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Abstract—A new approach to joint source—channel coding is
presented in the context of communicating correlated sources
over multiple access channels. Similar to the separation archi-
tecture, the joint source—channel coding system architecture in
this approach is modular, whereby the source encoding and
channel decoding operations are decoupled. However, unlike the
separation architecture, the same codeword is used for both
source coding and channel coding, which allows the resulting
coding scheme to achieve the performance of the best known
schemes despite its simplicity. In particular, it recovers as special
cases previous results on lossless communication of correlated
sources over multiple access channels by Cover, El Gamal, and
Salehi, distributed lossy source coding by Berger and Tung, and
lossy communication of the bivariate Gaussian source over the
Gaussian multiple access channel by Lapidoth and Tinguely. The
proof of achievability involves a new technique for analyzing the
probability of decoding error when the message index depends on
the codebook itself. Applications of the new joint source-channel
coding system architecture in other settings are also discussed.

I. PROBLEM STATEMENT AND THE MAIN RESULT

Consider the problem of communicating a pair of cor-
related discrete memoryless sources (2-DMS) (S, S2) over
a discrete memoryless multiple access channel (DM-MAC)
(X1 x Xa,p(y|lx1,x2),Y) as depicted in Fig. 1. Here each
sender j = 1,2 wishes to communicate its source S; to a
common receiver so the sources can be reconstructed with
desired distortions. We will consider the block coding setting
in which the source sequences S} = (Si1,...,S51,) and
S% = (Sa1,...,852,) are communicated by n transmissions
over the channel.

ST Xr
—“L + Encoder 1 L A
p(ylz1, x2) Decoder "2 »
Sy X3
— Encoder 2 >
Fig. 1. Communication of a 2-DMS over a DM-MAC.

Formally, a (|S1]™, |S2|™,n) joint source—channel code con-
sists of
e two encoders, where encoder j = 1,2 assigns a sequence
z(s}) € X]' to each sequence s7 € S}, and
e a decoder that assigns an estimate (37, 37) € SI' x Sy
to each sequence y™ € V™.
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Let dy(s1,51) and da(s2,$2) be two distortions measures.
The average per-letter distortion d;(s},3}), j = 1,2, is
defined as d(s%,587) = (1/n) 01, d(sji,55i). A distortion
pair (D1, Ds) is said to be achievable for communication of
the 2-DMS (S, S2) over the DM-MAC p(y|z1, z2) if there
exists a sequence of (|S1|™,|S2|™,n) joint source—channel

codes such that

lim sup E(d; (S}, 5}")) < Dj,

n—oo

j=1,2.

The optimal distortion region 2* is the closure of the set of
all achievable distortion pairs (D1, D3).

A computable characterization of the optimal distortion
region is not known in general. This paper establishes the
following inner bound on the optimal distortion region. For
simplicity, we will assume that the sources S; and S have
no common part in the sense of Gacs—Korner [1] and Witsen-
hausen [2].

Theorem 1: A distortion pair (Dj, Ds) is achievable for
communication of the 2-DMS (S, S2) without common part
over a DM-MAC p(y|z1, z2) if

I(Uy; 81]Q) < I(U1; Y, U2|Q),
I(Uy; S2|Q) < I(U2; Y, U1|Q),
I(U1; 811Q) + I(U2; S2|Q) < I(Ur, Ug; Y|Q) + 1(Ur; U2| Q)

for some pmf p(s1, s2)p(q)p(u1, z1|s1,q)p(uz, x2|s2,q) and
functions 81 (u1,uz,y,q) and S32(u1,u2,y,q) such that
E(d;(S;,55)) < Dj, j =1,2.

Here and throughout, we use notation in [3].

As we will see in Section II, Theorem 1 includes previous
results on lossless communication of a 2-DMS over a DM-
MAC by Cover, El Gamal, and Salehi [4], distributed lossy
source coding of a 2-DMS by Berger [5] and Tung [6],
and lossy communication of a bivariate Gaussian source over
a Gaussian MAC by Lapidoth and Tinguely [7]. The main
contribution of the paper, however, lies not with the generality
of Theorem 1 that unifies these results, but with a simple joint
source—channel coding system architecture that is used in the
proof of achievability. The new joint source—channel coding
scheme is very similar to separate source and channel coding,
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except that a single codeword is used for both source and
channel coding.

In the next section, we digress a bit and show how The-
orem 1 recovers the aforementioned prior results as special
cases. The new joint source—channel coding system architec-
ture is described first in the simple point-to-point communi-
cation setting in Section III and then in the multiple access
setting for Theorem 1 in Section IV. Potential applications of
this new joint source—channel coding system architecture are
discussed in Section V.

II. SPECIAL CASES
A. Lossless Communication

When specialized to the lossless case, wherein di,ds are
Hamming distortion measures and Dy = D, = 0, Theorem 1
reduces to the following sufficient condition for lossless com-
munication of a 2-DMS over a DM-MAC.

Corollary 1 (Cover, El Gamal, and Salehi [4]): A 2-DMS
(S1,52) can be communicated losslessly over a DM-MAC

p(yley, z2) if
H(S1]52) < I(X1;Y|X2,52,Q),
H(S2|51) < I(X2;Y | X41,51,Q),
H(S1,52) < I(X1,X2;Y,Q)

for some pmf p(q, 1, 2|1, 52) = p(q)p(21]s1, Qp(w2]52, ).

The proof follows by setting U; = (X, S;) and S; = Sj,
7 =1,2, in Theorem 1. The details are given in Appendix A.

B. Distributed Lossy Source Coding

When specialized to a noiseless MAC Y = (X1, X») with
log|X;| = Ry and log|X5| = Ry, Theorem 1 reduces to
the following inner bound on the rate—distortion region for
distributed lossy source coding.

Corollary 2 (Berger [5] and Tung [6]): A distortion pair
(D1, D5) is achievable for distributed lossy source coding of
a 2-DMS (S, S2) with rate pair (Ry, Ra) if

Rl > I(Sl7vl|‘/27Q)7
Ry > 1(S2;V2[V1,Q),
Ry + Ry > (51, 993 V1,12|Q)
for some pmf p(q)p(vi|si,q)p(va|s2,q) and functions

51(v1,v2,q) and 33(v1,v2,q) such that E(dj(sj,gj)) < Dy,
j=1,2.

The proof follows by setting U; = (X;,Vj), j = 1,2. The
details are given in Appendix B.

C. Bivariate Gaussian Source over a Gaussian MAC

Suppose the sources are bivariate Gaussian with (S, Sa) ~
N(0, Kg), where
o2 po?
KS - |:p0_2 0.2 )

and is to be reconstructed under the quadratic distortion
measure d;(s;,3;) = (s; — §;)% j = 1,2. Further assume
the channel is the Gaussian MAC Y = X; + Xy + Z with
Z ~ N(0, N) and input power constraints ;" | E(x3,(S})) <
nP;, j =1,2. Theorem 1 can be adapted to this case via the
standard discretization method [3, Lecture Note 3].

Given a; € [0,4/P;/0?] and R; >0, j = 1,2, let Q = 0,
U; = (1- 2_2R-7)Sj +Zj, j=1,2,and X; = Oéij -I—ﬁjUj,
7 =1,2, where Z ; are independent Gaussian random variables

with zero mean and variance 022725 (1 — 272%), and
Pj — 3022728,
8=\ g — )
Let
ki kiz ks
K(ai, a0, R, Re) = |ki2 koo kas
kiz  kos ka3

denote the covariance matrix of (U, Us,Y'), where

kjj=0°(1-272%), j=1,2,

k2 = o?p(1 — 272 ) (1 — 2720),

ki3 = (a1 + B1 + aop)kir + Bokio,

kos = (a2 + B2 + a1p)kas + Bikia,

kss = (af 4 20n02p + 03)0” + (2011 + BT + 2B102p) k11
+ (2011 Bap + 200282 + 33 )k + 251 B2k12 + N.

Then Theorem 1 reduces to the following sufficient condition
for lossy communication.

Corollary 3 (Lapidoth and Tinguely [7]): The  distortion
pair (D1, D7) is achievable if
D; > 0% = yj1cj1 — Vj2Cj2 — Viscys,  J=1,2,

for some a; € [0,1/P;/0?] and R; > 0, j = 1,2, such that

1 Bk (1 — 5% + N’
R1<210g< N =7 ,

1 By kas (1 — %) + N’

1 B2k + B ka2 + 25817 81" Vkiikas + N/
R1+R2<210g< N = 72) ,

where c11 = ki1, c12 = pkaa, c21 = pki1, coo = koo, c13 =
(a1+aop)o?+Brkii+Bapkaz, cas = (aataip)o?+Bipkir+
Bakas,

Vi1 Cj1
-1

viz| = K™ (a1, 02, Ry, R2) | 52|,

Vi3 Cj3
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and

p=py/(1—272R0)(1 —2-2ms),

N’ = a?vy + a2vy + 201013 + N,

v =02 — (1 —ap(l —27202))2k,
—2(1—ap(l — 272R2))a1k12 — a2k,

vy =02 — (1 —agp(l — 27281)) 2y,
—2(1 —agp(l — 2_2R1))a2k12 — a3k,

v3 = po® — (1 —ayp(l —27282))(1 — agp(1 — 272F1)
—arazkias — (1 —a1p(1 — 2_2R2))a2k11
— (1 —agp(l — 2_2R1))a1k‘22,

29—2R —2R _2R
pr272M(1 — 272M) Qp27 12
51041<1 - +h+———
1-—p2 1-—p2
209—2R —2R —2R
p?27 242 (1 — 272 app22h
5/=C¥2<1— - + B2+ ————-
2 1— p? 1— p?

III. A NEW JOINT SOURCE—CHANNEL CODING SYSTEM
ARCHITECTURE

Shannon [8] studied the general point-to-point joint source—
channel coding problem in Fig. 2 and established the sufficient
and necessary condition for the discrete memoryless source
S to be communicated over the discrete memoryless channel
p(y|x) with prescribed distortion D.

sm X" y" Sm
— Encoder > p(yl|x) > Decoder ———

Fig. 2. Point-to-point joint source—channel coding.
When translated to our problem setting, Shannon’s sufficient
condition states that a distortion D is achievable if

R(D) < C, 2)

where

I(S;S)

min

R(D) = .
p(s]s): E(d(S.8)<D

is the rate—distortion function for the source S and distortion
measure d(s, §) and
C=maxI(X;Y)
p(z)

is the capacity of the channel p(y|z). The proof of this
result uses separate source and channel coding, as illustrated
in Fig. 3(a). Under this separate source and channel coding
architecture, the source sequence is mapped into one of 2"
indices M and then this index is mapped into a channel
codeword X", which is transmitted over the channel. Upon
receiving YY", the decoder finds an estimate M of M and
reconstructs S™ from M. The index M provides a digital
interface between the source code and the channel code, which
can be designed and operated separately. By the lossy source
coding theorem and the channel coding theorem, the desired

distortion D can be achieved, provided that the index rate R
satisfies R > R(D) and R < C.

We now propose the joint source—channel coding system
architecture in Fig. 3(b), which closely resembles the above
source—channel separation architecture. Under this new archi-
tecture, the source sequence S™ is mapped to one of 277
sequences U™ (M) and then this sequence U™ (M) (along with
S™) is mapped to X™ symbol-by-symbol, which is transmitted
over the channel. Upon receiving Y, the decoder finds an
estimate U™ (M) of U™(M) and reconstructs $™ from U™
(and Y™) again by a symbol-by-symbol mapping. Thus, the
codeword U™ (M) plays the roles of both the source codeword
S™(M) and the channel codeword X" (M) simultaneously.
This dual role of U™(M) allows simple symbol-by-symbol
interfaces x(u,s) and $(u,y) that replace the channel en-
coder and the source decoder in the separation architecture.
Moreover, the source encoder and the channel decoder can
be operated separately. Roughly speaking, again by the lossy
source coding theorem, the condition R > I(U;.S) guarantees
a reliable source encoding operation and by the channel coding
theorem, the condition R < I(U;Y) guarantees a reliable
channel decoding operation (over the channel p(ylu) =
> P(ylz(u, s))p(s)). Thus, a distortion D is achievable if

I1(5;U) < I(U;Y) 3)

for some pmf p(u|s) and functions z(u, s) and $(u,y) such
that E(d(S, S)) < D. By taking U = (X, S), where X ~ p(z)
is independent of S, and using the memoryless property of the
channel, it can be easily shown that this condition simplifies
to (2).

Conceptually speaking, this new coding scheme is as simple
as the separation scheme and hence will be used as a basic
building block for the joint source—channel coding system
architecture for communicating a 2-DMS over a DM-MAC
in the next section. The precise analysis of its performance
involves a technical subtlety, however. In particular, because
U™(M) is used as a source codeword, the index M depends
on the entire codebook C = {U™(M) : M € [1 : 2"F]}. But
the conventional random coding proof technique for a channel
codeword U™(M) is developed for situations for which the
index M and the (random) codebook C are independent of
each other. The dependency issue for joint source—channel
coding has been well noted by Lapidoth and Tinguely [7, Proof
of Proposition D.1], who developed a geometric approach for
the Gaussian setup discussed in Subsection II-C to avoid this
difficulty. In the following, we provide a formal proof of the
sufficient condition (3) along with a new analysis technique
that handles this subtle point. The standard proof steps are
skipped, as these can be found in [3, Lecture Note 3].

Codebook generation: Fix p(z,u|s) and $(u,y). Randomly
and independently generate 277 sequences u"(m), m €
[1 : 278, each according to []}, pu(u;). The codebook
C = {u™(m) : m € [1:2"F]} is revealed to both the encoder
and the decoder.

Encoding: Fix ¢ > 0. We use joint typicality encoding. Upon
observing a sequence s”, the encoder finds an index m such
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S Source M Channel X" p(y)z) y" Channel M Source Sm
encoder encoder decoder decoder
(a) Separate source and channel coding system architecture.
sm U™ (M) | X" y" ur () | gr
Source (M) & (u, 5) o plylz) | Channel (M) | 3(u, y)
encoder decoder
p(ylu)
(b) A new joint source—channel coding system architecture.
Fig. 3. Two system architectures for the problem of lossy transmission of a source over a point to point channel.

that (u™(m), s™) € 7;(,") If there is more than one such index,
it chooses one of them at random. If there is no such index,
it chooses an arbitrary index at random from [1 : 2"%]. The
encoder then transmits z; = x(u;(m), s;) for i € [1 : n].
Decoding: Upon receiving y", the decoder finds the unique
index i such that (u"(m),y™) € 7™ If there is none or
more than one, it chooses an arbitrary index. The decoder
then sets the reproduction sequence as §; = §(u;(1h),y;) for
€[l:n].

Analysis of the expected distortion: Let ¢ < e. We bound
the distortion averaged over S™ and the random choice of
the codebook C. Let M be the random variable denoting the
chosen index at the encoder. Define the “error” event

£={(s".U" (D), Y") ¢ TSV}
and partition it into

& = {(U™(m),8") ¢ T\" for all m},
&2 ={(5"U"(M),Y") ¢ T},
& = {(U™(m),Y™) € T™ for some 7 # M}.

Then by the union of events bound,
P(&) < P(&1) + P(EaNEY) + P(E3).

We show that all three terms tend to zero as n — oo. This
implies that the probability of “error” tends to zero as n — oo,
which, in turn, implies that, by the law of total expectation and
the typical average lemma [3, Lecture Note 2],

lim sup E(d(S™, S™))

n— oo

< limsup(P(£) E(d(S™, S™)|€) + P(E°) E(d(S™

n—o0

,5%)1€%))

< (1+¢) E(d(S,9)),

and hence the desired distortion is achieved.

By the covering lemma and the conditional typicality lemma
[3, Lecture Notes 2 and 3], it can be easily shown that the first
two terms tend to zero as n — oo if R > I(U;S)+d(e). The

third term requires special attention. Consider

P{({U™(m),Y™) € T(™ for some 7 # M}

2nR

<ZP{U” ), Y™) € T, M # i}

2nR

—ZZp YP{U™ (), Y™) € TAM, M #m|S" = s"}
=1 s™

(b) QnRZ ( n P{ Un( ),Y”) c 7—5(7L)7M 7& 1|Sn _ Sn}7

where (a) follows by the union of events bound and (b)
follows by the symmetry of the codebook generation and
encoding. Note that unlike in the conventional proof of the
channel coding theorem [3, Lecture Note 1] where the event
is analyzed conditioned on the event M = 1, here the event
of interest is M # 1. Let C = C\{U"(1)}. Then, for n
sufficiently large,

P{(U"(1),Y") e T/ M #1|5" = s"}

<P{U"(1),Y") e T | M #1,8" = s"}

= Y PUM)=u"Y"=y"|M#1,5" ="}
(un ym)eT™

= > Y Pur

(un ym)eT™ €

=" Y™ ="
|M #1,8" = s",C =}
P{C=C|M#1,8" =s"}
WS SPUT() =t | M £1,S" =5"C=C)
(urym)eT™ € P{Y" =y" | M #£1,8" =s",C =c}
P{C=C|M#1,5" =s"}
¢ S S erur) =uy
(wrgmer™ € P{Y" =y"|M #£1,58" = s",C =}
P{C=C|M#1,8" =s"}
= > 2P{U"(1)=u"}
@ ymer  PY"=y" | M #1,8" ="}
>

(ur,ym)eTd™

(©)
<

4P{U™(1) = u"}P{Y" =y"|S" = s"}

“
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where (a) follows since, given M # 1, U"(1) — (C,S™) —
Y™ form a Markov chain.

To justify step (b), we prove the following.

Lemma 1: For n sufficiently large,

P{U"(1) =u™|M #1,8" =s",C =¢} <2P{U™(1) = u"}.
Proof: We first show that

P{M=1|S"=s",C=2C} < (5)
for n sufficiently large. Let & = k(C,s™) = [{u™(m) € C :
(u™(m),s"(e 72(,n)}| Then, by the symmetry of the encoding
procedure, if £ > 1,

n

P{M=1|58"=s",C=c}

L p{wr),sm) e TV <

_ 1
k41 2’

and if k£ = 0, for n sufficiently large,

P{M =1|S" =s",C =C}

n ]- n
< P{U"(1),5") € T} 4 3o PLU™ (1), 8") & TS}
’ 1

—n(I(U;S)—0d(e
< 9= nI(U;8)=4( >>+2TR

1
< —.
-2

Thus

P{U™1) =" |M #1,5" = s",C = ¢}
= P{U"(1) =u"|S" = s",C =&}
P{M # 1|U"(1) = u", 5" = s",C = &}
' P{M #1|S" =s",C = ¢}
P{M #1|U"(1) = u", 8" = s",C = ¢}
1-P{M=1|S"=s".C=¢c}

(4

p(u")
(e) ,
< 2P{U"(1) = u"},

where (d) follows from the independence of U™(1) and

(S™,C), and (e) follows from (5). [
For step (c), we prove the following.
Lemma 2: For n sufficiently large,
P{Y" =y | M #1,5" =s"} < 2p(y"|s").
Proof: By symmetry, P{M # 1|S" = s"} = (2"F —
1)/2"% < 1/2 for n sufficiently large. Hence,
P{Y" =y" | M #1,5" = s"}
n|.n P M;ﬁlS":Sn’Y:y”
=p(y"ls") ! | —— }
P{M #1|8™ = s}
< 2p(y"[s").
|

Continuing the upper bound on P(&;3), by the joint typicality
lemma and (4), we have for n sufficiently large,

P(&) = P{(U"(1),Y") € T for some 1 # M}
TS )
2

(un 71/")67—5(")

Z H pu(ui)p(y™)

(un ym)eT™ =1
< 4. Qu(B=IUY)+6())

P{U™(1) = u"}p(y"[s")

:42nR

which tends to zero as n — oo, if R < I(U;Y) — d(e).
Therefore, the probability of “error” tends to zero as n —
oo and the average distortion over the random codebook is
bounded as desired. Thus, there exists at least one sequence
of codes achieving the desired distortion. This establishes the
sufficient condition (3).

IV. PROOF OF ACHIEVABILITY FOR THEOREM 1

We generalize the joint source—channel coding system ar-
chitecture for point-to-point communication in Section III to
the multiple access channel, as depicted in Fig. 4. As before,
U (M;) and UZ (M) play the dual role of codewords for
source coding (joint typicality encoding of the sources ST* and
S%) and for channel coding (joint typicality decoding from the
channel output Y™).

At a high level, the proof of the achievability for the
sufficient condition is rather elementary. Following the same
argument as in the point-to-point case (i.e., by the covering
lemma), the source encoding operation is successful if

Ry > I(U1; 511Q),
Ry > I(UQ; SQ‘Q)

On the other hand, once we ignore the issue of the depen-
dence between the indices and the codebook, by the packing
lemma [3, Lecture Note 3], the channel decoding operation is
successful if

Ry < I(U1;Y,U3|Q),
Ry > I(U;Y,U1|Q),
R+ Ro > I(U1, U Y|Q) + I(Uy; Uz | Q).

Hence, by eliminating the intermediate rate pair (R1, Rz), the
sufficient condition in Theorem 1 can be established.

In the following, we provide a formal proof, focusing on the
steps to justify the sufficient condition for channel decoding.
For simplicity, we consider the case Q = (). Achievability
for an arbitrary () can be proved using coded time sharing
technique [3, Lecture Note 4].

Codebook generation: Fix p(x1,uq|s1)p(z2,uslss) and two
reconstruction functions §;(ug,us,y) and 82(u1,ue,y). For
j = 1,2, randomly and independently generate 277 se-
quences uf(m;), m; € [l 2785] each according to

[T po, (i)
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St U (M X7 U (M) | . Sy
_»1 | Source 1 (M) ol 21 (s, 81) 1 1( 1)~sl(ul,u2,y)41>
encoder 1 3
: Y™ | Channel
(M) P(yles, @) decoder (412) )
Sy Source | U3 (Ma) | X3 Ug(Ms) | . Sy
encoder 2 "\ @2(u2, 52) = 82 (ur, 2, y) ——
p(ylur, u2)
Fig. 4. Joint source—channel coding system architecture for communicating a 2-DMS over a DM-MAC.

Encoding: Fix ¢ > 0. Upon observing s7, encoder j = 1,2
finds an index m; € [1 : 2"%] such that (s7, uf (m;)) € 7?")
If there is more than one such index, it chooses one of them
at random. If there is no such index, it chooses an arbitrary
index at random from [1 : 2"%]. Encoder j then transmits
xji(mj7sji) for 7 € [1 : ”I’L]

Decoding: Upon receiving y", the decoder finds the unique
index index pair (71, 712) such that (u?(mq),ud(ms),y™) €
72(”) and sets the reproduction sequence as 5;; =
§j(u1i(m1)7u2i(m2),yi), j=12, for i € [1 : n]

Analysis of the expected distortion: Let € < e. We bound the
distortion averaged over (S}, 5%) and the random codebook.
Let M; and M, be random variables denoting the chosen
indices at the encoders. Define the “error” events

€ ={(S}, 8, U7 (M), U (M2),Y™) ¢ T}

and partition it into

& = {(U7(m1), 1) & T for all my},

& = {(U(my), S5) & TS for all my},

& = {(S}, 55, U (My), U (Ma),Y™) € TS},

&y = {(UPM(m), U3 (My),Y™) € T for some 1y # M},
Es = {(UMMy),UR (ry), Y™) € T(™ for some 1y # Ms},
& = {(U (1), Uy (1m2),Y™) € T

for some my # My, e # Ms}.
Then by the union of events bound,

P(&) <P(&1) +P(&)+P(ENENES)
+ P(&) + P(&) + P(&).

As before, the desired distortion pair is achieved if P(€) tends
to zero as n — co. By the covering lemma, P(&;) and P(&2)
tend to zero as n — oo, if

R1 > I(Ul;Sl) + 5(6/), (6)
Ry > I(UQ;SQ) + 5(6/). (7)

By the Markov lemma [3, Lecture Note 13], the third term
tends to zero as n — oo.

To bound P(&,), let S™ = (ST, 5%) to simplify the notation
and consider (8) at the top of the next page. Here step (a) is
justified as in the point-to-point case, with UJ*(1) in place of
U™(1) and (U3 (M>),Y™) in place of Y. Hence, P(&,) tends

to zero as n — oo, if Ry < I(Uy;Y,Usz) — 6(¢). Similarly,
P(&5) tends to zero as n — oo, if Re < I(Ua;Y,Uy) — 6(e).
Finally, to bound P(&s), we use the similar steps to the
above with the following two lemmas replacing Lemmas 1
and 2. -
Lemma 3: Let C = {(UT*(mq), U3 (ms2)
1}. Then, for n sufficiently large,
P{UT'(1) = uy, Uy’ (1) = ugy | My # 1, Mp # 1,
S"=s",C=c}
<4P(UI(1) = uf} P(UF (1) = ug).
Proof: Let C1 = {(UP(m1) : m1 # 1} and Co =
{(U%(mz) : mg # 1}. Then, by the Markovity

(UT(1),C1, My) — ST — S5 — (U3(1),Ca, Ma)

tmy # 1L,mg #

and Lemma 1,
P{UT'(1) = uf, Uy (1) = uy | My # 1, Mz # 1,57 = s,
Sp=s7,Cy =¢y,Co = Co}
=P{UP(1) =u} | My # 1,57 = s7,C1 = C1}
P{U (1) = uf | My # 2,85 = s5,Co = Ca}
< @P{UI(1) = ul}) - 2P{UZ (1) = ul ).

Lemma 4: For n sufficiently large,
PY" =y" | My # 1, My #1,8" = 5"} < 2p(y"|s").

Proof: The proof is essentially identical to that of
Lemma 2. |

Therefore, P(&) tends to zero as n — oo if Ry + Ry <
I(U1,Us;Y) + I(Uy; Usy) + (€). Finally, by eliminating Ry
and Ry, we have shown that P(£) tends to zero as n — oo, if
I(Uy;S1) < I(Uy; Y, Us) — 6 (e),
](UQ;SQ) < I(UQ;Y, Ul) — 6/(6),
I(Ul; Sl) + I(UQ;SQ) < I(Ul, UQ;Y) + I(Ul;UQ) — 5/(6).

V. CONCLUDING REMARKS

The great appeal of Shannon’s source—channel separation
architecture is the universal binary interface that completely
decouples source coding and channel coding. The cost of this
modular design, however, is suboptimal performance when
communicating multiple sources over a multi-user channel. In
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P{(UT (1), U3 (M), Y™) € T(™ for some 1, # M}

gn Ry

< > P{UT (), Uy (Ms),Y™) € T™, My # 1y }

mi=1

gnRy

< D0 D p(s™) PUUT (i), Us (Ma), Y™) € TV, My # iy | 87 = 5"}

mi=1 s™

= 2" 3 p(s") P{UT (1), U (M), Y™) € T/ My # 1] §™ = 5} ®)

>

(uf ug ym) €T

(a)
< 4.2y " p(s™)

—4. 27LR1
(ufug ym) €T =T
< 4 . 9(R1—I(U1;Y,U2)+6(e))

P{UT'(1) = ui} P{U (Ms) = ug, Y = y" [ 5™ = ")}

> [1pv, (wi) P{U (M) = wg, Y™ =y}

this paper we have presented a new approach to joint source—
channel coding, which “almost” decouples source and channel
coding operations yet achieves the best known performance.
Matching the semi-modular system architecture, the first-order
analysis of the underlying coding scheme is also deceptively
simple.

While we have focused on communication of a 2-DMS
without common part over a DM-MAC, the proposed archi-
tecture can be readily adapted to many joint source—channel
coding problems for which separate source coding and channel
coding have matching index structures, such as

e communication of a 2-DMS with common part over a
DM-MAC (Berger—Tung coding with common part [9],
[10] matched to Slepian—Wolf coding for a MAC with
common message [11]),

e communication of a 2-DMS over a DM-BC (lossy Gray—
Wyner system [12] matched to Marton’s coding for a
broadcast channel [13]),

e communcation of a bivariate Gaussian source over a
Gaussian BC [14], and

e communication of a 2-DMS over a DM-IC (extension
of Berger-Tung coding for a 2-by-2 source network
matched to Han—Kobayashi coding for an interference
channel [15]).

In all these cases, the new architecture, despite its simplic-
ity, performs as well as (and sometimes better than) the
existing coding schemes. These findings will be reported
elsewhere [16].

APPENDIX A
PROOF OF COROLLARY 1

Fix a pmf p(q)p(x1]s1, ¢)p(z2]s2, q) and set U; = (X, S;)
and S; = 5; for j = 1,2. Then,
(51,52,Q) = (X1,X2) =Y,
X1 — (51,Q) — (S2, Xa),
(X1,51) = (82,Q) — Xa.

Now I(Uy;5:1|Q) = H(S1) and

I(Uy; Y, U2] Q)
= 1(X1,51;Y, X2, 52|Q),
=I1(X1;Y, X2,5|Q) + 1(51;Y, X5, 521 X1, @),
=I1(X1;Y[X2,8,Q) + 1(X1; X5, 5|Q)
+ 1(S1; X2, 52| X1, Q),
=I1(X1;Y|X2,8,Q) + I1(S1; S2).

Hence, the first inequality in Theorem 1 simplifies to
H(S1|52) < I(X1;Y| X2, 52, Q).
Similarly, the second inequality in Theorem 1 simplifies to
H(S2|51) < I(X2;Y[X1,51,Q).
Finally, since
I(Uy,U2;Y|Q) + 1(Ur; U2|Q)

= I(X1,X5,51,5,Y|Q) + (X1, S1; X2,52|Q)
= I(X1, X2; Y|Q) + I(S1; 52)

the last inequality of Theorem 1 simplifies to
H(Sth) < I(Xl,XQ;Y).

This shows that the distortion pair (0,0) is achievable for
Hamming distortion measures d; and ds. By properties of
typical sequences [3, Lecture Notes 2 and 3], this implies
that P{(S;,5,) # (S7,S5%)} tends to zero as n — oo,
establishing achievability for lossless communication under
the condition in Corollary 1.

APPENDIX B
PROOF OF COROLLARY 2

Fix a pmf p(q)p(z1)p(z2)p(vi|s1, ¢)p(vz|s2,q) in Corol-
lary 2, where X; ~ Unif(|%;|), j = 1,2. By setting
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Ui

= (X1,V1) and Uy = (Xq, Vo), the first inequality in

Theorem 1 simplifies to

0

< I(U;Y,U2|Q) — I(Ur; 511|Q)

=1(U;Y|Q) + I(Uy; Us|Y,Q) — 1(Uy; 51|Q)

= I(X1,V1; Y1, Y2 |Q) + (X1, Vi; Xo, V2| X1, Xo, Q)
—I(V1,X1;511Q)

= I(X; Y1) + I(V1; V2| Q) — (V15 911Q)

@ (X)) + (Vi3 Va|Q) — I(Vi; 51, V| Q)
=Ry —I(V1;51|V2,Q)

where (a) follows since Vi — (S1,Q) — Va. Similarly, the
second inequality in Theorem 1 simplifies to

0 < Ry — I(Va;52|V1,Q).

Finally, the last inequality in Theorem 1 simplifies to

0<

I(Uy, U Y|Q) + 1(Ur; U |Q) — 1(Uy; 511Q)
— 1(Us; 521Q)

@ (U, U Y|Q) + I(U1; U2 |Q) — I(Us; 51, U2|Q)

®)

— 1(Uz; 521Q)
I(Uy, U Y|Q) — I(Uy; S1|U2, Q) — I(Us; S21Q)

I(U1,U;Y|Q) — I(Uy; S, S2|Uz, Q) — I(Uz; S1,52|Q)
I(U1,U2;Y[Q) — I(Ur,Uz; 51, S2(Q)
I(Xy, X2, V1, Va3 Y |Q) — 1( Xy, X2, Vi, Vo551, 52|Q)
I(X1; Y1) + I(Xa; Ys) — 1(Vh, Va3 51, .52|Q),

Ry + Ry — I(V1, V2551, 521Q),

where (a) follows since Uy — (S1,Q) — S2 and (b) follows
since Uy — (S2,Q) — 5.
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