²M 0 �Fõ ?  43� { æ|è 0 �Fõ ?  4 ¡£ùO0 õ ? 4úl�n+o��ûz? Î 0X
Íüþý � �øüþý 4\� (45)

Thiscompletestheinductionstepin Case1.
Case2: If � � 0 õ ? 4��tõ ? , then

{ |�²M 0 �Fõ ?  4g�8� uÀü � ¬ 
 { |�²M 0 �Fõ ?  �1õ ? 4 . Hence,{ |�²M 0 �Fõ ?  43� { æ|è 0 �Fõ ?  4� � u\ü � ¬ 
 { |�²M 0 �Fõ ?  �1õ ? 4Í�!l�n+o c _ ü � ��� uÀü � ¬ � { æ|è 0 �Fõ ?  �1õ ? 4 e¡ 
 { | ²M 0 �Fõ ?  �1õ ? 4Í� � { æ|è 0 �Fõ ?  �1õ ? 4� 
 {'| ²M 0 �Fõ ?  �1õ ? 4Í� 
 { æ|è 0 �Fõ ?  �1õ ? 4 ¬ 
 { æ|è 0 �Fõ ?  �1õ ? 43� � { æ|è 0 �Fõ ?  �1õ ? 4¡ 0 ÏÝÑµÒ; { æ|è 0 #543�(�����; { æ|è 0 #5414 Î 0X
�ü � � �/ü � 4 ¬ 
 {}|=²M 0 �Fõ ?  �1õ ? 43� 
 { æ|è 0 �Fõ ?  �1õ ? 4¡ _ h5j]k Î 0X
Íü � � �øü � 4 ¬ 
�� {}|=²M 0 �Fõ ?  �1õ ? 4Í� { æ|è 0 �Fõ ?  �1õ ? 4��� _ih5j]k Î 0X
Íü � � �øü � 4 ¬ �
;DE�� · ²¸ � ü � � 
 ü � 0 # " õ ? 4 � {}| ²M 0 � � � 0 #g4  43� { æ|è 0 � �� 0 #g4  4 �¬ �

;µE=¶°· ²¸ � ü � � 
 ü � 0 # " õ ? 4 0 { |=²M 0 � � � 0 #g4  4Í� { æ|è 0 � �� 0 #g4  414
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¡ _ôh5j]k Î 0X
Íü � � �øü � 4 ¬ �
;DE�� · ²¸ � ü � � 
 ü � 0 # " õ ? 4 � { | ²M 0 � � � 0 #g4  4Í� { æ|è 0 � � � 0 #g4  4 �¬ �

;DE=¶ · ²¸ � ü � � 
 ü � 0 # " õ ? 4 0 { | ²M 0 � � � 0 #54  4Í� { æ|è 0 � � � 0 #g4  414� _ h5j]k Î 0X
Íü � � �øü � 4 ¬ �
;DE�� · ²¸ � ü � � 
 ü � 0 # " õ ? 4 0 {}|=²M 0 �Fõ ?  4Í� { æ|è 0 �Fõ ?  414¬ �

;DE=¶ · ²¸ � ü � � 
 ü � 0 # " õ ? 4 0 { |=²M 0 � � � 0 #54  4Í� { æ|è 0 � � � 0 #g4  414¡ _ôh5j]k Î 0X
Íü � � �øü � 4 ¬ 0 { |=²M 0 �Fõ ?  43� { æ|è 0 �Fõ ?  414 �
;DE�� · ²¸ � ü � � 
 ü � 0 # " õ ? 4¬ �

;DE=¶°· ²¸ � ü � � 
 ü � 0 # " õ ? 4 ù�0 � � 0 #54R4\� l�n+o¯ ��C ü ý�� · ² | ² � ; � ± Î 0X
Íü ý � �øü ý 4¡ _ h5j]k Î 0X
Íü � � �øü � 4 ¬ 0 { | ²M 0 �Fõ ?  43� { æ|è 0 �Fõ ?  414 �
;DE�� · ²¸ � ü � � 
 ü � 0 # " õ ? 4¬ �

;DE=¶ · ²¸ � ü � � 
 ü � 0 # " õ ? 4 ù�0 õ ? � [ 4\��l�n+o��ûz? � [ Î 0X
Íüþý � �øüþý 4¡ _ôh5j]k Î 0X
Íü � � �øü � 4 ¬ 0 { | ²M 0 �Fõ ?  43� { æ|è 0 �Fõ ?  414 �
;DE�� · ²¸ � ü � � 
 ü � 0 # " õ ? 4¬ ù�0 õ ? � [ 4Il�n+o��ûz? � [ Î 0X
Íü ý � �/ü ý 4 �

;µE=¶ · ²¸ � ü � � 
 ü � 0 # " õ ? 4 (46)

wherethesecondinequalityholdsbecauseof Fact7 (AppendixD), thethird inequalityholdssinceantheexpected
rewardof anoptimalpolicy ateachnodeis boundedin theinterval

$ J � _ih5j]k & andweassumethat �� is anoptimal
policy in the contex of � , the fourth inequalityis true since �� is an optimal routing policy associatedwith the
tuple 0 � � � �RË � _ 4 (i.e.

{ æ|è 0 � �� 0 #54  4ô¾ { æ|è 0 � �	� 0 #54  4 ), thefifth inequalityholdsdueto theinductionhypothesis
andthe fact that for all

#
suchthat

õ ? 6 # and �	� 0 #54 P�ëõ ? we have �	� 0 #g4 6 �Fõ [ �1õ ^ ���������1õ ? � [  , andthe last
inequalityholdssinceùO0 õ � 4 is increasingin � .

Now we solve equation(46) for
{ | ²M 0 �Fõ ?  43� { æ|è 0 �Fõ ?  4 . Wehave,

0 �w� �
;DE�� · ²¸ � ü � � 
 ü � 0 # " õ ? 414 0 { |�²M 0 �Fõ ?  43� { æ|è 0 �Fõ ?  414¡ _ôh5j]k Î 0X
�ü � � �øü � 4 ¬ ùO0 õ ? � [ 4×l�n+o��ûz? � [ Î 0X
�ü ý � �øü ý 4 �

;DE�¶°· ²¸ � ü � � 
 ü � 0 # " õ ? 4 (47)

or 0 {}| ²M 0 �Fõ ?  4Í� { æ|è 0 �Fõ ?  414 �
;DE�¶ · ²¸ � ü � � 
 ü � 0 # " õ ? 4¡ _ih5j]k l�n+o��ûz? Î 0X
Íüþý � �/üþý 4 ¬ ù�0 õ ? � [ 4úl�n+o��ûz? Î 0X
Íüþý � �/üþý 4 �

;µE=¶ · ²¸ � ü � � 
 ü � 0 # " õ ? 4 (48)
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or

{ | ²M 0 �Fõ ?  4Í� { æ|è 0 �Fõ ?  4 ¡ � � ü �
�� � � ¡� _ôh5j]kA ;DE�¶ · ²¸ � ü � � 
 ü � 0 # " õ ? 4 ¬ ùO0 õ ? � [ 4 � l�n+o��ûz? Î 0X
Íü ý � �/ü ý 4 (49)

Theproof of theinductionstepin Case2 is now complete.Hencetheassertionof thelemmais true.

Similarly we have Lemma4.
Lemma16: Assumethat

� îD[ � î�^ ��ö�ö�öÍ� î ÷  is thenodes’strictpriority orderingunderpolicy �� , i.e. î ?/H æ| î ?\f [ .
Wehave " { æ|M 0 � î ?  4Í� { æ|è 0 � î ?  4 "ú¡
��0:î ? 4úl�n+o��ûz? Î 0X
 í ý � � í ý 4\� (50)

where��0:î ? 4 is increasingin G andsatisfiestherecursion��0:îD[ 45� J � ��0:î . 4�� � Æ ÇµÈXÉÿ � ��� Á·¸ ��� Å
	 M � Å � ; � í Å � ¬ ��0:î . � [ 4 if �� 0:î . 45� î .�Ú0:î . � [ 4 if �� 0:î . 45�tp í Å
Proof. We,again,prove this lemmaby inductionon theindex � of thestrictordering� î [ � î ^ �������Í� î ÷  .
Basisof Induction:Since �� is anoptimalroutingpolicy underbroadcastmodel � , �� 0:îD[ 4��tp [ and

{ æ|è 0 � îD[  4g�{ æ|M 0 � îD[  4O� _ih5j]k (seeSection3.3.2in [2]). Hencewe have " { æ|M 0 � îD[  4�� { æ|è 0 � îD[  4 " � J , andequation(50) is
satisfiedwith ��0:î ? 45� J .

InductionStep:Weassumethat

" { æ|M 0 � î ? � [  43� { æ|è 0 � î ? � [  4 "ú¡*�Ú0:î ? � [ 4×l�n+o��ûz? � [ Î 0X
 í ý � � í ý 4\� (51)

Weneedto show that " { æ|M 0 � î ?  4Í� { æ|è 0 � î ?  4 "ú¡
��0:î ? 4úl�n+o��ûz? Î 0X
 í ý � � í ý 4\� (52)

where �Ú0:î ? 45� _ih5j]kA ;µE=¶ Á·¸ ��í�� � 
 í�� 0 # " î ? 4 ¬ �Ú0:î ? � [ 4\� (53)

Case1: If �� 0:î ? 4��tp í�� , then
{ æ|M 0 � î ?  4g� { æ|è 0:î ? 4�� _ í�� . Hence,

" { æ|M 0 � î ?  4Ú� { æ|è 0 � î ?  4 " � J � (54)

On theotherhand,theright handsideof equation(50) is alwaysapositive number. In otherwords," { æ|M 0 � î ?  4Í� { æ|è 0 � î ?  4 "ú¡
��0:î ? 4úl�n+o��ûz? Î 0X
 í ý � � í ý 4 (55)

Thiscompletestheinductionstepin Case1.
Case2: If �� 0:î ? 4�� î ? , then
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" { æ|M 0 � î ?  43� { æ|è 0 � î ?  4 "� " 
 { æ|M 0 � î ?  � î ? 43� � { æ|è 0 � î ?  � î ? 4 "� " 
 { æ|M 0 � î ?  � î ? 43� 
 { æ|è 0 � î ?  � î ? 4 ¬ 
 { æ|è 0 � î ?  � î ? 43� � { æ|è 0 � î ?  � î ? 4 "¡ " 
 { æ|è 0 � î ?  � î ? 43� � { æ|è 0 � î ?  � î ? 4 " ¬ " 
 { æ|M 0 � î ?  � î ? 4Í� 
 { æ|è 0 � î ?  � î ? 4 "¡ 0 ÏRÑµÒ; { æ|è 0 #54Ú�������; { æ|è 0 #54R4 Î 0X
 í�� � � í�� 4 ¬ " 
 { æ|M 0 � î ?  � î ? 43� 
 { æ|è 0 � î ?  � î ? 4 "¡ _ih5j]k Î 0X
 í�� � � í�� 4 ¬ " { æ|M 0 � î ?  4Í� { æ|è 0 � î ?  4 " �
;µE�� · ²¸ �¹í�� � 
 í�� 0 # " î ? 4¬ �

;DE�¶�Á·¸ �¹í�� � 
 í�� 0 # " î ? 4 " { æ|M 0 � �� 0 #54  43� { æ|è 0 � �� 0 #54  4 "¡ _ih5j]k Î 0X
 í�� � � í�� 4 ¬ " { æ|M 0 � î ?  4Í� { æ|è 0 � î ?  4 " �
;µE��ú· ²¸ �¹í�� � 
 í�� 0 # " î ? 4¬ �

;DE�¶�Á·¸ �¹í�� � 
 í�� 0 # " î ? 4 ��0:î ? � [ 4×l�n+o��ûz? � [ Î 0X
 í ý � � í ý 4� _ih5j]k Î 0X
 í�� � � í�� 4 ¬ " { æ|M 0 � î ?  4Í� { æ|è 0 � î ?  4 " �
;µE�� · ²¸ �¹í�� � 
 í�� 0 # " î ? 4¬ �Ú0:î ? � [ 4Il�n+o��ûz? � [ Î 0X
 í ý � � í ý 4 �

;µE=¶ Á·¸ ��í�� � 
 í�� 0 # " î ? 4 (56)

wherethesecondinequalityholdsbecauseof Fact7, the third equalityagainholdssince �� is anoptimalpolicy
in thecontext of � andthefactthatateachnodetheexpectedrewardof anoptimalpolicy alwaysbelongsto the
interval

$ J � _ih5j]k & , andthefourth inequalityfollowsfrom theinductionhypothesis,thefactthatfor all
#

suchthatî ? 6 # and �� 0 #g4 P� î ? we have �� 0 #54 6 � îD[ � î�^ ��������� î ? � [  , andtheincreasingpropertyof �Ú0 õ � 4 in � .
An argumentsimilar to thatfollowing equation(46) in Lemma3 resultsin thefollowing inequality

" { æ|M 0 � î ?  43� { æ|è 0 � î ?  4 "z¡ ¢ �¹í��
�� � � ¡� _ h5j]kA ;DE�¶5Á·¸ ��í�� � 
 í�� 0 # " î ? 4 ¬ �Ú0:î ? � [ 4 � l�n+o��ûz? Î 0X
 í ý � � í ý 4 (57)

andthiscompletestheproof of inductionstepin Case2. Hence,theassertionof thelemmais true.


