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Abstract—This paper considers the problem of optimal server to transmission. In this context, there is often a limitedhber
allocation in a time-slotted system withV statistically symmetric  of orthogonal codes or subcarriers, not allowing simultarse
queues and K servers when the arrivals and channels are transmission of all queued packets. This gives rise to a

stochastic and time-varying. In this setting, we identify two . . . .
classes of “desirable” policies with potentially competing goals scheduling problem involving the allocation of the orthogb

of maximizing instantaneous throughput versus balancing the channels to the different data streams.
load. Via an example, we show that these goals, in general, In addition, due to selective fading for instance, the “qual

can be incompatible, implying an empty intersection between jty" of these channels as perceived by different users sarie
the two classes of policies. On the other hand, we establish thestochastically with time and users. This introduces théonot

existence of a policy achieving both goals when the connectivities - . .
between each queue and each server are random and either “on” of stochastic server quality, also known as connectivitythie

or “off”. We use dynamic programming and properties of the ~Presence of reliable estimates of channel quality, i.eaneh
value function to establish the delay-optimality of a policy which, nel state information (CSI), at the transmitter, the ststibha

at each time-slot, simultaneously maximizes the instantaneous ygriation across users provides opportunities for S@IQMI
throughput and balances the queues. scheduling the transmission among users. The opporteinisti
Index Terms—Communication models, intermittent connectiv- scheduling among users is known to increase the overall
ity, multi-queue multi-server, orthogonal frequency division mul-  throughput of systems with saturated queues by providing
tiple access, optimal transmission scheduling, queuing analys's'multi-user diversity gairi2]. However, delay-optimal policies
must trade off between two competing goals: the desire to get
maximum throughput now (which is achieved by opportunistic
|. INTRODUCTION scheduling) and the desire to get the maximum throughput in

In the face of frequency selectivity, code-division, ortigla the future (which is achieved by balancing the remaining)oa
degrees of freedom, many wireless systems with multiple “ofhe second goal, under admissible traffic regimes, accounts
thogonalized sub-channels” and multiple users can be dew@r future queue occupancies; the intuitive reasoning & th
as multi-queue multi-server queuing systems which enalile queued packets should be spread over multiple queues so
transmission of packets in a parallel manner. Examplesaif sihat the system will have a better chance of avoiding idling
systems include orthogonalized code-division multipleess any servers in the future.

(CDMA) systems and orthogonal frequency-division mugtipl  The focus of this paper is in finding an optimal scheduling
access (OFDMA) systems where the total available bandwidiflicy with the optimal delay performance for the above
is divided into multiple orthogonal narrow subcarriers & bsystem with stochastic channel state and arrival procetises
shared by users [1]. Usually data packets in such systefier words, we are interested in the delay performance of
arrive stochastically to each user and are stored in byfiges the system under stochastic admissible traffic. We first iode
the above multi-channel allocation problem as a multi-gueu
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C(t) = [ci;]: the K-by-N stochasticconnectivity matrix
at timeslott wherec;; € {0,1,...,cmax < oo} denotes
the maximum number of packets servaran serve from
queuej at timet.

W(t) = [w;]: the K-by-N allocation matrix at the
beginning of timeslot wherew;; € {0,1} andw,;; =1
denotes that serveris assigned to serve queyeluring
time ¢.

The dynamics of the queue length vectors under an alloca-
tion W (¢) is described by the equation

b(t+1) = [b(t)-L(W(t)OC(1))] T +a(t), t=1,2,...

1)

where an element-wise produd?(¢) © C(¢) is a matrix
[wijcq5], 1 is aK-dimensional row vector ok’ ones, and, for a
vectorv € RV, [v]* = [vf ...,

v ] with U;_ =max {0,v;}.

For the case of the on-off connectivities, whefgy, = 1, the

above queue dynamics reduces to:

Fig. 1. Multi-queue-multi-server allocation problem witime-varying

tivities.
connectves b(t+1) = [b(t) —1W()]* +alt), t=1,2.... (2)
(DP) arguments and the properties of the DP value function.Definition 1. For a row vectorx = (z1,...,zy) and a

In Sectior[ V], we show that if fractional server allocatiare matrix Y = [yi,...

,¥y~] Wherey; is a column vector, a

allowed, then the fluid version of the MTLB policy is optimalcolumn-by-column matrix permutatidib, corresponding to a
for generalN. Sectio VIl concludes the paper and discuss@ermutationr is defined as, for any andk € {1,..., N},

the direction of future studies.

Il. PROBLEM FORMULATION AND ASSUMPTIONS

m(xj) = xp & O (y)) = v

Using the above notations and definition, we make the fol-

lowing symmetric assumptions on the arrival and connegtivi

A. Model and Notations

processes. The intuition behind a symmetric system is that

We consider a multi-queue multi-server system witFelabeling the queues leads to a statistically identicatesy.

stochastic connectivities as shown in Figlile 1. There d/l)
N queues (users) an& servers (subcarriers). Ldy =
{1,..., N} be the set of all queues arld = {1,...,K}

the set of all servers. Fixed-size packets arrive stoatedhti

for each user and are transmitted over a set of allocated
servers. Each user has an infinite buffer to store the data
packets that cannot be immediately transmitted. The system
is time-slotted. The users have the same priority and dAR2)
symmetric, i.e., they havstatistically identical arrival and
channel connectivity processes. At the beginning of each
timeslot, the assignment of servers to users is instantsneo
and made by a centralized resource manager. The resource
manager has perfect knowledge of the current queue backlogs
and the connectivities which are assumed constant during a
timeslot but varying independently over timeslots (e.¢pck

The packet arrival processda(t)] are i.i.d. across
timeslots andsymmetricor exchangeablei.e., the joint
probability mass function (pmf) is permutation invariant.
That is,

Pla(t) = m(x)] = Pla(t) = x] ®)

for any ¢, vectorx, and permutationr.

The connectivity profile§C(t)] are i.i.d. across timeslots
and exchangeable across users, i.e., the joint pmf for
[C(t)] is column-by-column permutation invariant. That
is,

P[C(t) =TI (Y)] = PIC(t) = Y]

for anyt, matrixY’, and column-by-column permutation
matrix IL,.

fading model). We do not allow sharing of any servers and Assumption A2) is valid when the channel and mobility

assume no error in the transmission.

create a homogeneous environment for all users. Note that

The following notations are used throughout the paper. Nof&1) and (A2) imply independence across time but not across
that we use the following conventions: lower-case letters fysers, i.e., at a given time the arrivals to various queues or

scalar, bold-faced lower-case letters for row vectors,eupp connectivities among users or servers need not be independe

case letters for matrices and scripted upper-case letters f
space of matrices.
e b(t) = (by,...,bn): Backlogs (in units of packets) of
each queue at the beginning of timesiot
e a(t) = (a1,...,an): Stochastic number of fixed-length
packets arrived to each queue during timesldthe new
packet arrivals at timeé can be served only at time+ 1
or after.

B. Problem Formulation

Problem (P)

Consider the system described above, we wish to
determine a Markov server allocation polieythat
minimizes the cost function at the finite horiz@nh

J7 = E[AT[To] (4)



where Z, summarizes all information available at objective of [15] is to study certain classes of functions
time zero and\7. denotes the cost under the Markov ~ (e.g., the setF in Definition 7) that propagate through the

policy o over horizonT" dynamic programming (DP) operator. It is clear that given an
T assumption on the immediate reward function belonging to
Ag = Z¢(b(t)) (5) such a class of functions (e.g., Fact 1), the value function
=0 at all times also belong to that class (e.g., see the proof
) N of Theorem 2). Hence, one can utilize the properties of the
where the cost functiow(b) = '~ g(b;) andg class to deduce the structure of the optimal policy paytiati

is a convex and strictly increasing function. completely (e.g., Lemma 2).
We note that the restriction to Markov policies does not |n light of the findings of [15], we can highlight and

entail any loss of optimality because Problem (P) is a st®ch@ontrast the results and the proof techniques in our work and
tic control problem with perfect observations [17]. Als@t@ [4]: Class of functionsF defined in Definition 7 propagates
that wheng is an identity function, Problem (P) reduces tehrough the DP operator only when the number of users is
an average total baCkld@[ZZ:O Z;-Vﬂ b;(t)]) minimization two. This resembles the difficulty in extending the resutts i
problem over horizorll". From Little’s Theorem [18], any [6] beyond two dimensions as discussed in [15]. Under fluid
optimal policy that achieves the minimum average backlaglaxation, however, the state spa&® is extended t®% over
achieves the minimum average packet delay as well. Thus, @uich the class of convex functions propagates through e D
study includes the study of the average-delay minimizationpperator, forming the basis of the proof of Theorem 3. Many
of the proofs in [4] rely on stochastic coupling, an alteiveat
C. Related Work framework to the monotonicity approach of [15]. However,

. coupling arguments remain partly intuitive and hard to &hec

Delay-optimal policies have been studied in many queuin . . . .
X ) . o I a general setting. This can explain the extra requiresnent
systems with stochastically varying connectivities urdiéer- . . ;
on server allocations and arrival processes in [4].

ent settings [3]-[12]. In this paper, we consider a statdiy
symmetric case of arrival and connectivity processes. Inyma
instances, as stated in [4], “symmetry sometimes leads tO|||. | NSTANTANEOUS THROUGHPUTMAXIMIZING VS .
rather Simp|e Optlmal poliCieS, although their Optimald&n L OAD-BALANCING POLICIES
be hard to establish.” The most related models to our work are
those introduced in [3] and [4], while our proof technique is In this section, we consider two classes of server alloca-
closely related to those developed in [6], [7], [13], [14]16]. tion policies: class of instantaneous throughput maxingzi

In their seminal work, Tassiulas et al. [3] studied a singldMT) policies and class of load-balancing (LB) policies. As
server N-queue assignment problem where the connectividjscussed in the introduction, each class represents one of
followed an on-off model, i.e., the connectivity was delsed the competing goals: an MT policy maximizes the number of
by a binary vector of dimensiorlV. They showed that a packets being served now, while an LB policy maximizes the
longest-connected-queue (LCQ) policy maximizes the Byabi number of non-empty queues (hence, the multiuser diversity
region of the system (i.e., throughput-optimal) and is al@fin and the number of packets served) in the future. In
average-delay optimal when the arrival processes and fhectiorIlI-0 we demonstrate by an example that, in general,
channel processes are statistically identical among users the intersection of the two classes of policies can be enfipty.
the users are symmetric. Subsequently, Ganti et al. [4], [§lich cases, the optimal policies for Proble®) (emain and
generalized the problem to a symmetidcserver, N-queue can be, in general, a complicated mixture of policies célsefu
allocation problem with binary connectivity vector of dime chosen at different time from one of the above two classes of
sion N. policies. To be precise, we first define the feasible allocati

The model studied by Ganti et al. is different from oufnd non-idling feasible allocation. Then, we describe the t
model in subtle but nonetheless important aspects. The maiasses of policies mentioned above.
contribution of our work is a generalization of the models
and results in [3]-[5] to 1) a connectivity model of &- _ _ )
by-N matrix form, 2) more general arrival processes, nd- Feasible and Non-ldiing Allocations

restricted to only Bernoulli (and variation thereof as dsged  Assume that at the beginning of time stothe state of the

can be served simultaneously by multiple serflefBhese allocation for time slot# if

generalizations and extensions, however, are realizetieat t )
cost of (i) restricting the number of users ¥ = 2, or (ii) (2) wi; € {0, 1}; _
allowing for fluid (non-integral) server allocation. (0) Cij = 0= wi; =0; and

Just before the final version of the paper was submitted, the © ijl wij <L Vi=1,... K.
authors came across an important manuscript on monotpniciihe set of all feasible allocations is denoted BW(C). In
in Markov reward and decisions by G. Koole [15]. The maiaddition, defineV(b,C) € W(C) to denote the set of all

non-idling feasible allocatioriV if 1 also satisfies
1The constraint on the number of servers per queue in [4] ixedi@nly K .
when a relaxation of integral allocation is also allowed. (d) >oiq wijeij <b;,Vji=1,...,N.



B. Instantaneous Maximum Throughput (MT) Policies simultaneously maximizes the instantaneous throughpdt an
An MT allocationW™T = [wMT] € W(b, C) is a non-idling balances the loads always exists, and 2) for the case of two
1] ?

allocation that achieves the maximum throughput at tinle USers, this maximum-throughput and load-balancing (MTLB)

for all W = [w;;] € W(b, C), policy is an optimal policy for Problem (P).
N K N K ]
Z Z wTe,; > Z Z wijci. (6) A. MTLB Policy
j=11i=1 j=1i=1 Here we define a class of MTLB policies specific for the

on-off channel connectivity.
C. Load-Balancing (LB) Policies Definition 3: Given state(b, C) at the beginning of time

It is reasonable to maximize the expected number of packglgt?» n MTLB policy chooses a non-idling feasible allocation
served in future under stochastic arrival and connectpity 'V~ = [wi;] € W(b, C) such that it satisfies the following two

cesses. Under Assumptions (A1) and (2) this is achieved vi§glditions: o _
load-balancing policy which distributes tHature workload (€1) Maximum Throughput (MT) : W* achieves the maxi-

among the queues as evenly as possible as to minimf2dm throughput, i.e., for al" = [w;;] € W(b, C),

the expected future server idling. This roughly ensures a N K N K
larger set of feasible non-idling allocations in the future S Tw; =0 wi (8)
The future workload is defined as the queue length vector j=1 i=1 j=1 i=1

after assignment, i.e.,_the leftover queue vector. The ksihg C2) Load Balancing (LB): W* produces the most balanced
Connected Queue policy [3] and Most Balanced policy [5] % eue configuration, i.e., for all = [w;;] € W(b, ),
some examples of the LB policies. Note that the LB policies

potentially sacrifice the current throughput (by givingopity b—1W* < qob—1W. (©)]
to long queues) for the future throughput. 11 1 1

To introduce the LB policy, we need the following definition Example 1:1f C' = {0 01 1 andb = [3,3,2,2], an
to compare queue vectors in term of their load distribution: 170 0 0

Definition 2: We sayx <(qo y (x is more balanced thay) MTLB allocation is W"™e = | = = " I, resulting in

iff ord(x) <iec ord(y) where vectorord(v) has the ordered y . |ofover queued — 1WMTE — [2,3,1,9]. In addition
elements ofv in descending order, and the relatish., on 1o | o o B '
RY is the|exicographic ordering 00 1 is another pOSSible MTLB allocation, reSUlting

) 0
Example i) (5,1,4,2) <iqo (0,3,5,4) because in the leftover queue$3,2,2,1]. For this (b,C), there are
ord(5,1,4,2) = (5,4,2,1) <jex (5,4,3,0) = ord(0,3,5,4).  four possible MTLB allocations. Hence the MTLB policy is
ii) (3,3) <Lqo (4,1), although(3,3) has more total number not uniquely defined. However, i = [4,3,3,2], then there

of packets thar{4,1). _ _
P 1) is only one MTLB aIIocanon[(l) 8 (1) 8 .

Load Balancing: An LB allocation W8 ¢ W(b,C) is a
non-idling allocation that produces the most balancedréutu ] )
(leftover) queue distribution if, for al € W(b, C), B. Existence of MTLB Policy
Due to the on-off connectivity, the following result shows
LB -+ + ’
b-1(W*o0)" <l b-1(Wo )" (@) that there always exists an MTLB allocation satisfying dend
tions (C1) and (C2) at every timeslot and for angb, C').

D. Example Theorem 1:For any given(b,C), an MTLB allocation
Here we show that the incompatibility of the MT and LBalways exists. _
policies exists even in a single server case. Proof: See AppendiXA. u

Example: Ifb = (6,2) andC' = (1,2), then the MT allo-
cation WMT = (0,1) achieves the throughput of 2 and leaveg. Construction of MTLB Policy
the remaining queue highly unbalancedbat WMT = (6,0).

The system with this unbalanced queue state is unlikely ég

benefit from any multiuser diversity in the next timeslot. Irbraph of queues and servers (FIg. 1) into the following

contrast, the load-balancing allocatitin‘® = (1, 0) sacrifices . - : .
the throughput with the balancedness of the remaining welljzequwalent Bipartite Graplwith proper weights on the edges.

at (5,2). In other words, here the two goals of throughputquivalent Bipartite Graph Construction
maximization and queue balancing cannot be achieved simul-l) Associated with each queug, construct m; =
1 J -

In this subsection, we specifically propose an algorithm to
nstruct an MTLB assignment. We first convert the original

taneously. min(b;, Y5 | ¢;;) nodes labeled as;1, ajo, ..., ajm, -
2) Let U1 = {all, Q12+« 5 Almys G215 - - - ,aNmN} be the
IV. SPECIAL CASE: ON-OFF CHANNEL set of all such nodes.

In this section, we consider a special case of the connsctivi 3) Let V¢ = {Uv:}f; be the set of servers.
process wherez;; only takes values 0 (OFF) or 1 (ON). 4) Let E°? = {(ajm,v;): c;; = 1} be the set of edges
Under this on-off connectivity, we show that 1) a policy that representing connectivities.



5 Ul each packet with the number of packets waiting behind it
(see Fig[R(b)). The maximum weight matching selects the
matching that serves the packets with the most number of
packets waiting behind them. This guarantees the maximum
throughput and the load-balancing properties at the same ti
Over-assignments are avoided since, in the equivalentthiga
graph, onlymin bj,ZiK:l cij ¢ packets from each nodgis
expanded. Again, note that since a graph can have multiple
maximum weight matchings, MTLB allocation is not unique.
The complexity of finding an MTLB allocation is equal to
the complexity of the existing maximum weight matching
algorithm applied to the equivalent bipartite graph whish i
O(K?(N +log K)) [19].

4 —3 B V. OPTIMALITY OF MTLB PoLIcY FOR TWO USERS

\ With the existence of the MTLB policy, we proceed to
C establish its optimality:

Theorem 2:Consider ProblemR) with on-off connectivity
and N = 2 users. The MTLB policy is optimal for all choices
Fig. 2. Example of MTLB construction (a) queue lengths an&nc g, T, andZ, as deﬂned, in Problent}. . .
connectivities; (b) The equivalent bipartite graph with the weights Remark 1:The optimality of the MTLB policy shown in
are shown at each subnode, e.g., the weights of the gdgesA) Theorenl® implies that the maximum instantaneous through-

and(a11, B) are five. The thick edges indicate the maximum weighsut criterion (condition €1)) is not sufficient to guarantee
matching; (c) The edges indicate the rgsulted MTLB assignment. delay optimality unless it is complemented by the load-
leftover queue length after the allocation(ix 3). . L .

balancing criterion (conditionG2)).

To show Theorerl2, we use a similar framework as in [6],
5) Letd o B v Ly, Plaje,*) = by — ¢+ 1 be the 7] 114], [16] as follows: we first define a class of functions
positive integer weight of all edges incident to nade  ~ \yhich contains, for instance, any cost functiaits) of the
in 9. form Z?’zl g(b;), whereg is strictly increasing and convex.
To arrive at an MTLB allocation, we run a MaXimumZY/Z’r;gznbzgavglﬂ(]:itstlftct)r-]goc?j;ggggtl?gle?i(\allggg\zam:,d;[/r;]eamic
Weight Matching (MWM) algorithm on the equivalent bi-

; - . programming equation) also belongs 0 The properties of
partite graph. In Proposition] 1, we show that the resultirfy LU .
assignment satisfies conditio(ts1) and (C2), hence, it is an # are then used to show the optimality of the MTLB policy.

MTLB allocation. Before we proceed with Propositibh 1, we _
provide the following definitions: A. Class of Cost Functions

Definition 4: [19] Consider a bipartite grapl/, V, E') with Here we give the definition of clasa-functions. This is the
two vertex setd/ andV, an edge sek C U xV, and a weight class of the cost functions for which the solution to Problem
function : E — R. A matching) is a subset off such (P) is proved to be the MTLB policy (Theoref 2). But first
that no two edges i/ share an endpoint. Theeight of a we define the following for convenience:
matching M is (M) = > ., % (e). A matching M is a Definition 6: R;;(b) := b — e; + e;, wheree,, is a row
maximum weight matchingWM) if its weight is no less vector of zeros except for the!” element which is one, is
than the weight of any other matching. equivalent to a transfer of a packet from queue queue;.

Definition 5: A server allocatiodV = [w;;] and a matching  Definition 7: A function f : Z} — R belongs to the set
M are said to besquivalentwhen 1) M is a matching on F if, for any i # j € {1,..., N}, f satisfies the following
the equivalent bipartite graph, and @), = 1 if and only if conditions:
there existsm such that(a;,,v;) is @ matching edge, i.e., (B.1) (monotonicity condition)
(ajm,vi) € M. f(b) < f(b+e);

Proposition 1: A maximum weight matching on the equiv-(B.2) (permutation invariance condition)
alent bipartite graph is MTLB, i.e., it satisfies conditiqixl) f(b) = f(=(b)) for any permutationr;
and C2). (B.3) (supermodularity condition)

Proof: See AppendiX’A. [ | f(b+e;)—f(b)< f(b+e +e;)— f(b+ej);

An example of the MTLB assignment based on the proposégl.4) (coordinate-wise convexity condition)
algorithm is shown in Fig2. It is intuitive to see that the 2f(b) < f(b+e;) + f(b—e;) for b > 0;
maximum weight matching on the equivalent bipartite grapiB.5) (convexity along a constant-sum line condition)
achieves an MTLB assignment. This is because the equiva2f(b) < f(R;;(b)) + f(R,;(b)); and
lent bipartite graph, in effect, expands the individualkms (B.6) (balancing advantage condition)
that can possibly be served into nodes and basically labelsf(R;;(b)) < f(b) if and only if b; > b; + 1.

(©



The terminologies in&.3)-(B.5) follow that used in [14]. arg minyewmb,c) va—1(b—1W). Now taking the expectation
Conditions B.3)-(B.5) are second-order relations related tof both sides we have:
convexity over lattice spacEsCondition B.6) establishes the .
optimality of the MTLB policy. It can be easily shown that: vn(b) = Eac[Vy(b+a,C)]

Fact 1: Any function of the form¢(b) = E;.V:lg(bj), = ¢(b) + Eac [ min Un_1(b+a— 1W)]
whereg is strictly increasing and convex, belongsfo T Wew(b+a,0)

= 3(b) + Fac [Wénviv%) vnr([b+a— 1W]+>] |

B. Dynamic Programming Formulation
Next we use a dynamic programming approach to relathere the last equality holds because, for any allocdtior

the cost function in[{4) to the expected cost-to¥gp(b,C) W(C), there existsiW’ € W(b,C) such thatb — 1W' =

at timet = T — n (i.e., at horizonn) under a Markovian [b — 1W]|*. Finally, vo(b) = Eac [V§ (b +a,0)] = ¢(b).

policy o. Let allocationW?(b,C) € W(b,C) denote the [ |

allocation at statdb, C') prescribed by policyr. Note that,

in general, the actio’? (b, C') depends on horizon and is ¢ proof of Theorerfi]2

assumed implicitly. It is clear that the following recunsio Using the above class of functions and the recursive

Vg (b, C) = ¢(b), structure of v, in Proposition[R, we are ready to prove
Theorem[2. Note that the lemmas used here are proved in
and forn > 1, Appendix(B.
V2 (b,C) = ¢(b)+ E, &[V,Z_1(b+a—1W7(b,C), C*)] Proof of Theorerfl2:\We first show the strict monotonicity
' (10) of v, for all horizonn, using the strict monotonicity of the
is related to the cost function ifl(4) as cost function. This is shown in the following lemma:
Lemmall v, (b) is strictly increasing orb for all n =
Jp = Ec[Vr (b, C)] D o, ....T

when Z, = b. This is due to the validity of the dynamic Next, we show that, for any horizon, the MTLB policy
programming theorem for a finite horizon Markov Decisiots Optimal at timen + 1 wheneverv, € 7. This is shown in

Process (MDP) [17]. Define the following lemma:
. _ . Lemma R For any horizom, if v,, € F, then the MTLB
Vi (b,C) == min V,7(b, C) (12)  policy is optimal at horizom + 1.

The above lemma immediately establishes Thediem 2 if we
can show that,, € F for all n = 0,...,7. To show that
v, € Fforalln=0,...,T, we use the following induction:
Induction basis From Proposition2,uo(b) = ¢(b) =
v, (b) := Eac [V (b +a,0)]. (13) .. Pa(a)p(b + a), where P,(a) is the probability of the
) » ) arrival vector isa. Using Facf¥ belowy, € F since¢ € F.
In the following Proposition we show the recursive struetur |,quction step Supposev,, € F. To show thatv,.+; € F,

to be the minimum cost-to-go over the g4t of all Markovian
policies at horizonn. Furthermore, we define thaverage
optimal cost-to-gdunction as

of v, i ) ) ) we recall from Propositiof]2 that
Proposition 2: Given a horizom, the average optimal cost-
to-go atn, v, (b), satisfies the following recursions: Uni1(b) = ¢(b) + Eac | min v, ([b+a—1W]")|.
~ n a, Wew(C) n
vo(b) = ¢(b) := Ea[d(a+ b)] (14) (16)

- ) N We find that it is more convenient to work with a relaxed
vn(b) = ¢(b) + Fac | min vn ([b+a—1w]7) version ofu,, which allows the queue vector to be negative.
_ L . That is, we work withd,, where ¢,(b) = wv,([b]") for
Pr_oof. From the recursion if(10), we have the followmq) € 7ZN. This relaxation technique (used in [6], [7], [14],
recursion for the optimal cost-to-ga; (b, C'): [16]) removes the need for the separate treatment of various
Vi (b, C) = ¢(b) boundary cases. To facilitAate this relaxation, we define an
* _ . i B ~ extended class of functions as follows: .
Va (b, C) = ¢(b) + Wew(b,C) EBoglVaoa(b+a—1W.C)) Definition 8: Considerf : ZY¥ — R. We denotef : Z¥ —
* x A R as an extension of on ZN such thatf(b) = f([b]*).
=¢b)+E_ & |V, (b —1W*(b,C),C p
o(b) + Fae [ n-i(b+a (b, ©), )] Furthermore, we define an extensignof F:
= ¢(b) + Up—1 (b — 1w (b7 C)) ’ (15)

F= {f 7N L R: f meets B.1) to (B.6)} 17)
where W*(b, C') denotes an optimal allocation at horizen . . . o _ .
when the state of the queue backlogs is equal to the véctor With this extension, it is clear that,., in (8) is the
and the connectivity profile i€. In other wordsJ)V*(b, C) € FeSt“C]ﬂOﬂ of 9,41 to the non-negative domains, where for
beZ",
2Due to the symmetric assumptions (i.e., conditi@2f) in our model,

conditions B.3)-(B.5) are special cases of the multimodularity condition in 17n+1(b) _ g)(b) + Ea,c min fm(b +a— 1W) ] (18)
[20]. Wew(C)



Now, we show that,,; € F via the following four steps: Proof: Theorem[2 proves that there exists a stationary
. MTLB policy which is optimal for Problem (P) for any finite

Assumingu, € horizonT'. Hence, our MTLB policy achieves the minimiza-

Step 1 o €F (Fact2) tion of the average expected cas}. /T for any finite horizon

T. Since the policy is independent of the horiz@h it is

Step 2 . ~ P . . . .
==*5 ac | min Op(b+a—1W)| satisfies B.3) to optimal with respect to an average expected cost critedon f
W) the infinite horizon version of the problem. [ ]
(B.6) (Lemmad¥ andl5)
Step 3 . S
Sers Upy1 € F (Lemmadl[B and Facfs [2, 3) VI. OPTIMALITY OF MTLB PoLICY UNDER FLUID
Step 4 Vnir € F (Fact®) RELAXATION

. o In the previous section, we established the optimality ef th
where the facts and the lemmas in the parentheses indioate \gt| B policy for a very restricted case df = 2. As we will

to establish the above steps. Fc_)r completeness, the staemgye later, the major difficulty in extending the proof to gehe
of these facts and lemmas are listed below after the prodf. A s due to theintegral server allocation constraint. In this
steps except Step 3 are immediate from the listed facts afictiion, we study a relaxed system where we allow each server
lemmas. In Step 3, we first show that, satisfies B.3) 10 5 serve a fractionalfijiid) number of packets from multiple
(B.6) (note thaty € 7 and FacLR imply thap(-) € F). Then, queues as long as the total number of packets served per serve
using Lemmag]l and 3 and Fadt®,,, satisfies B.1) and is no greater than one. In other words, we consider a real
(B.2) as well. Hencef,,+1 € F. Note that LemmaEl4 arid 5, gllocation W = [wi;] € REXN with w;; € [0,1]. We call
which establish Step 2, also use the fact (Lenfiha 2) that tigs relaxed constraint thiéuid server allocation relaxatioor
optimal allocationi" at horizonn + 1 is MTLB if 4, € 78 fluid relaxation Under this fluid relaxation, we can show the
B optimality of the MTLB policy for generalV and the on-off

Here we list the facts and the (remaining) lemmas used dhannel model. Before we proceed, we provide a modification
the above proof. All the facts are taken from [6], [7] and cagf v (b, C) to include fluid allocations and a definition of the
be easily verified. The lemmas are proved in Appefdix B. fluid version of the MTLB policy:

Fact 2: If f € F, then the functionf : Z" — R defined  Definition 9: A class offluid non-idling feasible allocations
as f(b) = f([b]") is in F. X W/ (b,C) is equivalent toWW(b,C) with the fluid server
_Fact 3: If fi, fo,... are functions that belong t&", then gallocation condition, i.e.JV = [w;;] € W/ (b, ) if
h(b) = >, pifi(b) also belongs taF, wherep; are non- @) 0<w; <1
negative constants. (b) c___: Oj:;w-- -0

Fact 4: If fi, f,... are functions that belong t&, then In v _

(C) Z.:lwij <1, Vi=1,...,K; and

h(b) = >, pifi(b) also belongs taF, wherep; are non- Ve .
negative constants. (d) Xz wij <bj, Vj=1,...,N.

Fact 5: If f € F, then the restriction of to non-negative  Definition 10: The MTLB-F policy is a fluid version of

domain is inF. the MTLB policy defined in Sectioh IV-A, i.e., the MTLB-
LemmaB v, (b) is permutation invariant ob for all n = F policy choosesV* € W/(b,C) such that C1) and €C2)
0, T are satisfied.

Lerznmﬂ_ AssumingN = 2 and?,, € F. For any statéb, Example 2:1t is clear that the MTLB-F policy is not
Eac [minweywe) in(b +a—1W)] satisfies B.3), (B.4), uniquely defined although the leftover queue vector is.

and @.5). R For example, for theC' = (1) (1) } 1 in Example[1,
Lemm AssumingN = 2 andv,, € F. For any statéb . .
€5 g ! y if b = [3,3,3.3,3.1] then all allocations of the form

suc_h .thatbl >by+1, Bac [minyw ew(c) On(b +a— 1W)] 04 04 2T
satisfies conditionR.6). 0 1
Remark 2:All the above lemmas and facts, except LemMy o i1 B_F allocations, resulting in the unique leftover
mas4 andl5, hold for general. Lemmad# anfl]5 are provedqueues[2.6 2.6,2.6,2.6]
for N = 2. We detail the difficulty in extending these lemma PSS
to generalN after Theoreni]3 in Sectidn VI and also after th
proof of Lemmdb in Remarkl4 in AppendiX B.
Remark 3:Theoreni2, in addition, can be extended to th§||
optimality of the MTLB policy in an expected average cost

sense for an infinite horizon problem Proof: See Appendik L. »
Corollary 1: Consider an infinite horizon version of Prob- The key element i the proof of Theoréih 3 is the convexity

i e of the cost-to-go functiorv,, in the fluid relaxation, for all
lem (P), where the cost is modified to be the average expected g "

: S . n=0,...,7T. This convexity property directly establishes the
icnc;;;;eltsge;g; hOI’ItZ)OI’l. Then the MTLB policy is optimal for an%ptimality of the MTLB-F policy. However, under the integra
0 = D.

server allocation constraint, it is hard to establish a lsimi

3Although Lem[naDZ assumas, € F, it is easy to show that the lemma Cpr_]veXitY_ prOpertY Oyer lattices. In fact, one Ca.n ir_1te’r_p)m
works with o, € F as well. difficulty in establishing Lemm&l4 ard 5 as an indication that

, Wherez € [0,0.2] andy = 0.7 —z,

S Assume that the cost functiop(b) is convex onb € RY,
%ve have the following result:

Theorem[B For the problem B) with the fluid server
ocation relaxation, the MTLB-F policy is optimal.



the propertiesB3) - (B6) of the setF provide a sufficient A. Alternating, Balancing, and Throughput-Increasing Hzat

set_ of prop_erties for convex _fL_mctions over two dimen_sional For convenience and simplicity of the proofs, we adopt the
Ia_ttlces, yvhlle Fhey fail 'Fo sufficiently capture the conitgxn language of graph literature. L&t = (V, U, C) be a bipartite
higher dimensional lattices. graph withU the set of queued; the set of servers, and edge
VIl. CONCLUSION AND FUTURE RESEARCH setC C V x U representing the s<_at of connectivities between
_ ] __queues and servers. Each allocation métrix= [w; ;] can be
In this paper, we have considered the problem of Opt'mﬁ‘lought of an edge set where an edgeu) € W if w,.,, = 1.
server allocation in a time-slotted system with symmetric once. an edge séV is a (feasible) allocation (i.é.W c
queues andi’ servers when the arrivals and channels asg))) if each vertexs € V is incident with exactly one edge
stochastic and time-varying. Focusing on a long-term @eera C. FurthermoreW is non-idling (i.e., W € W(b,C) C
delay objective, we identified the MTLB policy that achieve%(c)) it W is feasible andZK w. < b for eachu e U
: . i= w = Yu .
the instantaneous maximum throughput as well as balance%efinition 11: A vertex in V that is incident to any edge

the que_uc_as. Such a policy always exists when the Channﬂhe allocation is callednatched andunmatchedtherwise.
connectivity follows an on/off model. In such a case, we queue or vertex in U with b, — ZK w > 0 is called
u i=1 Yiu

proved that the MTLB policy achieves the minimum avera%on—emptyandemptyotherwise.

delay (mean response time) at any time when there are On%efinition 12: Consider a given allocatiol” € W(b, C)

N = 2 users. Although the general case remains open, W& r and a sequence of distinct vertices - ’

showed that the MTLB-F policy, which is the fluid version

of the MTLB policy, is optimal for the generaV’ case under T = ug, vy, U1, V2, ..., Uk, Uk

the fluid server allocation relaxation. With these resulis,

propose the following conjecture: from a queueyy € U to a queueu;, € U, through matched
Conjecture 1:In the case ofV > 2 statistically symmetric Servers, withv; € V, u; € U, (vi,u;i—1) € C\W, and

users with the on/off channel connectivity and the integrébi-u:) € W for eachi = 1,... k. An alternating path

server allocation constraint, the MTLB policy is optimal. ~ S(W,T) with respect tolW is a sequence of edges with
The conjecture is rather intuitive due to the symmetry of théertices inT’, i.e.,

users and the symmetry and convexity of the cost function

In addition, the )cgptimali)':y of the MTLé policy for general (W.T) = {{v1,w0), (v1,00), (v2, 1), - (g, we)} (19)

N in some special cases have been previously shown. @ brevity, we omit the nodes;, u;, v, ..., v; in our nota-

the case of single server and Bernoulli arrivals, Tassiatas tion and writeS(W, T) as S(W, ug, uy,) to emphasize the end

Ephremides [3] proved the optimality of the LCQ policynodes.

which coincides with the MTLB policy forX” = 1. For the  Definition 13: An alternating pathS(W, ug, u;) is called

case of multiple servers and Bernoulli arrivals but withteec 3 palancing pathif it satisfies bug — Z@Kﬂ Wiy > buy, —

connectivity (i.e., each user is either connected to allegsror ZiK—l Wiy + 2.

none) and the one-server-per-queue constraint, the LGQYpol "For convenience, we treat paths as a sequence of vertices.

(a more generalized multi-queue version of the LCQ polig¥or example, we write

in [3]) is optimal [4]. This LCQ policy serves the longest

connected queues — this is equivalent to the MTLB policy S(W,ug, ug) = (ug, 01, U1, V2, - - ., Vg, Ug)

with the one-server-per-queue constraint. It is intengstio . .
note the complimentary roles of the stochastic coupling aﬁ?fhows(w’ Uo, Up;) S a sequence of verupes alternatively
majorization techniques used in [3] and [4] and the dynamﬁ‘?,1 en.fr_o.mU and V' starting frqmuo a_nd ending a,m’“'
Definition 14: A throughput-increasing pathelative tolV,

programming technique we employed in this paper.
We would like to point out that although the on-off con{fOm an unmaiched server, € V' to a non-empty queue

nectivity model may seem restricted for practical wirelegs- @+ € U, IS @ sequence of distinct vertices (or equivalently,
tems, the optimality of the MTLB policy in such on-off model® S€duence of edges)

can lead to useful insight for the general connectivityisgit

In fact, in [21], we have obtained excellent performance for
the general connectivity using some MTLB-based heuristigith v; € V, u; € U, (v;—1,u;) € C\W, and (v;,u;) € W

I(W,vg, ug) := (vo, U1, V1, U,y -+, UVk—1, Ug)

policies. for eachi.
Definition 15: For the alternating patty = S(W, ug, uy)
APPENDIXA given in [19), W<(S) is the alternating allocationof the
EXISTENCE PROOF OFMTLB: PROOF OFTHEOREMII allocation W along an alternating patl$ if server v, is
In this section, we prove Theoreld 1 and Proposifidn reassigned to serve queug q, VI = 1,..., k. If, in addition

using the notions of alternating, balancing, and throughpw is a balancing path, thed *(S) is specifically called the
increasing paths, which are the concepts taken from grapalancing allocation and denoted byV*(S). In a similar
literature [22]. We note that some of the results here artulisefashion, W?*(I) is called thethroughput-increasingllocation
in the next appendices. Note that the discussions in thifosec if I is a throughput-increasing path afid!(7) assigns server
(both the existence proof as well as the construction of the to serve queuey,, VI = 0,...,k — 1. Equivalently,
MTLB allocation) are valid for generaV. we can writtWe(S) = W & S, Wb(S) = W & S, and



u, Q\\ U, allocation is trivial. This is because th& qo is an order and
S~ ~ the setVB (b, C) is non-empty and finite. Hence, there exists

= ! v ! a minimal element inV'8 (b, ). ]
u, - u, Z
N T~ \
\ \\\ \ ‘\ . . . .
\ Vs N~ Va C. Necessary and Sufficient Condition for MTLB Policy
u < u Pl ¢ . " . -
2 AN 2 AN The following Proposition gives a necessary and sufficient
V, V3 condition for the MTLB policy. This result will be useful in
the proof of the optimality of the MTLB policy in the next
(@) (b) Appendix.
Fig. 3. Example of an alternating path and the alternating al- Proposition 4: Any allocation s§t|§fylng the maXImur.n_
location from queueuo to queueu, (a) Alternating paths = throughput condition ¢1) also satisfies the load-balancing
(uo,v1,u1, v2,u2). The dotted and solid lines show the connectivitiesondition C2) if and only if it has no balancing path.
while the solid Iings show the allocatidiv. (b) The solid lines now Proof: Without loss of generality, considéb, C') such
show the alternating allocatio’*(5) = W & S. thatWW (b, C) # 0. Theonly if part is obvious, i.e., if there is a

balancing patt relative to an allocatio® € W(b, C'), then
WHI) =W @ I, whereA® B := (A\B) U (B\A) for any b —1W?(S) < g0 b—1W butb —1W Z g0 b — 1W?’(S),
setsA, B. i.e., W does not satisfy@2).

An example of some alternating path and alternating what remains is thef part: if a maximum-throughput
allocation is shown in Fidl3. It is easy to see thajllocation does not satisfyCQ), then it has at least one
We(S(W, ug,ur)) € W(b,C) if ug is non-empty undeiV.  palancing path. LetV € W(b, C') be a maximum-throughput
Obviously, W*(S) € W(b, C). Note that the alternating allo- allocation (satisfying €1)) but is not the most balanced (not
cations (whenu is non-empty) and the balancing allocationsatisfying 2)). We show that a balancing path relative to
leave the cardinality of the allocation (i.e., throughput)- 17 must exist. Since at least one MTLB allocation exists
changed, while throughput-increasing allocations ingeeiie (by Theorem[1l), we letiv* € W(b,C) be an MTLB
current throughput by one. In addition, wheg is non-empty allocation. If more than one MTLB allocations exist, we
under W, the allocationsW and W¢(S = S(W,ug,ux)) pick W* such that the number of edges in the symmetric
result in the leftover queues that are identical exceptfeugs difference W* @ W = (W*\W) U (W\W*) is minimized
up anduy. In other words, if we denote the leftover queuegmong all MTLB allocations. That isiV* is the “closest”
underW andW¢(S) asl=b —1W andl* =b —1W*(S), MTLB allocation to W, i.e., among all MTLB allocations,
respectively, therd;, = l,, — 1, [, =1, +1, andlj =l,, W* requires the minimum number of servers to be reassigned
for all uw € U\{uo, ux}- to get tol. Now, letG, be the subgraph of the bipartite graph

Notice that the above notion of throughput-increasing path — (V,U,C) induced by the edges d¥* @ . Color the
is conceptually related to the notion of the alternatinghpakdges o7\ W green and the edges Bf\IW* red. Direct the
in the graph matching literature [23]. Likewise, our notioih green edges frory to U and the red edges frofii to V (see
balancing path is related to the notion of the cost-redupaty) an example in FigurEl4). Let the leftover queue vectors under
in [22] where cost is the “unbalancedness” of the queues. 1 andW* bel = b — 1W and1l* = b — 1W*, respectively.

We claim that for every directed pafhin G, fromu; € U
B. Proof of Existence of MTLB Policy to uy € U, we have

The following Proposition is used to find the necessary and Ly <y (20)
sufficient condition for policies to satisfyC) and show the 1, gae this. letP —

existence of the MTLB policy (Theorefd 1). By the choice of the directions for the edgeB, must be
Proposition 3: An _ allocation achieves the = mMaximumjjiemating between red and green edges; li< 1%, — 1 then
throughput C1) if and only if it has no throughput-increasing p ig o balancing path fdiv*, andb—1W?(P) <_oo b—1W*

paths. but b — 1W* b — 1W?°(P), contradicting to the
Proof: Obviously, if there is a throughput-increasing pat'&ssumption thaﬁ*antisfy C2). (Sin)wlilarly if 1* :gl* 1

. . . u w1
for a given allocationlV’, then W does not achieve the max-inapn py alternating the assignment of thevertices along

imum throughput. To show that not having any throughpu};, we can get another MTLB allocatioi** such that the
increasing paths is a sufficient condition for achieving thr‘?umber of edges ifV** @ W is strictly less than that in
maximum throughput, the proof follows the standard grapﬁ/* & W, in contradiction to the choice df*. Hence, we
technique used in [23] which turns the problem into a MaXs st have that®, > I* . Using a similar argument, we can

imum network flow problem. Since the proof is long and,s, show thats, is acyclic (this fact can also be observed
standard, we refer interested readers to [23] for a detallﬁgm Figure[4(d)).

proof.
Theorem[L:For any given(b,C), an MTLB allocation
always exists.
Proof: From Propositiofi]3 and3?2), it follows that every
LB allocation satisfies@1). Hence the existence of an MTLB luy <1, (21)

(u1,...,us) be a directed path id,.

Since bothiW* and W achieve the maximum throughput,
we have thap ¥ | 1, = SV | i*. But sincelV does not satisfy
the LB condition C2), there must existi; € U such that
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Proof of Proposition[Il: Since all weights are strictly
positive, the MWM matching on the equivalent bipartite

O_O Q graph necessarily matches all possible servers and heace th

equivalent allocation (defined in Definitidd 5) achieves the

/__ maximum-throughput conditionC1). We prove the load-
N\ 7 balancing condition@2) by contradiction. Suppose the max-
PRl imum weight matching)/ results in the allocatioriV that

achieves the maximum throughput but does not produce the
most balanced queues. From Propositidn 4, we know that

@¢ (o) W © wr there must exist a balancing pasfi}v, j, i) from some queue
j to queuei such thatb; — w; > b; — w; + 2, where
Wy = 25:1 wp,s fOr s =4, j. Let us denote the balancing
allocation of W along S(W,j,i) as W°. Let M® be the
equivalent matching td¥®. According to M, node a;,, is
matched and;.,, 1) is not, while the reverse is true fou®.
In other wordsgh(M®) —p(M) = bj —w; — (b —w; +1) > 1.
But this is a contradiction to the assumption thdt is the
@ G maximum weight matching on the equivalent bipartite graph.
d ]
Fig. 4. An illustration for the proof of Propositidd 4
APPENDIX B
Obviously, there is a red edge directed out.@f Starting from SUPPORTINGLEMMAS FOR THEOREM[Z|

uy We build an a!ternating red-greep pdﬂ’.“” Ga as fOHOWiS: In this appendix we establish the proofs for lemrhs 1 to
(1) Ijjrongl anda_lrblttra(;y veiri;xc edUl (|chlud|nglu1), 'fghi;epl,s stated in Section VAC. The first lemma establishes thet stric
a red edge directed ou andly =< lu, + 1, We bul monotonicity ofv,, for all n = 0,...,7. Hence,v,, satisfies

by arbitrarily selecting one of the red edges directed out.of (B.1) for all n as well

(2) From an arbitraryy € V, we build P’ by following the i_emma 110, (b) is.strictly increasing orb for all n =
single green edge directed outwfSuch a green edge always0 y

. ; .., T, e, b >b=v,(b) > uv,(b).
existl (3) Otherwise, stop. Proof: Sincew,, is related toV* by (I3), it suffices to
Using the fact thatG, is acyclic, P’ is well-defined and ) Un n 0¥ '

finite. Letuy € U be the final vertex on the path. There arShOW the strict monotonicity df,; (b, C') for any C'. We show

two possible cases: this by induction.
. . R o o N N .

Case 1i,, > l,, + 1. In this case, we reverse the order of Indugtlon BasisVy (b, C) . ¢(b) =3 9(b;) is strictly

o : . . increasing by the assumption of
nodes inP’ to arrive at a balancing path relative ¥@. . i B} , .

i . . . Induction Step: Assum&,_, (b, C) > V*_, (b, C) for any
Case 2: There is no red edge directed out£fThis means .,

. : b’ > b, then
thatus is served at least one more packet undét, relative
to . Hence,,, > I}, . This together with[{20) and(21) give Vb, C)

* > * H > H -
luy > 15, 2 13, > lu,, which meand,,, > [,, + 2. Reversing é(b) +  min Ea,dVifl(b' AW 4 a,0)]

the order of nodes i’ gives a balancing path relative 1&. W/ eW(b/,C)
Since th_ere exists a balap_cmg path in both cases, we hav% o(b) + min B, &V, (b—1W(W') +a, é)]
the assertion of the proposition. [ ] wWrew(,c) =

The above Proposition states that all MTLB allocations are> ¢(b') + min _E, g[V,;"_;(b— 1W +a,C)]
such that they have no balancing path. The results in thef proo Wew(p,c) = ~
that G is acyclic and has finite edges immediately implies the > ¢(b) + min E_ [V, (b —1W +a,C)]
following result: . rew )

Corollary 2: The minimum number of balancing alloca- — Vi (b, C),

tions required to turn any maximum throughput allocatiofhere for each allocatioiV’! < W(b',C), we define

satisfying C1) to an MTLB allocation is finite. W(W') € W(b,C) as the allocation that assigns to each
gueue; the same number of servers (the same serverB)‘as
D. Proof of PropositioriiL does unless the queue is empty, in which case it assigns only

_ _ _ b;. In other words1W (W') = b — [b — 1W’|*. In light of
_The equivalence of the MWM matching on the ?qu“’a"a,rmis, the first inequality holds by the induction hypothesisi
bipartite graph and the MTLB allocation (Propositibh 1 'rhoticing thatb — 1TW(W') = [b — 1W']* < [b/ — 1IW']* =
Sectior(IV-C) can be proved as follows: b’ — 1W’, where the[]" is removed because we know that
/ > / / / H H
40Otherwise, combining the red edge coming intavith W* would have bt 1w fron/1 W’ e W(b ’C)' The. segond m.eqqa“ty holds
yielded a non-idling feasible allocation with additionaleopacket throughput, becaUSdV(W ) € W(b, C). The third inequality is a result
a contradiction to €1). of the strict monotonicity ofp. |
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The following LemmaR shows that the MTLB policy isand the induction hypotheses, we have
optimal at horizom + 1 if we know thatv,, € F.

Lemma 2:If v, € F, then the MTLB policy is optimal at Vi (m(b), I (C))

horizonn + 1. = We%i(r‘:) o E, &[Vii_i(x(b) — 1T (W) + (a), I, (C))]
Proof: We need to show thatv,(b — 1W*) = + é(b) ’

miny ey (b,c) vn(b — 1W) when W* = [w;"J] W(b, () _

is an MTLB allocation. T E, &lVi_i(b—1W+a,C)] + ¢(b)

We first show thatWW* must satisfy the maximum- _ = V*(b,0).
throughput condition ©1). Assume W* does not satisfy
(C1) ie., >, jwi; < L, whereL is the maximum achiev- ]
able throughput By Propositidd 3, there exists at least OHENext we establish Lemma&s 4 and 5. Specifically, given that
throughput-increasing path. The throughput-increasing al-3, ¢ F, we show thatF, ¢ [minw ey () On(b — 1W + a)]
location W*(I) results in one more throughput and smallegatisfies B.3) to (B.5) in Lemmal? and satisfiesB(6) in
leftover queues, i.eb — 1W*(I) < b — 1W*. Hence, by Lemmal%. Without loss of generality, we considet 1 and
Lemmall,v,, (b — 1W*(I)) < v,(b — 1W*), a contradiction j = 2 in (B.3) to (B.6). Note that from now on we are working
with the optimality of W*. with the relaxed problem where overallocation is alloweel, i

Next, we show thati?* must also satisfy §2). Assume we are considering allocations W(C'), instead ofV(b, C).
W+ satisfies(C1) but not (C2). Hence, by Propositiof] 4, Before we proceed, for notational convenience, we write
there must exist a balancing path= S(W*,i, k) for some aC o
gueues, k. Let W’ be the corresponding balancing allocation. 7,77 (b) := Wénv{}%c) on(b—1W +a), (22)
Let I* = b—1W* andl! = b — 1WW'. Since S is a
balancing path andV’ is the balancing allocation, we knowand define the set of optimal allocations as follows:
that ¥ > I¥ + 2 andl’ = R;(1*). Using this fact and the Definition 16: Define X (b, C') to be the set of all optimal
assumption that,, € F (hence,v,, satisfies B.6)), we have (not necessarily non-idling) allocations when the statéhef
(') = v, (R (1%)) < v, (1*). Hence,W’ is also optimal. system is(b,C). In other words, at horizon + 1,

Since any maximum-throughput allocations can be made to .

some MTLB allocation via some finite sequence of balancmg (b, C) =W e W(C):

allocations (Corollary12), we have that any MTLB allocation Up([b—1W*]T) = min_v,([b—1W]")} (23)
is also optimal. ] Wew(e)

The rest of the appendix provides Lemrhas Blto 5, necessaryVe are now ready to show the foIIow[ng important lemma:
to establish that,, ., € F if v, € F, as discussed in the proof Lemma 4:AssumingN = 2 and,, € F. For any stateb,
of Theoren[R. The next lemma shows that satisfies B.2) Ea,.c [7,¢(b)] satisfies B.3), (B.4), and B.5).
foralln=0,...,T. Proof: By using FactB, it suffices to show th#f“ (b)

Lemma 3:v,(b), n = 0,...,T, is permutation invariant satisfies conditionsB(.3) to (B.5) for any realization(a, C)
onb, i.e., v, (7 (b)) = v,(b) for any permutation functionr. ©f the arrival and conngctivit.y processes. Frding to (B.5)

Proof: From [I3) and AssumptiofAll), it suffices to and the definition of7;>“ (b) in 22), it is equivalent to show

show the permutation invariance propertylof(b, C') for any the non-negativity of the following quantities, respeetj

(b, ©). [i] min 9,(b'+e1+ex—1W)+ min 9,(b'—1W)
Induction Basis¥; (b, C) = ¢(b) = Ej Lg(bj) isclearly — Wew(©) Wew(C)
permutation invariant. — min_ 9,(b'+e;—1W)— min 9,(b +ey—1W),
_ Wew(C) Wew(C)
Induction  Step: Assume V,_,(w(b),IL;(C)) = (24)

V. 1 (b,C), then

[ii] min  9,(b'+e; —1W)—2 min o,(b" —1W)

V., (m(b), 11 (C)) Wew(o) Wew(Q)

_ ; _* _ ~ + min 9,(b' —e; — 1W), 25
wewwrrr(lg)l,m(c))Ea’C[V”’l(W(b) 1W+a, ) Wew(C) ( ' ) (23)
+ ¢(m(b)) and

— i E_alV* b)—1W I,.(C
wewCiy oy PaclVa(w(b) F@AON i min o0 (Ria() — 1W) =2 min on(b! — 1W)
+ ¢(b) Wew(C) wWew(C)

) 1 M N 1 2
+ wiin On(R21(b") — 1W), (26)

where the last equality is a direct result of Assumptioh) where we letb’ := a+ b for convenience. The non-negativity

and (A2). Now, using the fact that of (Z4) to [2B) is shown by using the assumption thatc F
(hencep,, satisfies conditionsB.1) to (B.6)) and the fact that
W eW(b,C) & I (W) € W(n(b),I1:(C)) the MTLB policy is optimal at horizom + 1 (Lemmal2).
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Since the MTLB policy is optimal at horizon+ 1, we first isin X*(b’—e;, C) and we have (W*)*(S) = Ri2(1W*) =
make the following important observatin: 1W* — e; + es. In other words,

Observation 1:For N = 2 users, there exists an MTLB _ . o,
allocationW* € X*(b’,C') at horizonn + 1 such thati* e On(d +e1) = 20n(d) + Wew(C) Un (b’ — e —1W)
X*D,C)NX* (b +e,,C)NX* (b + e +ey,C).

~ ~ ~ / *\b
This is because 1) adding one packet to each queue does not Qj"(d +en) - 2?"((1) + i}”(b —e1 = HWT)(S))
create any balancing paths, i.&* € X*(b’ 4 e; + e, C); = On(d+e1) = 20n(d) 4 0n(d — €2)
and 2) W* can always be chosen such that it gives priority = 9,,(d + e1) — 0,(d) — 9y, (712(d)) + 0, (d — €2)
to serving queud, hence, adding one packet to queudoes Op(d +e1) — tp(d) — Bp(d + €1 — €3) + 0 (d — €3)
not create any balancing paths, i.B,* € X*(b’ + e, C). > 0

Now, with this choice ofW* € X*(b’,C) N X* (b’ +
e1,C)NA*(b' e +ey, C) andd := b’ —1W*, we rewrite where the second equality holds becaubé — e; —
some terms in[{(24) td(26): 1(W*)?(S) = d — ey, the third equality holds becauss,

min o, (b’ — 1IW + ey +es) = 0,(d + e, +es), (27) satisfies B.2), the fourth equality follows fromi, = d; + 1,

Wew(o) and the last inequality becausg satisfies B.3).
. ~ / oA
wiin ) in(b" = 1W) = in(d), @8) (i) 72C (b) satisfies B.5).
min o, (b' + e1 — 1W) = o (d + e1). (29) This is equivalent to showing
Wew(C)
o min 9, (Ry2(b") — 1W) — 29,,(d)
Now, we are ready to show th&®>“(b) satisfies B.3) to Wew(C)
(B.5), respectively. + min_ 0p(Ra1(b") —1W) >0 (30)
Wew(C)

() 7.3 (b) satisfies B.3). To show this, we consider the following three cases.
min_ o, (b +ey+es—1W) + min O, (b —1W) Case 1: fIW* € X*(Ryy(b),C) N X*(Ria(b'),C), then
Wew(o) Wew(o) we are done since, satisfies B.5).
- WénViVIEC) in(b'+e1—1W) — Wénvi\}%o) in(b'+e2—1W) Case 2: IfW* ¢ X*(Ry(b),C), then there exists a
. N . balancing pathS(W*,1,2). Since W* € X*(b’ + e;1,C)
=Un(d+e1+e)+in(d) —in(d+e) (i.e., W* was chosen to give priority to serving quel}
- Wlenvivréc) ¥ (b’ +e2—1W) we must havel; = 622. Hence,(W*)"(S) € X*(Rz1(b'), C).
> i (d + €1 + €2) + Dn(d) = D (d + €1) = D (d + €2) ;‘gtﬁﬁfg“g;‘g&gcgﬂeg B (1W7). Thus, for this case,

>0,
where the equality is due t6 (R1)-(29), the first inequalgty i Wew(0)
due to the observation th&lt* € X*(b’, C') C W(C) (but not + min 9, (Ro(b") —1W)
necessarily int* (b’ + e,, C)), and the last inequality holds Wew(c)
becausei, € F and hence satisfying conditioi (). = ngvivréc) On (Ri2(b) = 1W) — 20, (d) + 95, (d)
(i) 7,2 (b) satisfies B.4). = min 9,(Riz2(b") — 1W) — 0,,(d) (31)

Using [28) and[{29), this is equivalent to showing Wew(©)

. . . P Next we consider the two following subcases:

On(d +e1) = 20n(d) + Wew(c) On(b" =€ —1W) =0 Case 2.1: IfiV* € X*(Ry2(b'),C), then [B) is equal to
(R12(d)) — 0,(d) > 0, becausel; = d, and o, € F.

Case 2.2: fW* & X*(Ri2(b'),C), then there ex-
ists a balancing pathS(W*,2,1). Hence, (W*)"(S) ¢
X*(Ry2(b'), C), ensuring thatl(W*)?(S) = Rip(1W*).

To show this, we consider the following two cases, dependiﬁg
on whetherW* € x*(b’ — e, C) or not.
Case 1: IfW* € X*(b' —e;,C), then

Op(d+er) —20,(d)+ min  9,(b' —e; —1W) Thus, [31) is equal to zero.
A o e Case 3: If W* € X*(Rn(b),C) but W* ¢
= on(d +e1) = 20,(d) + On(d —€1) 20, X*(Ry2(b’), C), then, by the permutation invariance property
sinced, satisfies B.4). of 9,,, this reduces to Case 2.1 above. [ ]

Case 2W* ¢ X*(b'—ey, C). Thus, there exists a balancing Lemma 5:Assuming N = 2 and o, € F. For any state
path S(W*,2,1) from queue 2 to queue 1 anl = d, + 1. b such thath; > by + 1, Ea c[Z,2(b)] satisfies condition
Note that since there are only two queues, this balanciry p48-6)-
is simply a balancing patfi2,v,1) for some servew € V, Proof: To show that Eac[Z»(b)] meets condi-
which is connected to both queues but is being assignedti@n (B.6) is equivalent to show the non-negativity of

queue 1 undef*. Hence, the balancing allocatighi/*)*(S) ]{_fac [72¢(b) — T2 (R12(b))]. For convenience, let us de-
ine

5As we will discuss later, this observation which is esséimigroving the o c c
lemma does not hold in the case of genekel> 3). Z2%(b) :=T72%(b) — 7.2~ (Ri2(b)). (32)
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Using the permutation invariance property of the arrivadl arin the fluid relaxation (Lemmds| 1 afd 3) still hold for all
connectivity processes (Assumptiond] and AP), we can Next we show the convexity aof,, for all n.
rewrite B, o[22 (b)] as Lemma 6:v,(b) is convex onb for all n =0,1,...,T.
1 Proof: It suffices to show the convexity df (b, C') for
Eac [22€9(b)] = - Eac [za’c(b) + zm2@ M@ (b) | every C. We show this by inductionV; (b, C) = ¢(b) is
2 .
) _ convex onb. AssumeV*_, (b, C') convex onb. Fori =1, 2,
Thus, it suffices to show that, for arig, C') andby > b2+ 1, |et W € W/ (bi,C) be an optimal allocation at time for

Za7C(b) + Zﬂ'12(a),l_[7r12 (C)(b) 2 0. (bl7C), i.e.,
We show this by noticing that Vb, C) = ¢(b)+E, & [Vi_1(bi +a—1W'C)|. (34)
73 (b) + Zm2@)1n; (O) (1) Then, for anys € [0,1], let W2 = W' 4+ (1 — B)W?

andb® = gb! + (1 — 3)b%. We can easily see that’® ¢
WY (bP,C) since it satisfies the conditions (&) to (d) in
Definition[3. Then, we have

= Z*%(b) + Z*%(m12(b))

= Z*%(b) + T2 (m12(b)) — T2 (m12(Ri12(b)))

_ z]-na,C bO o ZLa,C bl _,_zTna,C bM o %a,C b]\lfl
(b”) (b") (b™) ( ()33) Vv b8.0)

_ B8 : ¢
where M := b, — by (> 1) andb™ := b — me; + me;, for = o(b”) + werntins ) E, e {V (b7 +a—1W, C)}
=0,..., M. The first equality follow from the permutation . s 5 A
invariance property, while the second and third equalities < ¢(b”) + E, ¢ [Vn—l(b +a—1W 70)}

follow from (@2). Note thatmia(b) = boe; + bjes = b — 8 x 1 1A
(b1 — ba)er + (by — ba)eg = bM, ma(Ria(b)) = bM, = o+ Bao {BV 1(b a1 70)}
bt = ng(bm), andb™~ ! = Rgl(bm) +E & |:(1 _ ﬁ)v; 1(b2+a_1W27C~1)}
Now notice that ifM = 1, then the RHS of[(33) is zero. If ~
M > 2, we have < B (¢>( Y+ E, ¢ [ (blra— 1w, C)D
T2C(B") = T (b1) = T2 (b 1) + T2 (b™) +(1=8) (667 + By o Vi (b*+a—102,0) )
_ 1331 {Z?C(bm_l) o 27—na,C(bm) + «Tna}C(bm-l-l)} - ﬂV*(bl C) (1 ﬁ)v': (b2’ O)a
m=1 where the second inequality follows from the induction hy-
M-1 p p o pothesis, the last inequality from the convexity of the cost
= > AT (R (b™)) = 272 (™) + T (R12(™)}  function #, and the last equality froni (B4). n
m=1 The notions of alternating, balancing, and throughput-
>0, increasing paths and allocations can be generalized asvill
; ; 2 Definition 17: For ¢ > 0, ane-alternating pathfrom queue
\Lvehrirr?]alt]hl%;'l‘r’]g?;Jeg:zsf?gsld(fo:;;iﬂ?a.e ¥ and, fro;n up € U 10 queueuy, < U Wi.th respect tolW € W/ (b,C) is
Remark 4:The proofs for Lemmakl4 arid 5 are valid only"l sequence of distinct vertices
for N = 2. The main difficulty in the extension to the S(W,ug, ug, €) = (Ug, V1, Ut, V2, . .., Uk, Up ),
general case ofV > 2 is with Lemma[#, Observatiof] 1,
where we cannot claim that there exists an MTLB allocatioffith v; € V', u; € U, wy, o, > € for eachi = 1,... k. An e-

W* e x*(b’,C) such thatiW* € x*(b/,C)n x*(b’ + alternating pathS (W, ug, ug, €) is called ane-balancing path
e, C)NX*(b'+e;+eq, C). This reflects a major obstacle thaif (b, — Zfil wi,uo> — by, — Zfil wwk) > 2e.
adding one packet to queue 1 and/or queue 2 may generate Refinition 18: For'e > 0, an e-throughput-increasing path

balancing path in the original optimal allocation. For gate relative toW € W/ (b, C), is a sequence of distinct vertices
N, we will need to explore more cases and require extra

convexity properties of functions ifF. Currently, we do not I(W, vo, uk, €) := (vo, ur,v1, Uz, - . ., Vg1, Uk)
know which extra conditions are needed and how to shqy, @) v,
that these conditions of,, carried over tov,, 1. Therefore,
the extension to the general casef> 2 remains open.

eV,u, € U, andw,, ,, > € for eachi, (b) vo
is not fully matched, i.e.] — Zj.vzlwvmj > €, and (C)uy is
non-empty, i.€.hu, — > 1, Wi, > €.
Definition 19: Given an e-balancing path S =
APPENDIXC ‘ S(W,ug,ug,€) for ¢ > 0, an e-balancing allocation
SUPPORTINGLEMMAS AND PROOF OFTHEOREM[3 Wh<(S) balances the queue, and uj by ¢ packets by
In this appendix, we prove the optimality of the MTLB-Freassigning servep; to servee packets more from queue
policy for the fluid server allocation relaxation. We assume;_; ande packets less from queug, Vi =1,..., k.
that the cost functiorb(b) is monotonically increasing, per- Definition 20: Given ane-throughput-increasing path =
mutation invariant, and convex dm € Rf. It is easy to see I(W,vg,ug,€) for e > 0, an e-throughput-increasing alloca-
that the strict monotonicity and permutation invariancevpf tion W<(I) € W/ (b, C') achieves additional throughput of
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packets by assigning, to servee more packets fromi; and In other words,||[W** — W|| < ||W* — W||, in contradiction
reassigning servar; to servee packets more from queug.,; to the choice oft/*. Hence, we must have thét, is acyclic.
ande packets less from queue, VI =1,...,k — 1. Now, since botiH/* andW achieve the maximum through-
Note that the throughput-increasing and balancing patpst, we have thaEi]\L1 I = vazl [¥. But sincelV does not
previously considered under the integral server allooatigatisfy the LB condition €2), there must existi; € U such
(Definitions[I3 and_14) are equivalent to the fluid versiorthat
(Definitions[IT and18), when we take= 1. luy <15, (36)
We see that similar results as in Appenfiik A hold for the . _ .
e-throughput-increasing anerbalancing paths as well. The©Obviously, there is a red edge directed outf Starting from
existence of the MTLB-F policy could be similarly estabtish %1 We build an alternating red-green and directed pattin
as in Theorenf]l using the following resBit: G4 as follows: (1) From an arbitrary vertexc U (including
Proposition [3: An allocation achieves the maximumt1), if there is a red edge directed out @fand!, < l.,, we
throughput C1) if and only if it has no ethroughput- build P’ by arbitrarily select one of the red edges directed out
increasing paths for any> 0. of w. (2) From an arbitrary € V, we build P’ by arbitrarily
Proof: Similar to the proof in Propositiof 3. m follow one of the green edges directed outvofSuch a green

Proposition[#: Any allocation satisfying the maximum- €dge always exigl.(3) Otherwise, stop.

throughput condition 1) also satisfies the load-balancing Using the fact thai, is acyclic, P’ is well-defined and
condition (C2) if and only if it has noe-balancing path for finite. Letuy € U be the final vertex on the path ard> 0 be
any e > 0. the minimum weight along®’. There are two possible cases:

Proof: The proof is very similar to that of Propositieh 4 Case 1:l,, > l,,. In this case, we reverse the order of
but here we allowe € (0,1] packets to be reallocated. Ithodes inP’ to arrive at ane-balancing path relative taV’,
suffices to show that if a maximum-throughput allocatiowheree = min{e’, (lu, — lu,)/2} > 0.
W = [w;;] € W/(b,C) does not satisfy G2), then W/ Case 2: There is no red edge directed outugf Thus,
has at least one-balancing path for some > 0. Let I’ arrived atu, via a green edgév, uy) for somev € V.
W* = [w;,] € W/(b,C) be an MTLB-F allocation, chosen This means thau, is served at least;, ,, — wy,u, > 0
such that[/¥* — W|| is minimized, wherd|X|| := 3, - |a] packets more unde# ™, relat|v.e toW. Hence/., > I, . T_h|s
for any matrix X = [z;;]. Now let G4 be the weighted together with[(3b) and(36) givk,, > I, > I}, > l.,, which
Subgraph of the b|part|te gram'j' — (‘/7 U, C’) induced by meanSluz > Zul- ReverSing the order of nodes i giveS
the allocation difference matri¥¥’* — W. Specifically, G, @ e-balancing path relative toV, wheree = min{¢’, (., —
contains an edgév,u) for v € V andu € U if and only lu,)/2} > 0.
if Jwi, — w,u| > 0. We assign the weight of the edge Since there exists anbalancing path in both cases for some

(v,u) as|w? , —w,. .| Color the edgegv, u) of G, green if € >0, we have the assertion of the proposition. ]
W, — Wy > 0, and red ifw} ,, —wy.u < 0. Direct the green Using the above results, we can show the following:
edges fromV to U and the red edges froiii to V. Let the Theorem 3:For the problemP) with the fluid server allo-
leftover queue vectors und&F andW* bel =b — 11 and cation relaxation, the MTLB-F policy is optimal.

I* = b — 1W*, respectively. Proof: We need to show that
We claim that for every directed pathin Gy fromu; € U o .
to uy € U, we have vn(b —1W7) = Wewt (b,0) vn(b—1W), (37)
Iy, <L, (35)

where W* € W/(b,C) is MTLB-F. Since W/(b,C) is
To see this, letP = (ui,...,u2) be a directed path in convex and compact, there exists an optimal allocatioh
Gq. By the choice of the directions for the edges,must Similarly as in the proof of Lemma&l2, we can show that
be alternating between red and green edges.clLdie the 7* must satisfy C1) using Propositio]3’ and the strict
minimum of the weights of the edges along this path 0 by  monotonicity ofv,, (LemmalZ).
construction oiy). If I} > I thenP is ane-balancing path  Now assumelV* satisfies C1) but not €2). By Propo-
for W* with e = min{¢’, (I;;, —17;,)/2} > 0, contradicting to sjtion [4’, there must exist ane-balancing pathS =
the assumption that’* satisfy C2). S(W*,i,k,€) relative to W*, for somee > 0 and some
Next, we claim thatG, is acyclic. Assume’,; is cyclic, queuesi,k € U. Let W/ = W"¢(S) be the corresponding
i.e., there is a red-green alternating and directed pgath- e-balancing allocation. Let* = b — 1W* andl’ = b — 1W".
(u1,...,u1) In Gg, for somew, € U, with the minimum e then havel, = I¥ —¢, I} = If + ¢, andl, = I* for
weighte > 0 along this path. Then, we get another MTLB-Fy|| o, £ i k. By the convexity and permutation invariance
allocation W™ = [w;] by letting w}?, = wj, — € for all properties ofv,, we can show that, (') < v,(1*) [4]
green edgegv,u) € P, wy’, = w;, + € for all red edges 35 follows: Sincel* and I’ differ only in the ith and kth
(v,u) € P, andwy,, = wy, . for all edges(v',w’) not in  components, it suffices to consider a functiop of two
P. We see thatV"* is closer tol/ thanW* is to W because yariables. We notice thaii: — ¢, 1} + ¢) lies on the interval
lwy =Wy u| = |y, —wy .| —€ > 0 for each edgév, u) in P.
“Otherwise, combining one of the red edges coming inteith W* would

80ne can argue the existence by seeing that this is equivalennimizing have yielded a non-idling feasible allocation with additib positive packet
max(b — 1W) on a compact set. throughput, a contradiction taC().



joining (I7,1;) and (I},17). Hence, for somey € [0,1], we
have (I} —¢,l; +€) = v, 1) + (1 — ) (I, 1F). Using the
convexity and the permutation invariance @f, we obtain
Un(l;‘k_ea lz+6) < ’VUn(l;‘kallt)—’_(l_’Y)Un( ;;7 f) = Un(l:‘?ll):)
Hence,v, (1) < v,(1*) and W’ is also optimal but more
balanced thaiv*. Thus, we can conclude that any MTLB-F
allocation is optimal. [ ]
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