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Abstract

This paper considers the integration of communication amtrol with respect to the task of coordinated
heading control for a group oV vehicles with the energy efficiency of communications in dnifthe heading
control employed on each vehicle is a discretization of tleli-known Kuramoto model of nonlinearly coupled
oscillators over a sequence of logical graphs. Stabilibbfith all-to-all and random one-to-all broadcasts is shown
to be dependent on the coupling strenghh, and the time discretizatiom\T'. For desired system performance
characteristicsAT imposes a tight deadline by which the state informatidh i§its) must be propagated through
the communication network. Routing optimization with respto minimizing energy consumption is formulated
considering theAT deadline. Due to tight time deadline a one-to-all single-booadcasting scheme is shown to
be more energy efficient for practical choicesdf/ AT. The proposed modularization is illustrated via a set of
simulations where the overall communication energy toheglignment is optimized.
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I. INTRODUCTION

A fundamental challenge in designing networked controtesys is that the tasks of communication
and control cannot, in general, be considered decoupled &ach other without loss of optimality. In
fact, the optimal solution to this coupled problem can bentdiated as a decentralized stochastic problem
with information constraints and imperfect observaticars] the solution to such a problem is knonot
to be modular. Witsenhausen’s counterexample shows, intfeat separation of estimation and controller
design fails to hold even in simple settings [1]. In additiomcently, we have seen a surge of interesting
results [2], [3], [4], [5], [6], [7] addressing “old” commiurations questions such as channel capacity
and quantization in the context of stabilization and cdnoblinear systems (see [8] and [4] for a
nice summary). Our work differs from these sets of work int the propose a practical modularization
motivated by [9] to integrate practical communication diges with coordination and control of non-
linear vehicles. An important feature of our work is that wetax the power constraint on the radios
while minimizing energy consumption. Availability of powguarantees a suitably large channel capacity
to communicate control variables. We believe that the akthidegree of modularity, despite introducing
sub-optimality, can result in solutions that give insightoi the problem. Following this philosophy, the
work in this paper addresses the joint tasks of communicadind coordinated control of aN-vehicle
system where the component designs are simultaneously lanzeéa and coupled via a common time
discretization variable. Specifically, we assume that gula finite intervals, control messages are to be
generated and transmitted reliably over a network (pa#ytinvolving power/rate adaptations as well
as multiple transmission over multiple hops, etc) in whible spatial location of the communication

This work was supported in part by NSF grant CMS-0238461 and it pprAFOSR grant FO54-011-0220. D. J. Klein and
K. A. Morgansen are with the Department of Aeronautics and Astrorgutimiversity of Washington, Seattle, WA 98195-2400.
{dj kI ei n, ror gansen}@a. washi ngt on. edu. P. Lee and T. Javidi are with the Department of Electrical and Computer
Engineering, University of California, San Diego, La Jolla, CA 920887 {ps| ee, tj avi di }@icsd. edu.

A preliminary, shorter version of this paper has been submitted to the [HEE Conference on Decision and Control.



nodes is dynamically changing and strongly affects the ggheequired to transmit information. As a
particular example where this scenario arises, considerAitoustic Seaglider autonomous underwater
vehicles [10]. These vehicles are powered by buoyancy cbatrd an internal moving mass. Between
surfacing intervals, the vehicles operate by following aadat glide path, then an ascent glide path, with
the only actuation actions taking place at the beginninghefdescent (to decrease buoyancy and point
downward along the path), and at the beginning of the astenh¢rease buoyancy and point upward).
All adjustments to heading are performed at the surfaceh®iitthe use of underwater communication
(but allowed to communicate at the ocean surface with anulmdmodem), these vehicles have been
energy optimized such that they can be deployed for perigdouseven months without the need for
battery replacement or removal from the ocean. Howevernabeu of current applications of interest (e.g.
particulate dispersion tracking in the Monterey Bay) detditat continual underwater communication for
purposes of vehicle coordination is necessary. To this #dyehicles have been equipped with acoustic
modems. The energy required to provide acoustic commuaic# quite large compared to the energy
used for motion control and must be expended at a significangher rate than energy expended for
motion control.

The particular coordinated control problem considerea hetheading setpoint regulation for a group
of N constant speed vehicles. Each vehicle is equipped withia with tunable transmission power of
sufficiently large magnitude. The objective is to drive abldings to either an aligned state, in which all
vehicles point in the same direction, or to a balanced statehich the average of all headings is zero
(meaning the spatial centroid of the group is fixed). In trapgr, we propose the following modularized
approach: 1) we consider a discretized Kuramato model afduoated control over a (potentially random)
sequence of one-to-all or all-to-all logical directed drapvhich must provide reliable dissemination of
state information evenAT' units of time; 2) we provide an energy optimal networkingestle which
delivers the appropriate state information along the edfjfse given logical graphs within AT’ deadline;
and 3) these results are analyzed to determine a relatppbshiveen controller choice and optimal energy
consumption in this setting.

Significant attention has lately been focused on linear@osiss type algorithms for multi-agent systems
[11], [12]. These algorithms are designed to bring the sthteach agent to a common point in the state
space. For heading control, however, it is desirable to asalgorithm that naturally incorporates angle
wrapping. One established approach to heading controgdekat admits tractable analysis is to couple
heading information from other vehicles nonlinearly viausoids in the style of the Kuramoto oscillators
that have been studied extensively in the physics, chegmasl mathematics communities [13], [14], [15].
Combining heading alignment and heading balance contrbl adgditional spacing control terms has been
demonstrated in continuous time to enable vehicles toecadixed beacon or align with each other [16],
or to track a moving target [17], [18]. The continuous-tinoatoller derived from the Kuramoto oscillator
model implicitly assumes that all-to-all communicationargilable at every time instant, without delay.
However, in the situation where the time constants of theéesysdynamics are significantly faster than
the communication rate (e.g. underwater vehicles with sttounodems), this assumption does not fit
with realistic communication. A more appropriate assumptin such cases is that the communication
naturally occurs at discrete time instants. To retain thardble group properties of the controller while
adhering to a more realistic communication model, a disetiete reformulation of the Kuramoto-inspired
controller will be considered here. The application of et here, coordinated control with dynamic
communication, leads to a natural time discretization ef slgstem dynamics, however, the bulk of the
analysis for Kuramoto models has been made under the assangit continuous time dynamics. A
discretized form of the Kuramoto controller was first statdie [19], where the authors were able to show
that many of the properties of the continuous time Kuramatatrol translate to discrete time when some
sufficient conditions are satisfied. Additional studies wfccete time Kuramoto systems with (possibly
dynamic) incomplete connectivity have been made in [20}].[Zhe work in this paper focuses not only
on sufficient stability conditions on the controller, bus@lon system performance and energy optimal
routing. The stability of the multivehicle system will becstmn here to be dependent on the product of two



parameters: a control gaii and the discretization interval7T. One consequence of this result will be
that larger values ok’ yield improved system performance at the cost of decreaiifigthus imposing a
hard deadline on communication that must be met regardfegshacle positions. For the work here, the
discretization timescale is assumed to be sufficientlyedifit from typical clock slew rates that assuming
synchronized clocks, and a constaxt’, is reasonable.

As stated above, in order to realize state feedback amongaheorked vehicles, the vehicles are
coupled via wireless radio transmissions. In particulan, imterest is to provide dynamic and reliable
communication of the control variables represented as mssef logical one-to-all graph& ;. The
realization of any given graplir, in the communication domain can be translated into a quality
service (QoS) wireless networking problem. For exampleha case of one-to-all random broadcast, a
single vehicle (node) is selected at random to have its st&temation delivered to all other vehicles in
no more thanAT seconds. The state update message for each vehicle is assurbe quantized with
sufficient resolutioh, have the same format, and consist of an identical numbéf bits. The question of
interest in the networking context is the design of an eneggymal relaying/routing scheme as a function
of AT and Gy. For instance, Fig. 1 shows two alternative schemes deliyeY/ bits to two nodes in
AT seconds. In this work, we show that for almost all practicainarios (wheré/ is sufficiently large),

a single-hop long range transmission to the farthest nodswoes far less energy p&7 than more
sophisticated multi-hopping and gossiping. In fact, asshbelow, the energy consumption and efficiency
of communication can be introduced and analyzed as a functids, and M /AT. The work here in
energy optimal relaying and networking can be viewed as aneion of energy optimal multi-cast tree
construction, as studied in [22], [23], [24], [25]. As an iarfant addition to these models, this work
addresses the impact of a strict time deadline on the canstnuof anoptimal multi-cast treeln this
regard, the energy optimal multicast problem is combineth what of lazy schedulindirst studied in
[26]. The optimality of lazy scheduling in a point-to-poisétting can then be extended to the case of
multiple hops. The optimality of lazy scheduling was prexgly extended for a stochastic setting in [27]
where concepts of minimum curves and arrival curves fronwoet calculus were used to strengthen
the result. We use similar techniques to identify an optisfaice of power and rate for each hop and
transmission sessions. The optimality of single-hop ¢sanlogy) transmission under strict time-deadlines
(independent of topology) obtained here can be interprasedn important extension of lazy scheduling,
as will be detailed in Section Ill. Using these results, thialttransmission energy required for the state
updates of each node under the time constraifit can be analyzed for single hop broadcasting and
multi-hop routing and expressed in terms of the effectifermation rateM /AT.

The proposed modularized solution not only enables levegagf existing and seminal works in both
control theory and wireless networking, it also allows farass-layer rethinking of the wireless networks
used in service of control applications. In other words, #feve analysis can be easily extended and
used to balance the performance of the controller (decseagh increasingAT) and energy efficiency
of communication schemes (increases with increagkig). Via an integrated set of simulations, the
proposed design is illustrated not only in terms of the dyiecahperformance of formations, e.g. rate of
convergence, but also in terms of energy efficiency and camgation overhead.

While the work in the paper certainly does not solve all of camivation and control integration, as the
material is primarily theoretical rather than experiméniee feel that it is certainly a novel contribution in
the right direction. The selected non-linear unicycle eysis well studied in the control theory community,
in part because it is sufficiently general as to cover many-hmdanomic platforms (cars, boats, planes,
etc). As compared to similar papers found in the control téeéo community, this paper in particular
employs a much more realistic communication model in thanégexchange information at discrete time
instants only, and performance is evaluated both relativadtion control and relative to communication
energy.

In this work, we take the quantization issues for granted in that we asddnie chosen large enough to ensure negligible distortion.
Furthermore, we assume no power constraints at the vehicles, hesuogng the feasibility of broadcastiny bits over the network imAT'
seconds.



The remainder of the paper is organized as follows. In Sedtiothe discrete time Kuramoto model
is discussed, and its stability is analyzed for all-to-aldaandom one-to-all communication. Optimal
network routing is considered with respect to a fixed timedtiea in Section Ill. Simulation results are
in Section IV followed by conclusions in Section V.

II. THE DISCRETETIME KURAMOTO MODEL

Consider a collection of identical planar unit-speed velsielhich do not have direct actuation of lateral
motion (e.g. ground vehicles, surface vessels on water,roraft or underwater vehicles at constant
altitude/depth). The dynamics of each vehicle in the groap be described with the Frenet-Serret
equations of motion,

S [cos f; sin Gi]T7 0, = u;, Q)

where,r; € R? andd; € T are the position and orientation of tifé¢ agent. The control inputy; is simply

the curvature of the path taken by the vehicle, and in muitale applications provides state feedback
coupling between the vehicles. These nonlinear dynamegygically quite difficult to analyze, even in
the case of linear control laws as typically studied in masisensus problems. One approach to control
synthesis in such settings which has proved amenable tysa®a$ to use oscillatory coupling of the
headings such as in the Kuramoto model. The classic conigitime Kuramoto model oV nonlinearly
coupled oscillators is given by

0:(t) = w; — W\% > sin(6;(t) — 6:(1)), (2)

JEN;

wheref; andw; are the phase (or heading) and natural frequency of'tregent { € Z = {1,2,..., N}),

N; C 7\i is the set of neighbors of ageitand K is the coupling strength. The coupling is typically
assumed to be all-to-all in which/; = Z\i, Vi € Z. A useful metric in the study of phase coupled
oscillator models is the phase centroid,

_ 1 cos 0;(t)
ROW =53 [t e

The magnitude of the phase centraigt,) = | R(0(t))|| € [0, 1], roughly measures the order in the system.
Choosing (2) as the controller for (1) with; = 0 for each: € 7 results in a multi-vehicle system that
will converge either to a state in which all vehicles are tegdn the same direction (aligned) or to a
state in which the average of all headings is zero and theaidrnif the group remains fixed (balanced)
[16], [28]:

Aligned Set: A= {0(t) | |R(O(2))|| = 1}

Balanced Set: B={0(t) | |R(6(t))| = 0}.

These desirable group properties can be preserved withteofoler (zero-order hold) discrete time

approximation of (2) withw; = 0:
KAT :
JEN;

where AT is the discretization period anfd is the time step. The parametess and AT play a critical
role in the stability of theV vehicle discrete time system. For very small’, the discrete time system (4)
behaves much like its continuous time counterpart (2). Hewehe system becomes unstable/aAT
becomes too large. The control theoretic results in thisspépcus on finding sufficient conditions on
KAT to guarantee stability to either the balanced or alignedigistate.



A. All-to-All Broadcast Network

In previous work [19] forN = 2, the discrete time Kuramoto model was shown to converge to an
aligned state for-2 < KAT < 0 and to a balanced state for< KAT < 2. Further, by linearization
for N > 2 and—-2 < KAT < 0, a non-zero region of attraction about the aligned set tfe.set of all
aligned states) was found. Here, a proof of asymptotic l#halbo the aligned set that is independent of
N and does not require linearization is used to strengthenethilier result.

Theorem 2.1 (All-to-All Aligned State Stabilityffor a system ofN all-to-all coupled oscillators in
discrete time (6), an aligned state will be approached fmoat all initial conditions if—2 < KAT < 0.

Proof: For the case ofill-to-all coupling, the phase of the phase centrdith) = /R (6(h)), can

be used to rewrite the sum of sines of angle differences in(4})in mean field coupling form ([13]):

s, (h) = 6:(1) = p(h)sin(O(h) — (), i €T, (5)

With this result in mind, the all-to-all discrete time Kurato model (4) can be rewritten as
0;(h+1) = 0;(h) — KATp(h) sin(0(h) — 0;(h)). (6)

The remainder of the proof makes use of LaSalle’s Invaridtrieciple for discrete time systems [29].
Take as a Lyapunov candiddtgh) = 1—p(h). This function achieves a minimum value of zero only when
all vehicles are aligned and is otherwise positive. An egjent expression for the Lyapunov candidate
at time steph is

V(h) =1 —R(h) ez, (7)

whereeg;,y = [cosf(h) sin é(h)}T is a unit vector in the direction of(h), and for brevityR(h) =
R(6(h)). The difference inl” between two consecutive time steps can be bounded above:

AV(h) = R(h) 69( R(h + 1) 69(h+1) (8)

< R(h,) 69 (h) — R(h + 1) eg(h). (9)

Thus, the result will follow from examining-AR(h)"ej,, whereAR(h) = R(h+ 1) — R(h). Starting
from (9) and definingd;(h) = 6(h) — 0;(h),

AV(h) < —AR(h)" [‘;’; gél’;ﬂ (10)
B cos b;(h) cosb;i(h+1) " [cos 0(h)
- N Z { {Sln@ )} {Sin 0;(h + 1)} } {sin Q(h)l (11)
= ¥ Z {cos(88;(h)) — cos(B(h) — 0;(h + 1))} (12)
= D {eos(0h() — cos (304(h) + K AT p(h) sin(60,(1)) } (13)

Providedp(h) # 0, each term of the above sum is negative whiiiéd;(h)) # 0, and

—2(60;(h)) < KATpsin(66;(h)) < 0. (14)
A sufficient condition is then-2 < KAT < 0, because
260;(h)
—— ! < KAT < 0. 15
psin(66;(h) = (15)

Thus, V' (h) is a valid Lyapunov function for this system and the statedjeaof K AT.



LaSalle’s Invariance Principle states that the solutiora afynamical system will approach the largest
positively invariant set contained if = {6 € TV|AV = 0} N D, whereD is the closure of the domain.
From (13),AV is zero whenp = 0 and/or whersin(d0;(h)) = 0, Vi € Z. The heading rate (6) is zero
at each of these points, thus rendering them positivelyriamt However, not all of these equilibria are
stable. Wherp = 0, the system is in an unstable balanced st&ig:{ from (7) attains its maximum value
at these points). A small perturbation 8fresulting inp > 0 will allow the system to move towards
alignment. Whersin(66;(h)) = 0, Vi € Z, all vehicle headings are parallel, but do not necessadlptp
in the same direction, as desired. However, these stateslsrainstable because any small perturbation
will make AV < 0 for —2 < KAT < 0. Thus, the only stable equilibria are those in which all e&hi
headings are aligned. [ |

Stability to a balanced state is more difficult to show beeaus not sufficient to examine the projection
of the change in phase centroid ortp,, as in (9). However, prior work with the continuous-time mbde
has shown that it is stable to the balanced set for posititeeseof the coupling gain. Previous work [19]
and informal simulation results permit the following cartigre to be stated with confidence.

Conjecture 2.2:For a system ofV all-to-all coupled oscillators in discrete time (6), a balad state
will be reached for almost all initial conditions f < KAT < 2.

The main difference between Conjecture 2.2 and Theorem 2Heisign of the coupling gain. Thus if
the conjecture is true, the main results of this paper canasédyeextended to the case of balanced set
stability. Ongoing research is focused on a proof of thisjecnre.

B. Random One-to-All Broadcast Network

For the purposes here, we define a random broadcast netwbk doe in which at each time stép
one vehicle is chosen at random from a uniform distributmbrioadcast its heading to all other vehicles.
To implement this controller on a real system, the sequehcanadlom broadcasters can be selected ahead
of time. The random broadcast network simplifies the digetiede Kuramoto model as the summation
in (4) reduces to a single term:

0;(h + 1) = 0;(h) — KAT sin(fyny (h) — 6,(R)), i € T. (16)

Here,b(h) € Z denotes the index of the randomly selected broadcasting aggme stegh and K = K/2.
Theorem 2.3:For a system ofV oscillators coupled by random one-to-all broadcasts iardte time
(16), an aligned state will be reached in probability fa& < K AT < 0, from almost all initial conditions.
Proof: Because each agent has an equal probability of being selestibe broadcaster, the expected
value of the next heading of each agemt Z,

E{6:(h+ 1)} = 0;(h) — —=—> _sin(6;(h) — 6;(h)), (17)

is exactly the update given by all-to-all communication.efidfore, the reasoning in Theorem 2.1 can
be used to conclude that (7) is a supermartingale [30], and the state will approach the aligned set
in probability, from almost all initial conditions. This approach workspart because the aligned set is
positively invariant with respect to the broadcast upda).( [ |

On each broadcast, the state is expected to become moredligan it was previously. Although
a sequence of broadcasters for which alignment is neveheeacan be constructed, the probability of
such a sequence being randomly selected approaches zdre length of the sequence goes to infinity.
Stability to the balanced set does not work with one-to-atlalcast communications because the states
in the balanced set are not positively invariant with respedhe broadcast update (16), for aRyAT.
For coherency in the remainder of this paper, the coupling @él be denotedK for both one-to-all and
all-to-all communications.



[II. NETWORK ROUTING OPTIMIZATION

In this section, energy efficient communication schemesaadressed for realizing the sequence of
logical graphs corresponding to the one-to-all commuiocanheeded for the control application. From a
wireless networking perspective, one can obtain resulthe®nergy optimal realization of each broadcast
tree which transfers/ bits of information (representing the headiéigh)) from the broadcaster to all
others in no more thar\7T' seconds. This result is a generalization of energy-effiarulticast trees as
it includes a hard deadline &7 for a multicast session. For notional simplicity, we denibite effective
transmission rate wittk = M/AT.

Note that the simplest routing/relaying strategy is a sfgbp wireless broadcast, while other options
include multi-hop routing and relaying (also known as goisg)) (see Fig. 1). As will be shown below,
the delay constraint imposed on the broadcast transmidsasna significant impact on the solution
to the minimum energy routing problem. The tradeoff betwsemgle hop broadcasting and multi-hop
transmission is, in principle, the tradeoff between enesgying in transmission rate and transmission
distance. When the message is broadcast to all nodes in tverkeh a single hop, the source node can
use the entire time intervalT and transmit at a lower rate; but the transmission has tdréecfarthest
node in the network. On the other hand, when the messageigerklia intermediate nodes, the distance
of each hop is smaller but the effective transmission rateeézh node is larger than the single hop case.

To better describe this tradeoff, we defifieR;(¢)) as the expected SNR required for reliable commu-
nication at rateR(t), t € [hAT, (h + 1)AT]. Supposef(R;(t)) grows faster than polynomial order with
an increase in transmission rate. Taking into account treatypical power loss along a transmission path
is only polynomial order, this trend intuitively suggest&t savings in transmission rate would be more
crucial as transmissions are constrained by a tight deadlihis result is formalized in this section: when
the effective information rateR = M/AT) is above some threshold,., single-hop broadcasting (a star
topology) minimizes energy while meeting the strict delaadline AT. Note that this result is a direct
multi-hop result of lazy scheduling in [27] and [26]. The ukswill first be proved for the case of a linear
network with three nodes and a path loss exponent of fourregbelts are easily generalized to a network
with an arbitrary path loss exponent, general topology, iithg a network of more than three users .

A. Energy Efficient Routing for Broadcast Networks

The path loss exponent is generally assumed td bet for wireless settings. We will assume the path
loss exponent to be four to examine the case when the tradeoff in energyngawetween transmission
distance and transmission rate is the largest. As Remark \@sshibe main result holds for any < 4.2
Considering a network withV nodes, the problem of topology choice reduces to finding thtEmal
transmission SNRP;(t), ¢ = 1,2..N, at timet € [RAT, (h + 1)AT] (without loss of generality, the
noise power is normalized at the receiver to value 1). We ntla&dollowing assumptions regarding the
operation of a network in service of coordinated control.
Technical Assumptions A
Al. Each node can transmit with high enough power for a waelgroadcast transmission to reach the
farthest node in a single hop;

A2. The interference model is the protocol model in [31], véhthe guard zone is as large as the diameter
of the networR;

A3. The received signal power at a distantérom the transmitting node varies ds“, where the path
loss exponent. depends on the characteristics of the transmitting medium;

A4. Cooperative relaying, or network coding, is not condehence, the work follows a simple packet
switching model with separation of layer functionalitiesid

A5. Each update message has the same format and the samé 8izéits.

ZSimilar techniques can be used to extend the main result for any arhitrarg.
%In other words, we assume that only one link can be active during eacsnission session.



Technical Assumptions Al and A2 are relevant for a scenaitbb arelatively small number of vehicles
present in the network.
Mathematically, this reduces to the following optimizatiproblem:

N AT
min P;(t)dt, (18)
{Pi(')}fv—ﬁP;/O Q
subject to

P(t) > 0,i=1,2..N (19)
P(t)Py(t) = 0, foralli # j. (20)
Fi(t) = f(Ri(t)djj,, (21)

AT
M = / R;(t)dt, Vi; (22)

0

where P is the class of collective power allocation policiég;(-)}Y, satisfying (18)-(22), and; (i) is
the farthest node to whom, at timte node: attempts to deliver its\/ bits reliably. In other words, one
can interpretf(R) to be the transmit power required to transmit 1 bit of infotiora with rate R to a
node unit distance away. We make the following technicalimggions onf(R)*.
Technical Assumptions B
B1. f(R) > 0 with equality if and only if R = 0;
B2. f(R) is a convex, monotonic increasing function it
B3. f(R) is analytic in the interval po, +oc]; and
B4. ©LO >0, vneN.

The main result of this section is the following theorem:

Theorem 3.1:If M and AT are chosen such that

M £ (0)
AT > né?ﬁ.}.(s} {(n +1) F+D(0) }’

a single hop broadcasting scheme (see Fig. 1) is more enffiggrdg than any multi-hop relaying scheme.

To prove this theorem, we first identify the optimal transsiaa policy within each transmission session
and over every single hop. In particularfiged rate transmission sessiamshown to be optimal in terms
of minimizing total energy consumption. In [27], Zafer aneb&lano have used the concept afn@nimum
departure curveand proposed constructive algorithms to build the optimgpadture curve for given
delay constraints with single hop point-to-point commatiiens. Graphically, their results suggest that
the optimal departure curve is the one that has #ertest lengttamong all feasible curves constrained
between the minimum departure and arrival curves. Thisltrésueadily applicable to the setting here
when considering a single transmission session over aeshg for any transmitting node (one contiguous
interval during whichP;(¢) > 0) . The following lemma establishes this fact.

Lemma 3.2:A necessary condition for optimality is that each node hasatiosmit at a fixed rate within
each transmission session.

Proof: Assume that the optimal transmission poligy,(¢) for nodej does not transmit at a fixed
rate in itskth transmission session, and denote the correspondingyenensumption to bél,. Based
on the result in [27], we can always find another feasiblegyainat is more energy efficient that(¢).
The existence of this policy can be simply shown by using #rmaesargument in [27]: for any feasible
departure curve, we can replace a small portion of it by agsttdine (corresponding to a fixed rate
policy); the new transmission policy is still feasible bhettotal transmission energy corresponding to the
new policy would be smaller than the original one. Therefove can always find another feasible fixed

4As we show later, the power-rate relationship over an AWGN channefystttisse assumptions.



rate policy with energy consumptidiv;,, such thati?’, < W, which contradicts the optimality assumption
of the original policy. This argument shows that fixed ratgmission within each session is a necessary
condition for any active node’s optimal transmission pplic [ |

To prove the main result, we first consider a linear networthliree nodes and path loss exponent
a = 4. Later we see that this is easily extended to the generahgeffhe energy required for relaying
RAT bits of information inAT second is given by

Emwxiﬁ%ZATD4Q¢af(R)+(1—ﬁfﬂ-wwf< f ) (23)

a 11—«

wherea AT denotes the time fraction spent on transmission betweesdinee node and the intermediate
node, andsD denotes the distance fraction between the source node andhtdrmediate node. By
constructiona, 3 € (0,1). On the other hand, the energy required for single-hop lwastthg is written
as

E,(R) = ATD*f(R). (24)

Remark 1:Without loss of generality, and for simplicity of notatiowe normalizeAT D* to one.

Lemma 3.3 below establishes the optimality of the singlp-bomadcasting scheme for a three node
linear network.

Lemma 3.3:Consider a linear network of 3 nodes.M = RAT and AT are such that

Mo (0)
i 1) —r—— 25
AT LI {(” U FEm) [ (3)

the energy of broadcasting = RAT bits in AT seconds in a single hop fashion is less than any relaying
scheme independent of ratios of the node’s distanges, (0,1), and the times allocated to each hop,
a € (0,1).

From Technical Assumptions Bf(R) is an analytic function in[—oo,co]. Using a Taylor series
expansion af?, we can then rewrité”,,(«, 5, R), and E5(R) as follows:

_ X fn) _ 4 _ A\
%@@m::2f<%m%ﬁ Mt m)’ 5

2 a1 T —ayp
ER) = S0 Oy @)
where -
() = L0 gy 28)
() = Lo Q=0 (29)

a1 (1 _ O[)nfl '

Before proceeding with the proof of the above lemma, the ptimseof the sequences,(R), b, (o, 3)
must be established.

Lemma 3.4:Properties ob,(«a, 3).

. For a givena, g € (0,1), b,(«, 3) is @a monotonically increasing function in

« Foralla,5€(0,1), andVn > 4, b,(a, 3) > 1.

o Foralla,3 e (0,1), andVn > 7, b,(a, 3) > m

Lemma 3.5:If R > (n+ 1)}0{”751—)1()0(2)) then, a, 1 (R) > an(R).

Lemma 3.6:1f there existsR. such thatt,, (o, 3, R.) > E,(R.) for somea andg, thenE,,(«, 5, R) >
E(R) is also true for anyR > R..
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The proofs of lemmas 3.4-3.6 are included in the appendie Aéxt lemma provides the last step in
proving Lemma 3.3.
Lemma 3.7:Consider a linear network consisting of 3 nodes. There exists

_ F(0)

R, = ng{llaXS} {(n + 1)f(n+1)(0) ) (30)
such that for alla, 5 € (0,1), En (o, 8, R.) > Es(R,).

Proof: Defined,(«, 5, R.) as

)

() (0
dn(a, B, R.) := f n,(

In other words,

oy <ﬁ4 , 1-p

a”—l (]_ _ a)n—l

- 1) = an(R) (bp(a, B) — 1). (31)

En(a, 3, R.) Zd (32)

For simplicity, writed,, (o, 3, R..), b,(a, 3), anda, (R,) asdn,bn anda,, respectively.
We first bound ">, d,, from below:

oo 3 oo
ody > ) do+ ) d, (33)
n=0 n=1 n="7

> (bl—l)Zan+ (b—ll—1>2an (34)

n=1 n="7

00 3
— (1—h) <b_112“" ~Sa ). (35)
n="7 n=1

where the first inequality is from the fact thag = f(0) = 0, andd,, > 0 for n > 4, while the second
inequality results from Lemma 3.4.

Next, we show that the lower bound is non-negative. From tégnidion (30), we know that for
1<n<8 R.>(n+ 1){:;—)1)(0 This relation implies that for all < n <8, a,(R,.) is monotonically
increasing imn. In other words

(11+CL2+6L3§CL7+(18+CL9<ZCL”. (36)
n="7
On the other handy; = 3* + (1 — %) < 1, and the assertion of the lemma follows. |

The above work can be extended to the case of the generalnketsitb multiple users in the following
steps.
Corollary 3.8: Single hop broadcasting is more energy efficient than nmalgiping in any network

with three users when
_ £(0)
R> max S(n+1)————¢. (37)

ne{l...8} fr+1(0)

Proof: Consider a network with three users whéfelenotes the source nodé,.., the closest node
to the source node, ard;,, the farthest node from the source node. [ebe the distance between the
source node and the farthest node. By the triangle inequality

D= d(S7 Ufar) S d(S, Unear) + d(Unear7 Ufar)- (38)
Defining D,,c, = d(S, Unear) + d(Unear, Usar), the energy required for multi-hopping is

En(a,B, R, Dpew) = ATD!. (ﬁ‘*af (%) + (1= —a)f (1 ]_%a)) : (39)
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However, from Lemma 3.3, whe® > MaXpe(1.. 8} {(n—|— 1)f{,fi—)1()°()m}, the above function is always

greater than®, (R, D,..,) = ATD?_ f(R). BecauseD,,.,, > D from the triangle inequality, the following

new

inequality is true for allo, 3 € (0, 1):

En(a, B, R, Dpew) > Eo(R, Dypew) > Es(R, D). (40)
Therefore, in a network with three users, single hop brosttluz is always more energy efficient than
multi-hopping whenR > MaXne(1..8) {(n + 1)}0{751—1()0&)) . [ |

Now consider a network withV users, where links are activated one at a time to avoid grente,
i.e. the interference model is the protocol model in [31]tHis setting, we can, inductively, arrive at our
main result as a direct consequence of Corollary 3.8.

Theorem 3.1Single hop broadcasting is more energy efficient than nmagping in any network when
R £ (0)
R > maxne{lmg} (TL + 1)f(Tl)(O) .

Remark 2:Theorem 3.1 holds for any path loss exponeént a < 4. This can easily seen: IR >
Max,c(1_g) {(n + 1)}0{1,(,7;—)1()0(2))}, then we have

gaf (B) +a-pra-ar ({1) > 10 vase o, (41)

However, sinces € (0,1), for 0 < a < 4,
praf () +a-pra-ar (2 ) = sar (D) ra-sra-ar ((25). @

for a givena, 3 € (0,1). Combining the two inequalities, fdr < a < 4,

ATD* (o f <§) +(1=-3)"'1-a)f (1 R

—

)) > ATD*(f(R)) V a, 3 € (0,1). (43)

In other words, Lemma 3.3 holds for afy< a < 4.
Remark 3:Variations of Theorem 3.1 can be easily developed in an ic&nimanner for all cases
where the path loss is of a polynomial form.

B. Example: Broadcast Network over the AWGN Channel

In this section, we consider a case where transmissionsliaksrfollow Shannon capacity formula for
an AWGN channel, i.e. the expected transmit SNR requireddtalyle communication at ratg(¢) to a
node at distanc€ is given by

P(t)/o = d*(2*") — 1), (44)

whereo is the noise level at the receiver.
Becausef(R) = 2% — 1 satisfies Technical Assumptions B, we can directly invokecfém 3.1 to

show that when Iy f(")(o) 0
AT ~ bl {(” D56 () } 2 00 (45)

single hop broadcasting is more energy efficient than nfag-relaying. On the other hand, one can
numerically test that,,(«, 5,4) — Es(4) = Y.~ o dn(, 5,4) > 0, arriving at a tighter bound.
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IV. SIMULATION RESULTS

This section contains simulation results to support thergtecal findings in this paper. In our simula-
tions, we have used = 5 vehicles, starting from arbitrary initial states in two dinsions, a path loss
exponent ofx = 4, and quantization of state variables intb = 10 bits’. To demonstrate the multivehicle
control being used here, Fig. 2 shows an example of the tawjes of all vehicles using the discrete
time Kuramoto controller model under all-to-all and randome-to-all communication witlil AT equal
to —0.5. As Theorem 2.3 suggests, both the one-to-all and allitoeahmunication topologies produce
stability to a state in the aligned set for the given parame&ies. Note, however, that while an aligned
state is reached in each case, the heading to which the eghatin is not identical as this value was
not part of the control design.

As the productK AT is varied within the allowable bounds, the time required tloe headings to
converge within ar-ball (settling time) will vary. The general trend of thisriaion is depicted in Fig. 3
where the number of iterations needed for the headings toecga within ane-ball is plotted against
KAT for the case of all-to-all communication (indicating theul in (16)) and a particular case of one-
to-all communication with- = 10~7. Convergence rate is similar for all-to-all and one-to-abdilcast,
but keep in mind the factor of two gain difference. The besfgmance is obtained withl AT near
one because for lesser valuestof\T the system lacks control authority, and for greater valdies AT
ringing occurs. To determine actual time to alignment, tieps to alignment must be multiplied kyT,
so smallerAT means faster convergence.

Because a decreased settling time for the multivehicle sysexjuires decreased step si2d" but
decreased communication energy requires increds€d an optimal choice ofAT can be found as
a function of K for the coupled communication and control problem. The wital result of this
optimization problem is the subject of ongoing researchyéwer a numerical result is shown in Fig. 4.
In this figure, total communication energy for convergentthe headings to ars-ball of sizee = 1077 is
shown for three values ok and as a function ofA7". The total communication energy is dependent on
the distances of the vehicles from one another, howevehehding control was not designed to minimize
the maximal distance between the vehicles. In order tosteaily represent the communication energy
required for each set of parameters, a Monte Carlo approashused where for eacik’ and AT,
100 simulations were run from initial vehicle positions wirauniformly from [—15,15] x [—15,15],
initial headings drawn uniformly fronfi—=, 7], and with random one-to-all broadcast until convergence.
Each randomly selected vehicle was assumed to be transgnitfi = 10 bits per AT. The consumed
communication energy was then averaged and plotted\At~ 0, both communication energy pexT’
and the number of steps to alignment are large A4S — —%, communication energy pek7 and the
number of steps to alignment decrease sharply, whil&\&s —%, the increase in convergence time
dominates the decrease in communication energy¥€r resulting in an asymptote.

V. CONCLUSIONS

The work in this paper has advanced previous work with theakKwoto model in discrete time for
multiple vehicle coordination. In addition to extendingedmetical results from previous work, network
routing optimization was considered, and the single-haméicast communication topology was shown
to be optimal in certain situations. It was shown that thecrdiization period, AT, not only enables
an integrated approach to the problem of coordinated cloritub also can be chosen so as to optimally
balance the controller performance with the communicgtiemiormance using total communication energy
as a metric.

Future work will focus on a proof of Conjecture 2.2 in addittondetermining whether these conditions
are necessary in addition to being sufficient. Additionadlg analytical result for the optimal relation

*We have intentionally picked the number of bits small to allow for the possibilitgtaing and effective quantization of the state of
variable, i.e. single-hop broadcasting is more energy efficient, ewsa dssume that the state variablelilf can be quantized without loss
using a small number of bits (node id+ number of quantized bits=10). thateincreasingl/ only favors single-hopping.
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between total communication energy, discretization siep and coupling gain will be pursued. Another

avenue for future work is to look at communication topolesgaher than all-to-all and random one-to-all

broadcasts. The results presented here should extend gular&ansmission pattern instead of a random
broadcast. Finally, it would be interesting to examine tHect of heterogeneous delay on this system
(homogeneous delay was studied in [19]).

Interesting questions also remain for the minimum energyimg problem. First, the interference model
was taken to be the protocol model [31] with the guard zonewaelas the diameter of the network. This
choice in principle corresponds to a network of vehiclesalatively small numbers. In networks with
many vehicles, it is not hard to imagine cases where multipks can be active during each transmission
session. In such settings, multi-hop routing benefits frpatial reuse, by dividing the message into small
pieces to allow concurrent transmissions. Extension ofsthdy here to such scenarios is an interesting
area of future study. The extension of current work to fadithgnnel models (i.e. channel quality, hence
transmissions are stochastic) is another important areasefarch. The results from [32] will be a good
instrument for this research.
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APPENDIX
A. Proof of Lemma 3.4
Lemma 3.4:Properties ob,(«, ).
1) For a givena, 5 € (0,1), b,(c, 5) is @ monotonically increasing function im
2) Foralla, 5 € (0,1), andVn > 4, b,(a, 3) > 1.
3) For alla, 3 € (0,1), andVn > 7, b,(«a, 3) > m.

Proof:
1) For a giveno, 3 € (0,1), b,(«a, B) is @ monotonically increasing function i
(BN, a=-pt 1
bra(e B) = (W) ot ACayi—a) (40)
Becausd) < a < 1, A . .
< gl) P ( 51) ’ (47)
[0 [0 (6]
and

I~ (1—a)  (1—a)y]

In other words b, 1 (e, ) > bu(c, B).
2) Becausd < « < 1, b,11(a, B) > by(a, B). Also, from definition ofb, («a, 3),
_pt, a-p
b4(a7ﬁ) - Oé3 + (1 _ 04)3. (49)
It is easy to show thaly(«, ) is a convex function inv that achieves its global minimum of value
1 whena = 5. On the other hand;, is monotonically increasing im, establishing the assertion
of the lemma; i.eb,(a, 3) > 1 for n > 4.

3) Define

(e, ) = % (50)
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We will show thatr, 1 («, 3) — r,(a, ) > 0. First,

bn+2(a75)bn(a’ﬁ) - (bn-f-l(av 6))2
bn(a 6)bn+1<a 5) .

Sinceb,,(«, 8)b,+1(a, ) > 0, we only need to examine the numerator:

bnial(a, B)bu(a, B) — (bpii(a, B)) = gt -t ( «

a1 —a)t \ 1 -«

rn+1(avﬁ) - Tn(Oé,ﬁ) =

(51)

+1_O‘—2> >0. (52)
(0%

The inequality holds because— + —* 1=2 is a convex function that achieves its global minimum of
2 whena = 0.5. Therefore,r,, 1 (a, ﬁ) > ru(a, B).
Becauser,(«, 3) is a monotonically non-decreasing functionsin

bl(avﬁ)(r4(avﬁ))3 > b4(04,6) = bl(a75>T1(a7ﬁ)r2(a75)r3(avﬁ) > 17 (53)

which leads to ]

ra(a, B) > ()3, 54
1
br(a, B) > by(ry)® > ———. 55
7( 6) = 4( 4) = bl(Oé 6) ( )
Becausé, («, 3) is monotonically increasing in, we haveb, («, 3) > ( Whenn > 7.
[
B. Proof of Lemma 3.5
Lemma 3.51f R > (n+1) {W}( then, a,1(R) > a,(R).
Proof: We first note that
B 3 Rn f(n—l—l)(o) 3 )
ant1(R) — an(R) = o (n—HR —f (0)) (56)
but this result indicates that
R 1L "(0) 57
> (n+ )f<"+—1)(0) (57)
is a sufficient condition to guarantee that, 1 (R) > a,(R). [

C. Proof of Lemma 3.6
Lemma 3.61f there existsR. such thatt,, (o, 3, R.) > Es(R.) for somea and 3, thenE,,(«, 3, R) >
E (R) is also true for anyRk > R..
Proof: As seen before in equation (31), defidg o, 5, R.) as

(n) 4 - 4 B
dn(os B R =L “”(Rc)"(ﬁ ) —1)=an<R><bn<a,ﬁ>—1>. (58)

nl an—l (1 _ a)n—l

Because) ~  d,(o, 3, R.) > 0 there exists am such thatd,(a, 3, R.) > 0. Define J = min{n :
d.(a, B8, R.) > 0}. From monotonicity ofb, («, 5) in n, anda,(R) > 0, we haved,,(«, 3, R.) <0 < d,
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for all m < J < n. Thus

Enla, 6, B) — Ey(F) = ;dnm,m):;(ﬁ) du(0, 6, R.) (59)
J-1 S5\ N o0 D\ "
= Y () desr)+ X (3) desr) 60
n:‘ll_—% J J-1 n:of)
> (1) Cablanr)+ Y s R) G
R y :ozl n=J
— (E) > du(e, 8, Re) > 0, (62)

where the first inequality comes from the fact tb]%/tRC >1,andd; < 0V 1<i<.J, while the second
inequality is from the assumption. Combining the first and ldet terms, we arrive at the assertion of
the lemma:

En(a, 3, R) > E((R) (63)
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Fig. 1. A logical one-to-all graph (a) can be realized via simple wirelesadzasting (b) or gossip schemes (c).
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Fig. 2. The discrete time Kuramoto model (4) is shown for a group of \fiateicles. (a) The vehicle headings using all-to-all (top) and
one-to-all random broadcast (bottom) communication topologiesifer —0.5 and AT = 1. (b) Vehicle trajectories corresponding to the
one-to-all random broadcast heading control.
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Fig. 3. The general trend of number of iterations to convergenceaxfihgs to are-ball versusK' AT for both an expected broadcast (i.e.

all-to-all) and an actual one-to-all broadcast sequence (16) is shibhensame randomly selected broadcast sequence was used Hor eac
value of KAT.
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Fig. 4. Total communication energy required for the alignment of a systevehicles to reach amball as a function ofAT and for
particular values ofK. Each data point corresponds to the average of total energy forit@asions with initial vehicle positions drawn
uniformly from [—15, 15] x [—15, 15], initial headings drawn uniformly fronfi—7, 7] and random one-to-all broadcast.



