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Delay-Optimal Server Allocation in Multi-Queue
Multi-Server Systems With Time-Varying

Connectivities
Somsak Kittipiyakul and Tara Javidi

Abstract—This paper considers the problem of optimal server
allocation in a time-slotted system withN statistically symmetric
queues and K servers when the arrivals and channels are
stochastic and time-varying. In this setting, we identify two
classes of “desirable” policies with potentially competing goals
of maximizing instantaneous throughput versus balancing the
load. Via an example, we show that these goals, in general,
can be incompatible, implying an empty intersection between
the two classes of policies. On the other hand, we establish the
existence of a policy achieving both goals when the connectivities
between each queue and each server are random and either “on”
or “off”. We use dynamic programming and properties of the
value function to establish the delay-optimality of a policy which,
at each time-slot, simultaneously maximizes the instantaneous
throughput and balances the queues.

Index Terms—Communication models, intermittent connectiv-
ity, multi-queue multi-server, orthogonal frequency division mul-
tiple access, optimal transmission scheduling, queuing analysis.

I. I NTRODUCTION

In the face of frequency selectivity, code-division, or spatial
degrees of freedom, many wireless systems with multiple “or-
thogonalized sub-channels” and multiple users can be viewed
as multi-queue multi-server queuing systems which enable
transmission of packets in a parallel manner. Examples of such
systems include orthogonalized code-division multiple access
(CDMA) systems and orthogonal frequency-division multiple
access (OFDMA) systems where the total available bandwidth
is divided into multiple orthogonal narrow subcarriers to be
shared by users [1]. Usually data packets in such systems
arrive stochastically to each user and are stored in buffersprior
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to transmission. In this context, there is often a limited number
of orthogonal codes or subcarriers, not allowing simultaneous
transmission of all queued packets. This gives rise to a
scheduling problem involving the allocation of the orthogonal
channels to the different data streams.

In addition, due to selective fading for instance, the “qual-
ity” of these channels as perceived by different users varies
stochastically with time and users. This introduces the notion
of stochastic server quality, also known as connectivity. In the
presence of reliable estimates of channel quality, i.e., chan-
nel state information (CSI), at the transmitter, the stochastic
variation across users provides opportunities for selectively
scheduling the transmission among users. The opportunistic
scheduling among users is known to increase the overall
throughput of systems with saturated queues by providing
multi-user diversity gain[2]. However, delay-optimal policies
must trade off between two competing goals: the desire to get
maximum throughput now (which is achieved by opportunistic
scheduling) and the desire to get the maximum throughput in
the future (which is achieved by balancing the remaining load).
The second goal, under admissible traffic regimes, accounts
for future queue occupancies; the intuitive reasoning is that
the queued packets should be spread over multiple queues so
that the system will have a better chance of avoiding idling
any servers in the future.

The focus of this paper is in finding an optimal scheduling
policy with the optimal delay performance for the above
system with stochastic channel state and arrival processes. In
other words, we are interested in the delay performance of
the system under stochastic admissible traffic. We first model
the above multi-channel allocation problem as a multi-queue
multi-server allocation problem in Section II. We account for
stochastically varying channel states, via a general notion
of connectivity. In addition, we provide a detailed review
of related work. In Section III, we discuss two classes of
“desirable” policies: the instantaneous throughput maximizing
policies and load-balancing policies. Via a simple example, we
show that, in general, the intersection of these two classesof
policies can be empty. This implies a complicated structurefor
the optimal policy in the general case. However, in Section IV,
we show that when the connectivity profile has a binary form
(on-off connectivity), it is possible to construct a policywhich
simultaneously maximizes the instantaneous throughput and
balances the load. In Section V, we show the optimality of
this maximum-throughput and load-balancing (MTLB) policy
when there areN = 2 users, using dynamic programming
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Fig. 1. Multi-queue-multi-server allocation problem with time-varying
connectivities.

(DP) arguments and the properties of the DP value function.
In Section VI, we show that if fractional server allocationsare
allowed, then the fluid version of the MTLB policy is optimal
for generalN . Section VII concludes the paper and discusses
the direction of future studies.

II. PROBLEM FORMULATION AND ASSUMPTIONS

A. Model and Notations

We consider a multi-queue multi-server system with
stochastic connectivities as shown in Figure 1. There are
N queues (users) andK servers (subcarriers). LetU =
{1, . . . , N} be the set of all queues andV = {1, . . . ,K}
the set of all servers. Fixed-size packets arrive stochastically
for each user and are transmitted over a set of allocated
servers. Each user has an infinite buffer to store the data
packets that cannot be immediately transmitted. The system
is time-slotted. The users have the same priority and are
symmetric, i.e., they havestatistically identical arrival and
channel connectivity processes. At the beginning of each
timeslot, the assignment of servers to users is instantaneous
and made by a centralized resource manager. The resource
manager has perfect knowledge of the current queue backlogs
and the connectivities which are assumed constant during a
timeslot but varying independently over timeslots (e.g., block
fading model). We do not allow sharing of any servers and
assume no error in the transmission.

The following notations are used throughout the paper. Note
that we use the following conventions: lower-case letters for
scalar, bold-faced lower-case letters for row vectors, upper-
case letters for matrices and scripted upper-case letters for
space of matrices.

• b(t) = (b1, . . . , bN ): Backlogs (in units of packets) of
each queue at the beginning of timeslott.

• a(t) = (a1, . . . , aN ): Stochastic number of fixed-length
packets arrived to each queue during timeslott. The new
packet arrivals at timet can be served only at timet+ 1
or after.

• C(t) = [cij ]: theK-by-N stochasticconnectivity matrix
at timeslott wherecij ∈ {0, 1, . . . , cmax < ∞} denotes
the maximum number of packets serveri can serve from
queuej at time t.

• W (t) = [wij ]: the K-by-N allocation matrix at the
beginning of timeslott wherewij ∈ {0, 1} andwij = 1
denotes that serveri is assigned to serve queuej during
time t.

The dynamics of the queue length vectors under an alloca-
tion W (t) is described by the equation

b(t+1) = [b(t)−1
(

W (t)⊙C(t)
)

]++a(t), t = 1, 2, . . . (1)

where an element-wise productW (t) ⊙ C(t) is a matrix
[wijcij ], 1 is aK-dimensional row vector ofK ones, and, for a
vectorv ∈ R

N , [v]+ =
[

v+
1 , . . . , v

+
N

]

with v+
j = max {0, vj}.

For the case of the on-off connectivities, wherecmax = 1, the
above queue dynamics reduces to:

b(t+ 1) = [b(t) − 1W (t)]+ + a(t), t = 1, 2, . . . . (2)

Definition 1: For a row vectorx = (x1, . . . , xN ) and a
matrix Y = [y1, . . . ,yN ] where yj is a column vector, a
column-by-column matrix permutationΠπ corresponding to a
permutationπ is defined as, for anyj andk ∈ {1, . . . , N},

π(xj) = xk ⇔ Ππ(yj) = yk

Using the above notations and definition, we make the fol-
lowing symmetric assumptions on the arrival and connectivity
processes. The intuition behind a symmetric system is that
relabeling the queues leads to a statistically identical system.
(A1) The packet arrival processes[a(t)] are i.i.d. across

timeslots andsymmetricor exchangeable, i.e., the joint
probability mass function (pmf) is permutation invariant.
That is,

P [a(t) = π(x)] = P [a(t) = x] (3)

for any t, vectorx, and permutationπ.
(A2) The connectivity profiles[C(t)] are i.i.d. across timeslots

and exchangeable across users, i.e., the joint pmf for
[C(t)] is column-by-column permutation invariant. That
is,

P [C(t) = Ππ(Y )] = P [C(t) = Y ]

for any t, matrixY , and column-by-column permutation
matrix Ππ.

Assumption (A2) is valid when the channel and mobility
create a homogeneous environment for all users. Note that
(A1) and (A2) imply independence across time but not across
users, i.e., at a given time the arrivals to various queues or
connectivities among users or servers need not be independent.

B. Problem Formulation

Problem (P)
Consider the system described above, we wish to

determine a Markov server allocation policyσ that
minimizes the cost function at the finite horizonT :

Jσ
T = E[Λσ

T |I0] (4)
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where I0 summarizes all information available at
time zero andΛσ

T denotes the cost under the Markov
policy σ over horizonT :

Λσ
T =

T
∑

t=0

φ(b(t)) (5)

where the cost functionφ(b) =
∑N

j=1 g(bj) and g
is a convex and strictly increasing function.

We note that the restriction to Markov policies does not
entail any loss of optimality because Problem (P) is a stochas-
tic control problem with perfect observations [17]. Also, note
that wheng is an identity function, Problem (P) reduces to
an average total backlog

(

E[
∑T

t=0

∑N

j=1 bj(t)]
)

minimization
problem over horizonT . From Little’s Theorem [18], any
optimal policy that achieves the minimum average backlog
achieves the minimum average packet delay as well. Thus, our
study includes the study of the average-delay minimization.

C. Related Work

Delay-optimal policies have been studied in many queuing
systems with stochastically varying connectivities underdiffer-
ent settings [3]–[12]. In this paper, we consider a statistically
symmetric case of arrival and connectivity processes. In many
instances, as stated in [4], “symmetry sometimes leads to
rather simple optimal policies, although their optimalitycan
be hard to establish.” The most related models to our work are
those introduced in [3] and [4], while our proof technique is
closely related to those developed in [6], [7], [13], [14], [16].

In their seminal work, Tassiulas et al. [3] studied a single-
serverN -queue assignment problem where the connectivity
followed an on-off model, i.e., the connectivity was described
by a binary vector of dimensionN . They showed that a
longest-connected-queue (LCQ) policy maximizes the stability
region of the system (i.e., throughput-optimal) and is also
average-delay optimal when the arrival processes and the
channel processes are statistically identical among users, i.e.,
the users are symmetric. Subsequently, Ganti et al. [4], [5]
generalized the problem to a symmetricK-server,N -queue
allocation problem with binary connectivity vector of dimen-
sionN .

The model studied by Ganti et al. is different from our
model in subtle but nonetheless important aspects. The main
contribution of our work is a generalization of the models
and results in [3]–[5] to 1) a connectivity model of aK-
by-N matrix form, 2) more general arrival processes, not
restricted to only Bernoulli (and variation thereof as discussed
in Section III of [4]), and 3) a generalization where any queue
can be served simultaneously by multiple servers.1 These
generalizations and extensions, however, are realized at the
cost of (i) restricting the number of users toN = 2, or (ii)
allowing for fluid (non-integral) server allocation.

Just before the final version of the paper was submitted, the
authors came across an important manuscript on monotonicity
in Markov reward and decisions by G. Koole [15]. The main

1The constraint on the number of servers per queue in [4] is relaxed only
when a relaxation of integral allocation is also allowed.

objective of [15] is to study certain classes of functions
(e.g., the setF in Definition 7) that propagate through the
dynamic programming (DP) operator. It is clear that given an
assumption on the immediate reward function belonging to
such a class of functions (e.g., Fact 1), the value function
at all times also belong to that class (e.g., see the proof
of Theorem 2). Hence, one can utilize the properties of the
class to deduce the structure of the optimal policy partially or
completely (e.g., Lemma 2).

In light of the findings of [15], we can highlight and
contrast the results and the proof techniques in our work and
[4]: Class of functionsF defined in Definition 7 propagates
through the DP operator only when the number of users is
two. This resembles the difficulty in extending the results in
[6] beyond two dimensions as discussed in [15]. Under fluid
relaxation, however, the state spaceZ

N
+ is extended toRN

+ over
which the class of convex functions propagates through the DP
operator, forming the basis of the proof of Theorem 3. Many
of the proofs in [4] rely on stochastic coupling, an alternative
framework to the monotonicity approach of [15]. However,
coupling arguments remain partly intuitive and hard to check,
in a general setting. This can explain the extra requirements
on server allocations and arrival processes in [4].

III. I NSTANTANEOUSTHROUGHPUTMAXIMIZING VS .
LOAD-BALANCING POLICIES

In this section, we consider two classes of server alloca-
tion policies: class of instantaneous throughput maximizing
(MT) policies and class of load-balancing (LB) policies. As
discussed in the introduction, each class represents one of
the competing goals: an MT policy maximizes the number of
packets being served now, while an LB policy maximizes the
number of non-empty queues (hence, the multiuser diversity
gain and the number of packets served) in the future. In
Section III-D we demonstrate by an example that, in general,
the intersection of the two classes of policies can be empty.In
such cases, the optimal policies for Problem (P) remain and
can be, in general, a complicated mixture of policies carefully
chosen at different time from one of the above two classes of
policies. To be precise, we first define the feasible allocation
and non-idling feasible allocation. Then, we describe the two
classes of policies mentioned above.

A. Feasible and Non-Idling Allocations

Assume that at the beginning of time slott, the state of the
system is(b, C). An allocationW = [wij ]K×N is a feasible
allocation for time slot t if

(a) wij ∈ {0, 1};
(b) cij = 0 ⇒ wij = 0; and
(c)

∑N

j=1 wij ≤ 1,∀ i = 1, . . . ,K.

The set of all feasible allocations is denoted byW(C). In
addition, defineW(b, C) ⊆ W(C) to denote the set of all
non-idling feasible allocationW if W also satisfies

(d)
∑K

i=1 wijcij ≤ bj ,∀ j = 1, . . . , N .
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B. Instantaneous Maximum Throughput (MT) Policies

An MT allocationWMT = [wMT
ij ] ∈ W(b, C) is a non-idling

allocation that achieves the maximum throughput at timet if
for all W = [wij ] ∈ W(b, C),

N
∑

j=1

K
∑

i=1

wMT
ij cij ≥

N
∑

j=1

K
∑

i=1

wijcij . (6)

C. Load-Balancing (LB) Policies

It is reasonable to maximize the expected number of packets
served in future under stochastic arrival and connectivitypro-
cesses. Under Assumptions (A1) and (2) this is achieved via a
load-balancing policy which distributes thefuture workload
among the queues as evenly as possible as to minimize
the expected future server idling. This roughly ensures a
larger set of feasible non-idling allocations in the future.
The future workload is defined as the queue length vector
after assignment, i.e., the leftover queue vector. The Longest
Connected Queue policy [3] and Most Balanced policy [5] are
some examples of the LB policies. Note that the LB policies
potentially sacrifice the current throughput (by giving priority
to long queues) for the future throughput.

To introduce the LB policy, we need the following definition
to compare queue vectors in term of their load distribution:

Definition 2: We sayx ≤LQO y (x is more balanced thany)
iff ord(x) ≤lex ord(y) where vectorord(v) has the ordered
elements ofv in descending order, and the relation≤lex on
R

N is the lexicographic ordering.
Example: i) (5, 1, 4, 2) ≤LQO (0, 3, 5, 4) because

ord(5, 1, 4, 2) = (5, 4, 2, 1) ≤lex (5, 4, 3, 0) = ord(0, 3, 5, 4).
ii) (3, 3) ≤LQO (4, 1), although(3, 3) has more total number
of packets than(4, 1).

Load Balancing: An LB allocation W LB ∈ W(b, C) is a
non-idling allocation that produces the most balanced future
(leftover) queue distribution if, for allW ∈ W(b, C),

[b − 1
(

W LB ⊙ C
)

]+ ≤LQO [b − 1
(

W ⊙ C
)

]+. (7)

D. Example

Here we show that the incompatibility of the MT and LB
policies exists even in a single server case.

Example: Ifb = (6, 2) andC = (1, 2), then the MT allo-
cationWMT = (0, 1) achieves the throughput of 2 and leaves
the remaining queue highly unbalanced atb−WMT = (6, 0).
The system with this unbalanced queue state is unlikely to
benefit from any multiuser diversity in the next timeslot. In
contrast, the load-balancing allocationW LB = (1, 0) sacrifices
the throughput with the balancedness of the remaining queues
at (5, 2). In other words, here the two goals of throughput
maximization and queue balancing cannot be achieved simul-
taneously.

IV. SPECIAL CASE: ON-OFF CHANNEL

In this section, we consider a special case of the connectivity
process wherecij only takes values 0 (OFF) or 1 (ON).
Under this on-off connectivity, we show that 1) a policy that

simultaneously maximizes the instantaneous throughput and
balances the loads always exists, and 2) for the case of two
users, this maximum-throughput and load-balancing (MTLB)
policy is an optimal policy for Problem (P).

A. MTLB Policy

Here we define a class of MTLB policies specific for the
on-off channel connectivity.

Definition 3: Given state(b, C) at the beginning of time
slot t, an MTLB policy chooses a non-idling feasible allocation
W ∗ = [w∗

ij ] ∈ W(b, C) such that it satisfies the following two
conditions:
(C1) Maximum Throughput (MT) : W ∗ achieves the maxi-
mum throughput, i.e., for allW = [wij ] ∈ W(b, C),

N
∑

j=1

K
∑

i=1

w∗
ij ≥

N
∑

j=1

K
∑

i=1

wij . (8)

(C2) Load Balancing (LB): W ∗ produces the most balanced
queue configuration, i.e., for allW = [wij ] ∈ W(b, C),

b − 1W ∗ ≤LQO b − 1W. (9)

Example 1: If C =

[

1 1 1 1
0 0 1 1

]

andb = [3, 3, 2, 2], an

MTLB allocation is WMTLB =

[

1 0 0 0
0 0 1 0

]

, resulting in

the leftover queuesb − 1WMTLB = [2, 3, 1, 2]. In addition,
[

0 1 0 0
0 0 0 1

]

is another possible MTLB allocation, resulting

in the leftover queues[3, 2, 2, 1]. For this (b, C), there are
four possible MTLB allocations. Hence,the MTLB policy is
not uniquely defined. However, ifb = [4, 3, 3, 2], then there

is only one MTLB allocation

[

1 0 0 0
0 0 1 0

]

.

B. Existence of MTLB Policy

Due to the on-off connectivity, the following result shows
that there always exists an MTLB allocation satisfying condi-
tions (C1) and (C2) at every timeslot and for any(b, C).

Theorem 1:For any given (b, C), an MTLB allocation
always exists.

Proof: See Appendix A.

C. Construction of MTLB Policy

In this subsection, we specifically propose an algorithm to
construct an MTLB assignment. We first convert the original
graph of queues and servers (Fig. 1) into the following
Equivalent Bipartite Graphwith proper weights on the edges.

Equivalent Bipartite Graph Construction
1) Associated with each queuej, construct mj =

min(bj ,
∑K

i=1 cij) nodes labeled asaj1, aj2, . . . , ajmj
.

2) Let Ueq = {a11, a12, . . . , a1m1
, a21, . . . , aNmN

} be the
set of all such nodes.

3) Let V eq = {vi}
K

i=1 be the set of servers.
4) Let Eeq = {(ajm, vi) : cij = 1} be the set of edges

representing connectivities.
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Fig. 2. Example of MTLB construction (a) queue lengths and
connectivities; (b) The equivalent bipartite graph with the weights
are shown at each subnode, e.g., the weights of the edges(a11, A)
and(a11, B) are five. The thick edges indicate the maximum weight
matching; (c) The edges indicate the resulted MTLB assignment. The
leftover queue length after the allocation is(3, 3).

5) Let ψ : Eeq 7→ Z++, ψ(ajt, ∗) = bj − t + 1 be the
positive integer weight of all edges incident to nodeajt

in Eeq.

To arrive at an MTLB allocation, we run a Maximum
Weight Matching (MWM) algorithm on the equivalent bi-
partite graph. In Proposition 1, we show that the resulting
assignment satisfies conditions(C1) and (C2), hence, it is an
MTLB allocation. Before we proceed with Proposition 1, we
provide the following definitions:

Definition 4: [19] Consider a bipartite graph(U, V,E) with
two vertex setsU andV , an edge setE ⊆ U×V , and a weight
function ψ : E 7→ R. A matchingM is a subset ofE such
that no two edges inM share an endpoint. Theweight of a
matchingM is ψ(M) =

∑

e∈M ψ(e). A matchingM is a
maximum weight matching(MWM) if its weight is no less
than the weight of any other matching.

Definition 5: A server allocationW = [wij ] and a matching
M are said to beequivalentwhen 1)M is a matching on
the equivalent bipartite graph, and 2)wij = 1 if and only if
there existsm such that(ajm, vi) is a matching edge, i.e.,
(ajm, vi) ∈M .

Proposition 1: A maximum weight matching on the equiv-
alent bipartite graph is MTLB, i.e., it satisfies conditions(C1)
and (C2).

Proof: See Appendix A.
An example of the MTLB assignment based on the proposed

algorithm is shown in Fig. 2. It is intuitive to see that the
maximum weight matching on the equivalent bipartite graph
achieves an MTLB assignment. This is because the equiva-
lent bipartite graph, in effect, expands the individual packets
that can possibly be served into nodes and basically labels

each packet with the number of packets waiting behind it
(see Fig. 2(b)). The maximum weight matching selects the
matching that serves the packets with the most number of
packets waiting behind them. This guarantees the maximum
throughput and the load-balancing properties at the same time.
Over-assignments are avoided since, in the equivalent bipartite
graph, onlymin

{

bj ,
∑K

i=1 cij

}

packets from each nodej is
expanded. Again, note that since a graph can have multiple
maximum weight matchings, MTLB allocation is not unique.
The complexity of finding an MTLB allocation is equal to
the complexity of the existing maximum weight matching
algorithm applied to the equivalent bipartite graph which is
O(K2(N + logK)) [19].

V. OPTIMALITY OF MTLB POLICY FOR TWO USERS

With the existence of the MTLB policy, we proceed to
establish its optimality:

Theorem 2:Consider Problem (P) with on-off connectivity
andN = 2 users. The MTLB policy is optimal for all choices
of g, T, andI0 as defined in Problem (P).

Remark 1:The optimality of the MTLB policy shown in
Theorem 2 implies that the maximum instantaneous through-
put criterion (condition (C1)) is not sufficient to guarantee
the delay optimality unless it is complemented by the load-
balancing criterion (condition (C2)).

To show Theorem 2, we use a similar framework as in [6],
[7], [14], [16] as follows: we first define a class of functions,
F , which contains, for instance, any cost functionsφ(b) of the
form

∑N

j=1 g(bj), whereg is strictly increasing and convex.
We, then, show that if the cost functionφ belongs toF , the
average optimal cost-to-go function (derived via a dynamic
programming equation) also belongs toF . The properties of
F are then used to show the optimality of the MTLB policy.

A. Class of Cost Functions

Here we give the definition of class-F functions. This is the
class of the cost functions for which the solution to Problem
(P) is proved to be the MTLB policy (Theorem 2). But first
we define the following for convenience:

Definition 6: Rij(b) := b − ei + ej , whereem is a row
vector of zeros except for themth element which is one, is
equivalent to a transfer of a packet from queuei to queuej.

Definition 7: A function f : Z
N
+ → R belongs to the set

F if, for any i 6= j ∈ {1, . . . , N}, f satisfies the following
conditions:
(B.1) (monotonicity condition)
f(b) ≤ f(b + ei);

(B.2) (permutation invariance condition)
f(b) = f(π(b)) for any permutationπ;

(B.3) (supermodularity condition)
f(b + ei) − f(b) ≤ f(b + ei + ej) − f(b + ej);

(B.4) (coordinate-wise convexity condition)
2f(b) ≤ f(b + ei) + f(b − ei) for b > 0;

(B.5) (convexity along a constant-sum line condition)
2f(b) ≤ f(Rij(b)) + f(Rji(b)); and

(B.6) (balancing advantage condition)
f(Rij(b)) ≤ f(b) if and only if bi ≥ bj + 1.
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The terminologies in (B.3)-(B.5) follow that used in [14].
Conditions (B.3)-(B.5) are second-order relations related to
convexity over lattice spaces.2 Condition (B.6) establishes the
optimality of the MTLB policy. It can be easily shown that:

Fact 1: Any function of the formφ(b) =
∑N

j=1 g(bj),
whereg is strictly increasing and convex, belongs toF .

B. Dynamic Programming Formulation

Next we use a dynamic programming approach to relate
the cost function in (4) to the expected cost-to-goV σ

n (b, C)
at time t = T − n (i.e., at horizonn) under a Markovian
policy σ. Let allocationW σ(b, C) ∈ W(b, C) denote the
allocation at state(b, C) prescribed by policyσ. Note that,
in general, the actionW σ(b, C) depends on horizonn and is
assumed implicitly. It is clear that the following recursion:

V σ
0 (b, C) = φ(b),

and forn ≥ 1,

V σ
n (b, C) = φ(b) + E

a,C̃[V σ
n−1(b + a − 1W σ(b, C), C̃)]

(10)
is related to the cost function in (4) as

Jσ
T = EC[V σ

T (b, C)] (11)

when I0 = b. This is due to the validity of the dynamic
programming theorem for a finite horizon Markov Decision
Process (MDP) [17]. Define

V ∗
n (b, C) := min

σ∈Un

V σ
n (b, C) (12)

to be the minimum cost-to-go over the setUn of all Markovian
policies at horizonn. Furthermore, we define theaverage
optimal cost-to-gofunction as

vn(b) := Ea,C [V ∗
n (b + a, C)] . (13)

In the following Proposition we show the recursive structure
of vn.

Proposition 2: Given a horizonn, the average optimal cost-
to-go atn, vn(b), satisfies the following recursions:

v0(b) = φ̄(b) := Ea [φ(a + b)] (14)

vn(b) = φ̄(b) + Ea,C

[

min
W∈W(C)

vn−1

(

[b + a − 1W ]+
)

]

.

Proof: From the recursion in (10), we have the following
recursion for the optimal cost-to-goV ∗

n (b, C):

V ∗
0 (b, C) = φ(b)

V ∗
n (b, C) = φ(b) + min

W∈W(b,C)
E

a,C̃[V ∗
n−1(b + a − 1W, C̃)]

= φ(b) + E
a,C̃

[

V ∗
n−1(b + a − 1W ∗(b, C), C̃)

]

= φ(b) + vn−1 (b − 1W ∗(b, C)) , (15)

whereW ∗(b, C) denotes an optimal allocation at horizonn
when the state of the queue backlogs is equal to the vectorb

and the connectivity profile isC. In other words,W ∗(b, C) ∈

2Due to the symmetric assumptions (i.e., condition (B.2)) in our model,
conditions (B.3)-(B.5) are special cases of the multimodularity condition in
[20].

arg minW∈W(b,C) vn−1(b−1W ). Now taking the expectation
of both sides we have:

vn(b) = Ea,C [V ∗
n (b + a, C)]

= φ̄(b) + Ea,C

[

min
W∈W(b+a,C)

vn−1(b + a − 1W )

]

= φ̄(b) + Ea,C

[

min
W∈W(C)

vn−1([b + a − 1W ]+)

]

,

where the last equality holds because, for any allocationW ∈
W(C), there existsW ′ ∈ W(b, C) such thatb − 1W ′ =
[b − 1W ]+. Finally, v0(b) = Ea,C [V ∗

0 (b + a, C)] = φ̄(b).

C. Proof of Theorem 2

Using the above class of functionsF and the recursive
structure of vn in Proposition 2, we are ready to prove
Theorem 2. Note that the lemmas used here are proved in
Appendix B.

Proof of Theorem 2:We first show the strict monotonicity
of vn for all horizon n, using the strict monotonicity of the
cost function. This is shown in the following lemma:

Lemma 1: vn(b) is strictly increasing onb for all n =
0, . . . , T .

Next, we show that, for any horizonn, the MTLB policy
is optimal at timen+ 1 whenevervn ∈ F . This is shown in
the following lemma:

Lemma 2: For any horizonn, if vn ∈ F , then the MTLB
policy is optimal at horizonn+ 1.

The above lemma immediately establishes Theorem 2 if we
can show thatvn ∈ F for all n = 0, . . . , T . To show that
vn ∈ F for all n = 0, . . . , T , we use the following induction:

Induction basis: From Proposition 2,v0(b) = φ̄(b) =
∑

a
Pa(a)φ(b + a), where Pa(a) is the probability of the

arrival vector isa. Using Fact 4 below,v0 ∈ F sinceφ ∈ F .
Induction step: Supposevn ∈ F . To show thatvn+1 ∈ F ,

we recall from Proposition 2 that

vn+1(b) = φ̄(b) + Ea,C

[

min
W∈W(C)

vn([b+a−1W ]
+
)

]

.

(16)
We find that it is more convenient to work with a relaxed
version ofvn which allows the queue vector to be negative.
That is, we work with v̂n where v̂n(b) = vn([b]+) for
b ∈ Z

N . This relaxation technique (used in [6], [7], [14],
[16]) removes the need for the separate treatment of various
boundary cases. To facilitate this relaxation, we define an
extended class of functionŝF as follows:

Definition 8: Considerf : Z
N
+ → R. We denotef̂ : Z

N →

R as an extension off on Z
N such thatf̂(b) = f([b]+).

Furthermore, we define an extension̂F of F :

F̂ :=
{

f̂ : Z
N → R : f̂ meets (B.1) to (B.6)

}

(17)

With this extension, it is clear thatvn+1 in (16) is the
restriction of v̂n+1 to the non-negative domains, where for
b ∈ Z

N ,

v̂n+1(b) = ˆ̄φ(b) +Ea,C

[

min
W∈W(C)

v̂n(b + a − 1W )

]

. (18)
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Now, we show thatvn+1 ∈ F via the following four steps:

Assumingvn ∈ F
Step 1
−−−→ v̂n ∈ F̂ (Fact 2)

Step 2
−−−→ Ea,C

[

min
W∈W(C)

v̂n(b+a−1W )

]

satisfies (B.3) to

(B.6) (Lemmas 4 and 5)
Step 3
−−−→ v̂n+1 ∈ F̂ (Lemmas 1, 3 and Facts 2, 3)
Step 4
−−−→ vn+1 ∈ F (Fact 5)

where the facts and the lemmas in the parentheses indicate how
to establish the above steps. For completeness, the statements
of these facts and lemmas are listed below after the proof. All
steps except Step 3 are immediate from the listed facts and
lemmas. In Step 3, we first show thatv̂n+1 satisfies (B.3) to
(B.6) (note thatφ̄ ∈ F and Fact 2 imply that̂̄φ(·) ∈ F̂). Then,
using Lemmas 1 and 3 and Fact 2,v̂n+1 satisfies (B.1) and
(B.2) as well. Hence,̂vn+1 ∈ F̂ . Note that Lemmas 4 and 5,
which establish Step 2, also use the fact (Lemma 2) that the
optimal allocationW at horizonn+ 1 is MTLB if v̂n ∈ F̂ .3

Here we list the facts and the (remaining) lemmas used in
the above proof. All the facts are taken from [6], [7] and can
be easily verified. The lemmas are proved in Appendix B.

Fact 2: If f ∈ F , then the functionf̂ : Z
N → R defined

as f̂(b) = f([b]+) is in F̂ .
Fact 3: If f̂1, f̂2, . . . are functions that belong tôF , then

ĥ(b) =
∑

l plf̂l(b) also belongs toF̂ , where pl are non-
negative constants.

Fact 4: If f1, f2, . . . are functions that belong toF , then
h(b) =

∑

l plfl(b) also belongs toF , where pl are non-
negative constants.

Fact 5: If f̂ ∈ F̂ , then the restriction of̂f to non-negative
domain is inF .

Lemma 3: vn(b) is permutation invariant onb for all n =
0, . . . , T .

Lemma 4: AssumingN = 2 and v̂n ∈ F̂ . For any stateb,
Ea,C

[

minW∈W(C) v̂n(b + a − 1W )
]

satisfies (B.3), (B.4),
and (B.5).

Lemma 5: AssumingN = 2 and v̂n ∈ F̂ . For any stateb
such thatb1 ≥ b2 + 1, Ea,C

[

minW∈W(C) v̂n(b + a − 1W )
]

satisfies condition (B.6).
Remark 2:All the above lemmas and facts, except Lem-

mas 4 and 5, hold for generalN . Lemmas 4 and 5 are proved
for N = 2. We detail the difficulty in extending these lemmas
to generalN after Theorem 3 in Section VI and also after the
proof of Lemma 5 in Remark 4 in Appendix B.

Remark 3:Theorem 2, in addition, can be extended to the
optimality of the MTLB policy in an expected average cost
sense for an infinite horizon problem.

Corollary 1: Consider an infinite horizon version of Prob-
lem (P), where the cost is modified to be the average expected
cost at each horizon. Then the MTLB policy is optimal for any
initial stateI0 = b.

3Although Lemma 2 assumesvn ∈ F , it is easy to show that the lemma
works with v̂n ∈ F̂ as well.

Proof: Theorem 2 proves that there exists a stationary
MTLB policy which is optimal for Problem (P) for any finite
horizonT . Hence, our MTLB policy achieves the minimiza-
tion of the average expected costΛπ

T /T for any finite horizon
T . Since the policy is independent of the horizonT , it is
optimal with respect to an average expected cost criterion for
the infinite horizon version of the problem.

VI. OPTIMALITY OF MTLB POLICY UNDER FLUID

RELAXATION

In the previous section, we established the optimality of the
MTLB policy for a very restricted case ofN = 2. As we will
see later, the major difficulty in extending the proof to general
N is due to theintegral server allocation constraint. In this
section, we study a relaxed system where we allow each server
to serve a fractional (fluid) number of packets from multiple
queues as long as the total number of packets served per server
is no greater than one. In other words, we consider a real
allocationW = [wij ] ∈ R

K×N , with wij ∈ [0, 1]. We call
this relaxed constraint thefluid server allocation relaxationor
fluid relaxation. Under this fluid relaxation, we can show the
optimality of the MTLB policy for generalN and the on-off
channel model. Before we proceed, we provide a modification
of W(b, C) to include fluid allocations and a definition of the
fluid version of the MTLB policy:

Definition 9: A class offluid non-idling feasible allocations
Wf (b, C) is equivalent toW(b, C) with the fluid server
allocation condition, i.e.,W = [wij ] ∈ Wf (b, C) if

(a’) 0 ≤ wij ≤ 1;
(b) cij = 0 ⇒ wij = 0;
(c)

∑N

j=1 wij ≤ 1, ∀ i = 1, . . . ,K; and

(d)
∑K

i=1 wij ≤ bj , ∀ j = 1, . . . , N .

Definition 10: The MTLB-F policy is a fluid version of
the MTLB policy defined in Section IV-A, i.e., the MTLB-
F policy choosesW ∗ ∈ Wf (b, C) such that (C1) and (C2)
are satisfied.

Example 2: It is clear that the MTLB-F policy is not
uniquely defined although the leftover queue vector is.

For example, for theC =

[

1 1 1 1
0 0 1 1

]

in Example 1,

if b = [3, 3, 3.3, 3.1] then all allocations of the form
[

0.4 0.4 x 0.2 − x
0 0 y 1 − y

]

, wherex ∈ [0, 0.2] andy = 0.7−x,

are MTLB-F allocations, resulting in the unique leftover
queues[2.6, 2.6, 2.6, 2.6].

Assume that the cost functionφ(b) is convex onb ∈ R
N
+ ,

we have the following result:
Theorem 3: For the problem (P) with the fluid server

allocation relaxation, the MTLB-F policy is optimal.
Proof: See Appendix C.

The key element in the proof of Theorem 3 is the convexity
of the cost-to-go functionvn in the fluid relaxation, for all
n = 0, . . . , T . This convexity property directly establishes the
optimality of the MTLB-F policy. However, under the integral
server allocation constraint, it is hard to establish a similar
convexity property over lattices. In fact, one can interpret the
difficulty in establishing Lemma 4 and 5 as an indication that
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the properties (B3) - (B6) of the setF provide a sufficient
set of properties for convex functions over two dimensional
lattices, while they fail to sufficiently capture the convexity in
higher dimensional lattices.

VII. C ONCLUSION AND FUTURE RESEARCH

In this paper, we have considered the problem of optimal
server allocation in a time-slotted system withN symmetric
queues andK servers when the arrivals and channels are
stochastic and time-varying. Focusing on a long-term average-
delay objective, we identified the MTLB policy that achieves
the instantaneous maximum throughput as well as balances
the queues. Such a policy always exists when the channel
connectivity follows an on/off model. In such a case, we
proved that the MTLB policy achieves the minimum average
delay (mean response time) at any time when there are only
N = 2 users. Although the generalN case remains open, we
showed that the MTLB-F policy, which is the fluid version
of the MTLB policy, is optimal for the generalN case under
the fluid server allocation relaxation. With these results,we
propose the following conjecture:

Conjecture 1: In the case ofN > 2 statistically symmetric
users with the on/off channel connectivity and the integral
server allocation constraint, the MTLB policy is optimal.

The conjecture is rather intuitive due to the symmetry of the
users and the symmetry and convexity of the cost function.
In addition, the optimality of the MTLB policy for general
N in some special cases have been previously shown. For
the case of single server and Bernoulli arrivals, Tassiulasand
Ephremides [3] proved the optimality of the LCQ policy,
which coincides with the MTLB policy forK = 1. For the
case of multiple servers and Bernoulli arrivals but with vector
connectivity (i.e., each user is either connected to all servers or
none) and the one-server-per-queue constraint, the LCQ policy
(a more generalized multi-queue version of the LCQ policy
in [3]) is optimal [4]. This LCQ policy serves the longest
connected queues – this is equivalent to the MTLB policy
with the one-server-per-queue constraint. It is interesting to
note the complimentary roles of the stochastic coupling and
majorization techniques used in [3] and [4] and the dynamic
programming technique we employed in this paper.

We would like to point out that although the on-off con-
nectivity model may seem restricted for practical wirelesssys-
tems, the optimality of the MTLB policy in such on-off model
can lead to useful insight for the general connectivity setting.
In fact, in [21], we have obtained excellent performance for
the general connectivity using some MTLB-based heuristic
policies.

APPENDIX A
EXISTENCE PROOF OFMTLB: PROOF OFTHEOREM 1

In this section, we prove Theorem 1 and Proposition 1
using the notions of alternating, balancing, and throughput-
increasing paths, which are the concepts taken from graph
literature [22]. We note that some of the results here are useful
in the next appendices. Note that the discussions in this section
(both the existence proof as well as the construction of the
MTLB allocation) are valid for generalN .

A. Alternating, Balancing, and Throughput-Increasing Paths

For convenience and simplicity of the proofs, we adopt the
language of graph literature. LetG = (V,U,C) be a bipartite
graph withU the set of queues,V the set of servers, and edge
setC ⊆ V ×U representing the set of connectivities between
queues and servers. Each allocation matrixW = [wi,j ] can be
thought of an edge set where an edge(v, u) ∈W if wv,u = 1.
Hence, an edge setW is a (feasible) allocation (i.e.,W ∈
W(C)) if each vertexv ∈ V is incident with exactly one edge
in C. Furthermore,W is non-idling (i.e.,W ∈ W(b, C) ⊆
W(C)) if W is feasible and

∑K

i=1 wiu ≤ bu for eachu ∈ U .
Definition 11: A vertex in V that is incident to any edge

in the allocation is calledmatched, andunmatchedotherwise.
A queue or vertexu in U with bu −

∑K

i=1 wiu > 0 is called
non-empty, andemptyotherwise.

Definition 12: Consider a given allocationW ⊆ W(b, C)
in G and a sequence of distinct vertices

T = u0, v1, u1, v2, . . . , vk, uk

from a queueu0 ∈ U to a queueuk ∈ U , through matched
servers, withvi ∈ V , ui ∈ U , (vi, ui−1) ∈ C\W , and
(vi, ui) ∈ W for each i = 1, . . . , k. An alternating path
S(W,T ) with respect toW is a sequence of edges with
vertices inT , i.e.,

S(W,T ) := {(v1, u0), (v1, u1), (v2, u1), . . . , (vk, uk)}. (19)

For brevity, we omit the nodesv1, u1, v2, . . . , vk in our nota-
tion and writeS(W,T ) asS(W,u0, uk) to emphasize the end
nodes.

Definition 13: An alternating pathS(W,u0, uk) is called
a balancing pathif it satisfies bu0

−
∑K

i=1 wi,u0
≥ buk

−
∑K

i=1 wi,uk
+ 2.

For convenience, we treat paths as a sequence of vertices.
For example, we write

S(W,u0, uk) = (u0, v1, u1, v2, . . . , vk, uk)

to showS(W,u0, uk) as a sequence of vertices alternatively
taken fromU andV starting fromu0 and ending atuk.

Definition 14: A throughput-increasing pathrelative toW ,
from an unmatched serverv0 ∈ V to a non-empty queue
uk ∈ U , is a sequence of distinct vertices (or equivalently,
a sequence of edges)

I(W, v0, uk) := (v0, u1, v1, u2, . . . , vk−1, uk)

with vi ∈ V , ui ∈ U , (vi−1, ui) ∈ C\W , and (vi, ui) ∈ W
for eachi.

Definition 15: For the alternating pathS = S(W,u0, uk)
given in (19),W a(S) is the alternating allocation of the
allocation W along an alternating pathS if server vl is
reassigned to serve queueul−1, ∀l = 1, . . . , k. If, in addition
S is a balancing path, thenW a(S) is specifically called the
balancing allocation and denoted byW b(S). In a similar
fashion,W t(I) is called thethroughput-increasingallocation
if I is a throughput-increasing path andW t(I) assigns server
vl to serve queueul+1, ∀l = 0, . . . , k − 1. Equivalently,
we can writeW a(S) = W ⊕ S, W b(S) = W ⊕ S, and
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u0

u1

u2

v1

v2

(a)

u0

u1

u2

v1

v2

(b)

v3
v3

Fig. 3. Example of an alternating path and the alternating al-
location from queueu0 to queueu2 (a) Alternating pathS =
(u0, v1, u1, v2, u2). The dotted and solid lines show the connectivities
while the solid lines show the allocationW . (b) The solid lines now
show the alternating allocationW a(S) = W ⊕ S.

W t(I) = W ⊕ I, whereA ⊕ B := (A\B) ∪ (B\A) for any
setsA,B.

An example of some alternating path and alternating
allocation is shown in Fig. 3. It is easy to see that
W a(S(W,u0, uk)) ∈ W(b, C) if u0 is non-empty underW .
Obviously,W b(S) ∈ W(b, C). Note that the alternating allo-
cations (whenu0 is non-empty) and the balancing allocations
leave the cardinality of the allocation (i.e., throughput)un-
changed, while throughput-increasing allocations increase the
current throughput by one. In addition, whenu0 is non-empty
under W , the allocationsW and W a(S = S(W,u0, uk))
result in the leftover queues that are identical except for queues
u0 anduk. In other words, if we denote the leftover queues
underW andW a(S) as l = b− 1W and la = b− 1W a(S),
respectively, thenlau0

= lu0
− 1, lauk

= luk
+ 1, and lau = lu,

for all u ∈ U\{u0, uk}.
Notice that the above notion of throughput-increasing path

is conceptually related to the notion of the alternating path
in the graph matching literature [23]. Likewise, our notionof
balancing path is related to the notion of the cost-reducingpath
in [22] where cost is the “unbalancedness” of the queues.

B. Proof of Existence of MTLB Policy

The following Proposition is used to find the necessary and
sufficient condition for policies to satisfy (C1) and show the
existence of the MTLB policy (Theorem 1).

Proposition 3: An allocation achieves the maximum
throughput (C1) if and only if it has no throughput-increasing
paths.

Proof: Obviously, if there is a throughput-increasing path
for a given allocationW , thenW does not achieve the max-
imum throughput. To show that not having any throughput-
increasing paths is a sufficient condition for achieving the
maximum throughput, the proof follows the standard graph
technique used in [23] which turns the problem into a max-
imum network flow problem. Since the proof is long and
standard, we refer interested readers to [23] for a detailed
proof.

Theorem 1:For any given(b, C), an MTLB allocation
always exists.

Proof: From Proposition 3 and (C2), it follows that every
LB allocation satisfies (C1). Hence the existence of an MTLB

allocation is trivial. This is because the≤LQO is an order and
the setWLB(b, C) is non-empty and finite. Hence, there exists
a minimal element inWLB(b, C).

C. Necessary and Sufficient Condition for MTLB Policy

The following Proposition gives a necessary and sufficient
condition for the MTLB policy. This result will be useful in
the proof of the optimality of the MTLB policy in the next
Appendix.

Proposition 4: Any allocation satisfying the maximum-
throughput condition (C1) also satisfies the load-balancing
condition (C2) if and only if it has no balancing path.

Proof: Without loss of generality, consider(b, C) such
thatW(b, C) 6= ∅. Theonly if part is obvious, i.e., if there is a
balancing pathS relative to an allocationW ∈ W(b, C), then
b− 1W b(S) ≤LQO b− 1W but b− 1W 6≤LQO b− 1W b(S),
i.e.,W does not satisfy (C2).

What remains is theif part: if a maximum-throughput
allocation does not satisfy (C2), then it has at least one
balancing path. LetW ∈ W(b, C) be a maximum-throughput
allocation (satisfying (C1)) but is not the most balanced (not
satisfying (C2)). We show that a balancing path relative to
W must exist. Since at least one MTLB allocation exists
(by Theorem 1), we letW ∗ ∈ W(b, C) be an MTLB
allocation. If more than one MTLB allocations exist, we
pick W ∗ such that the number of edges in the symmetric
differenceW ∗ ⊕ W = (W ∗\W ) ∪ (W\W ∗) is minimized
among all MTLB allocations. That is,W ∗ is the “closest”
MTLB allocation to W , i.e., among all MTLB allocations,
W ∗ requires the minimum number of servers to be reassigned
to get toW . Now, letGd be the subgraph of the bipartite graph
G = (V,U,C) induced by the edges ofW ∗ ⊕W . Color the
edges ofW ∗\W green and the edges ofW\W ∗ red. Direct the
green edges fromV to U and the red edges fromU to V (see
an example in Figure 4). Let the leftover queue vectors under
W andW ∗ be l = b− 1W and l∗ = b− 1W ∗, respectively.

We claim that for every directed pathP in Gd from u1 ∈ U
to u2 ∈ U , we have

l∗u1
≤ l∗u2

. (20)

To see this, letP = (u1, . . . , u2) be a directed path inGd.
By the choice of the directions for the edges,P must be
alternating between red and green edges. Ifl∗u2

< l∗u1
−1 then

P is a balancing path forW ∗, andb−1W b(P ) ≤LQO b−1W ∗

but b − 1W ∗ 6≤LQO b − 1W b(P ), contradicting to the
assumption thatW ∗ satisfy (C2). Similarly, if l∗u2

= l∗u1
− 1

then by alternating the assignment of theV -vertices along
P , we can get another MTLB allocationW ∗∗ such that the
number of edges inW ∗∗ ⊕ W is strictly less than that in
W ∗ ⊕W , in contradiction to the choice ofW ∗. Hence, we
must have thatl∗u2

≥ l∗u1
. Using a similar argument, we can

also show thatGd is acyclic (this fact can also be observed
from Figure 4(d)).

Since bothW ∗ andW achieve the maximum throughput,
we have that

∑N

i=1 li =
∑N

i=1 l
∗
i . But sinceW does not satisfy

the LB condition (C2), there must existu1 ∈ U such that

lu1
< l∗u1

. (21)
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U V

(a) G (b) W (c) W ∗

(d) Gd

Fig. 4. An illustration for the proof of Proposition 4

Obviously, there is a red edge directed out ofu1. Starting from
u1 we build an alternating red-green pathP ′ in Gd as follows:
(1) From an arbitrary vertexu ∈ U (including u1), if there is
a red edge directed out ofu and lu ≤ lu1

+ 1, we build P ′

by arbitrarily selecting one of the red edges directed out ofu.
(2) From an arbitraryv ∈ V , we build P ′ by following the
single green edge directed out ofv. Such a green edge always
exist.4 (3) Otherwise, stop.

Using the fact thatGd is acyclic, P ′ is well-defined and
finite. Let u2 ∈ U be the final vertex on the path. There are
two possible cases:

Case 1:lu2
> lu1

+ 1. In this case, we reverse the order of
nodes inP ′ to arrive at a balancing path relative toW .

Case 2: There is no red edge directed out ofu2. This means
that u2 is served at least one more packet underW ∗, relative
to W . Hence,lu2

> l∗u2
. This together with (20) and (21) give

lu2
> l∗u2

≥ l∗u1
> lu1

, which meanslu2
≥ lu1

+ 2. Reversing
the order of nodes inP ′ gives a balancing path relative toW .

Since there exists a balancing path in both cases, we have
the assertion of the proposition.

The above Proposition states that all MTLB allocations are
such that they have no balancing path. The results in the proof
thatGd is acyclic and has finite edges immediately implies the
following result:

Corollary 2: The minimum number of balancing alloca-
tions required to turn any maximum throughput allocation
satisfying (C1) to an MTLB allocation is finite.

D. Proof of Proposition 1

The equivalence of the MWM matching on the equivalent
bipartite graph and the MTLB allocation (Proposition 1 in
Section IV-C) can be proved as follows:

4Otherwise, combining the red edge coming intov with W ∗ would have
yielded a non-idling feasible allocation with additional one packet throughput,
a contradiction to (C1).

Proof of Proposition 1: Since all weights are strictly
positive, the MWM matching on the equivalent bipartite
graph necessarily matches all possible servers and hence the
equivalent allocation (defined in Definition 5) achieves the
maximum-throughput condition (C1). We prove the load-
balancing condition (C2) by contradiction. Suppose the max-
imum weight matchingM results in the allocationW that
achieves the maximum throughput but does not produce the
most balanced queues. From Proposition 4, we know that
there must exist a balancing pathS(W, j, i) from some queue
j to queue i such that bj − wj ≥ bi − wi + 2, where
ws =

∑K

m=1 wm,s for s = i, j. Let us denote the balancing
allocation of W along S(W, j, i) as W b. Let M b be the
equivalent matching toW b. According toM , nodeaiwi

is
matched andaj(wj+1) is not, while the reverse is true forM b.
In other words,ψ(M b)−ψ(M) = bj−wj−(bi−wi +1) ≥ 1.
But this is a contradiction to the assumption thatM is the
maximum weight matching on the equivalent bipartite graph.

APPENDIX B
SUPPORTINGLEMMAS FOR THEOREM 2

In this appendix we establish the proofs for lemmas 1 to
5 stated in Section V-C. The first lemma establishes the strict
monotonicity ofvn for all n = 0, . . . , T . Hence,vn satisfies
(B.1) for all n as well.

Lemma 1:vn(b) is strictly increasing onb for all n =
0, . . . , T , i.e., b′ > b ⇒ vn(b′) > vn(b).

Proof: Since vn is related toV ∗
n by (13), it suffices to

show the strict monotonicity ofV ∗
n (b, C) for anyC. We show

this by induction.
Induction Basis:V ∗

0 (b, C) = φ(b) =
∑N

j=1 g(bj) is strictly
increasing by the assumption ofg.

Induction Step: AssumeV ∗
n−1(b

′, C) > V ∗
n−1(b, C) for any

b′ > b, then

V ∗
n (b′, C)

= φ(b′) + min
W ′∈W(b′,C)

E
a,C̃[V ∗

n−1(b
′ − 1W ′ + a, C̃)]

≥ φ(b′) + min
W ′∈W(b′,C)

E
a,C̃[V ∗

n−1(b − 1W (W ′) + a, C̃)]

≥ φ(b′) + min
W∈W(b,C)

E
a,C̃[V ∗

n−1(b − 1W + a, C̃)]

> φ(b) + min
W∈W(b,C)

E
a,C̃[V ∗

n−1(b − 1W + a, C̃)]

= V ∗
n (b, C),

where, for each allocationW ′ ∈ W(b′, C), we define
W (W ′) ∈ W(b, C) as the allocation that assigns to each
queuej the same number of servers (the same servers) asW ′

does unless the queue is empty, in which case it assigns only
bj . In other words,1W (W ′) = b − [b − 1W ′]+. In light of
this, the first inequality holds by the induction hypothesisand
noticing thatb − 1W (W ′) = [b − 1W ′]+ ≤ [b′ − 1W ′]+ =
b′ − 1W ′, where the[·]+ is removed because we know that
b′ ≥ 1W ′ fromW ′ ∈ W(b′, C). The second inequality holds
becauseW (W ′) ∈ W(b, C). The third inequality is a result
of the strict monotonicity ofφ.
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The following Lemma 2 shows that the MTLB policy is
optimal at horizonn+ 1 if we know thatvn ∈ F .

Lemma 2: If vn ∈ F , then the MTLB policy is optimal at
horizonn+ 1.

Proof: We need to show thatvn(b − 1W ∗) =
minW∈W(b,C) vn(b − 1W ) whenW ∗ = [w∗

ij ] ∈ W(b, C)
is an MTLB allocation.

We first show thatW ∗ must satisfy the maximum-
throughput condition (C1). AssumeW ∗ does not satisfy
(C1), i.e.,

∑

i,j w
∗
ij < L, whereL is the maximum achiev-

able throughput. By Proposition 3, there exists at least one
throughput-increasing pathI. The throughput-increasing al-
locationW t(I) results in one more throughput and smaller
leftover queues, i.e.,b − 1W t(I) < b − 1W ∗. Hence, by
Lemma 1,vn(b− 1W t(I)) < vn(b− 1W ∗), a contradiction
with the optimality ofW ∗.

Next, we show thatW ∗ must also satisfy (C2). Assume
W ∗ satisfies(C1) but not (C2). Hence, by Proposition 4,
there must exist a balancing pathS = S(W ∗, i, k) for some
queuesi, k. LetW ′ be the corresponding balancing allocation.
Let l∗ = b − 1W ∗ and l′ = b − 1W ′. Since S is a
balancing path andW ′ is the balancing allocation, we know
that l∗i ≥ l∗k + 2 and l′ = Rik(l∗). Using this fact and the
assumption thatvn ∈ F (hence,vn satisfies (B.6)), we have
vn(l′) = vn(Rik(l∗)) ≤ vn(l∗). Hence,W ′ is also optimal.
Since any maximum-throughput allocations can be made to
some MTLB allocation via some finite sequence of balancing
allocations (Corollary 2), we have that any MTLB allocation
is also optimal.

The rest of the appendix provides Lemmas 3 to 5, necessary
to establish thatvn+1 ∈ F if vn ∈ F , as discussed in the proof
of Theorem 2. The next lemma shows thatvn satisfies (B.2)
for all n = 0, . . . , T .

Lemma 3:vn(b), n = 0, . . . , T , is permutation invariant
on b, i.e., vn(π(b)) = vn(b) for any permutation functionπ.

Proof: From (13) and Assumption(A1), it suffices to
show the permutation invariance property ofV ∗

n (b, C) for any
(b, C).

Induction Basis:V ∗
0 (b, C) = φ(b) =

∑N

j=1 g(bj) is clearly
permutation invariant.

Induction Step: Assume V ∗
n−1(π(b),Ππ(C)) =

V ∗
n−1(b, C), then

V ∗
n (π(b),Ππ(C))

= min
W∈W(π(b),Ππ(C))

E
a,C̃[V ∗

n−1(π(b)−1W+a, C̃)]

+ φ(π(b))

= min
W∈W(π(b),Ππ(C))

E
a,C̃[V ∗

n−1(π(b)−1W+π(a),Ππ(C̃))]

+ φ(b),

where the last equality is a direct result of Assumptions(A1)
and (A2). Now, using the fact that

W ∈ W(b, C) ⇔ Ππ(W ) ∈ W(π(b),Ππ(C))

and the induction hypotheses, we have

V ∗
n (π(b),Ππ(C))

= min
W∈W(b,C)

E
a,C̃[V ∗

n−1(π(b) − 1Ππ(W ) + π(a),Ππ(C̃))]

+ φ(b)

= min
W∈W(b,C)

E
a,C̃[V ∗

n−1(b−1W+a, C̃)] + φ(b)

= V ∗
n (b, C).

Next, we establish Lemmas 4 and 5. Specifically, given that
v̂n ∈ F̂ , we show thatEa,C

[

minW∈W(C) v̂n(b − 1W + a)
]

satisfies (B.3) to (B.5) in Lemma 4 and satisfies (B.6) in
Lemma 5. Without loss of generality, we consideri = 1 and
j = 2 in (B.3) to (B.6). Note that from now on we are working
with the relaxed problem where overallocation is allowed, i.e.,
we are considering allocations inW(C), instead ofW(b, C).
Before we proceed, for notational convenience, we write

T a,C
n (b) := min

W∈W(C)
v̂n(b − 1W + a), (22)

and define the set of optimal allocations as follows:
Definition 16: DefineX ∗(b, C) to be the set of all optimal

(not necessarily non-idling) allocations when the state ofthe
system is(b, C). In other words, at horizonn+ 1,

X ∗(b, C) := {W ∗ ∈ W(C) :

vn([b − 1W ∗]+) = min
W∈W(C)

vn([b − 1W ]+)} (23)

We are now ready to show the following important lemma:
Lemma 4:AssumingN = 2 and v̂n ∈ F̂ . For any stateb,

Ea,C

[

T a,C
n (b)

]

satisfies (B.3), (B.4), and (B.5).
Proof: By using Fact 3, it suffices to show thatT a,C

n (b)
satisfies conditions (B.3) to (B.5) for any realization(a, C)
of the arrival and connectivity processes. From (B.3) to (B.5)
and the definition ofT a,C

n (b) in (22), it is equivalent to show
the non-negativity of the following quantities, respectively:

[i] min
W∈W(C)

v̂n(b′+e1+e2−1W ) + min
W∈W(C)

v̂n(b′−1W )

− min
W∈W(C)

v̂n(b′+e1−1W ) − min
W∈W(C)

v̂n(b′+e2−1W ),

(24)

[ii] min
W∈W(C)

v̂n(b′ + e1 − 1W ) − 2 min
W∈W(C)

v̂n(b′ − 1W )

+ min
W∈W(C)

v̂n(b′ − e1 − 1W ), (25)

and

[iii] min
W∈W(C)

v̂n(R12(b
′) − 1W ) − 2 min

W∈W(C)
v̂n(b′ − 1W )

+ min
W∈W(C)

v̂n(R21(b
′) − 1W ), (26)

where we letb′ := a+b for convenience. The non-negativity
of (24) to (26) is shown by using the assumption thatv̂n ∈ F̂
(hence,̂vn satisfies conditions (B.1) to (B.6)) and the fact that
the MTLB policy is optimal at horizonn+ 1 (Lemma 2).
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Since the MTLB policy is optimal at horizonn+1, we first
make the following important observation:5

Observation 1:For N = 2 users, there exists an MTLB
allocationW ∗ ∈ X ∗(b′, C) at horizonn+ 1 such thatW ∗ ∈
X ∗(b′, C) ∩ X ∗(b′ + e1, C) ∩ X ∗(b′ + e1 + e2, C).

This is because 1) adding one packet to each queue does not
create any balancing paths, i.e.,W ∗ ∈ X ∗(b′ + e1 + e2, C);
and 2)W ∗ can always be chosen such that it gives priority
to serving queue1, hence, adding one packet to queue1 does
not create any balancing paths, i.e.,W ∗ ∈ X ∗(b′ + e1, C).

Now, with this choice ofW ∗ ∈ X ∗(b′, C) ∩ X ∗(b′ +
e1, C)∩X ∗(b′ +e1 +e2, C) andd := b′−1W ∗, we rewrite
some terms in (24) to (26):

min
W∈W(C)

v̂n(b′ − 1W + e1 + e2) = v̂n(d + e1 + e2), (27)

min
W∈W(C)

v̂n(b′ − 1W ) = v̂n(d), (28)

min
W∈W(C)

v̂n(b′ + e1 − 1W ) = v̂n(d + e1). (29)

Now, we are ready to show thatT a,C
n (b) satisfies (B.3) to

(B.5), respectively.

(i) T a,C
n (b) satisfies (B.3).

min
W∈W(C)

v̂n(b′+e1+e2−1W ) + min
W∈W(C)

v̂n(b′−1W )

− min
W∈W(C)

v̂n(b′+e1−1W ) − min
W∈W(C)

v̂n(b′+e2−1W )

= v̂n(d + e1 + e2) + v̂n(d) − v̂n(d + e1)

− min
W∈W(C)

v̂n(b′+e2−1W )

≥ v̂n(d + e1 + e2) + v̂n(d) − v̂n(d + e1) − v̂n(d + e2)

≥ 0,

where the equality is due to (27)-(29), the first inequality is
due to the observation thatW ∗ ∈ X ∗(b′, C) ⊆ W(C) (but not
necessarily inX ∗(b′ + e2, C)), and the last inequality holds
becausêvn ∈ F̂ and hence satisfying condition (B.3).

(ii) T a,C
n (b) satisfies (B.4).

Using (28) and (29), this is equivalent to showing

v̂n(d + e1) − 2v̂n(d) + min
W∈W(C)

v̂n(b′ − e1 − 1W ) ≥ 0

To show this, we consider the following two cases, depending
on whetherW ∗ ∈ X ∗(b′ − e1, C) or not.

Case 1: IfW ∗ ∈ X ∗(b′ − e1, C), then

v̂n(d + e1) − 2v̂n(d) + min
W∈W(C)

v̂n(b′ − e1 − 1W )

= v̂n(d + e1) − 2v̂n(d) + v̂n(d − e1) ≥ 0,

sincev̂n satisfies (B.4).
Case 2:W ∗ 6∈ X ∗(b′−e1, C). Thus, there exists a balancing

pathS(W ∗, 2, 1) from queue 2 to queue 1 andd2 = d1 + 1.
Note that since there are only two queues, this balancing path
is simply a balancing path(2, v, 1) for some serverv ∈ V ,
which is connected to both queues but is being assigned to
queue 1 underW ∗. Hence, the balancing allocation(W ∗)b(S)

5As we will discuss later, this observation which is essential in proving the
lemma does not hold in the case of generalN(≥ 3).

is in X ∗(b′−e1, C) and we have1(W ∗)b(S) = R12(1W
∗) =

1W ∗ − e1 + e2. In other words,

v̂n(d + e1) − 2v̂n(d) + min
W∈W(C)

v̂n(b′ − e1 − 1W )

= v̂n(d + e1) − 2v̂n(d) + v̂n(b′ − e1 − 1(W ∗)b(S))

= v̂n(d + e1) − 2v̂n(d) + v̂n(d − e2)

= v̂n(d + e1) − v̂n(d) − v̂n(π12(d)) + v̂n(d − e2)

= v̂n(d + e1) − v̂n(d) − v̂n(d + e1 − e2) + v̂n(d − e2)

≥ 0,

where the second equality holds becauseb′ − e1 −
1(W ∗)b(S) = d − e2, the third equality holds becausêvn

satisfies (B.2), the fourth equality follows fromd2 = d1 + 1,
and the last inequality becausev̂n satisfies (B.3).

(iii) T a,C
n (b) satisfies (B.5).

This is equivalent to showing

min
W∈W(C)

v̂n(R12(b
′) − 1W ) − 2v̂n(d)

+ min
W∈W(C)

v̂n(R21(b
′) − 1W ) ≥ 0 (30)

To show this, we consider the following three cases.
Case 1: IfW ∗ ∈ X ∗(R21(b

′), C) ∩ X ∗(R12(b
′), C), then

we are done sincêvn satisfies (B.5).
Case 2: IfW ∗ 6∈ X ∗(R21(b

′), C), then there exists a
balancing pathS(W ∗, 1, 2). SinceW ∗ ∈ X ∗(b′ + e1, C)
(i.e., W ∗ was chosen to give priority to serving queue1),
we must haved1 = d2. Hence,(W ∗)b(S) ∈ X ∗(R21(b

′), C).
Furthermore,1(W ∗)b(S) = R21(1W

∗). Thus, for this case,
the LHS of (30) becomes:

min
W∈W(C)

v̂n(R12(b
′) − 1W ) − 2v̂n(d)

+ min
W∈W(C)

v̂n(R21(b
′) − 1W )

= min
W∈W(C)

v̂n(R12(b
′) − 1W ) − 2v̂n(d) + v̂n(d)

= min
W∈W(C)

v̂n(R12(b
′) − 1W ) − v̂n(d) (31)

Next we consider the two following subcases:
Case 2.1: IfW ∗ ∈ X ∗(R12(b

′), C), then (31) is equal to
v̂n(R12(d)) − v̂n(d) ≥ 0, becaused1 = d2 and v̂n ∈ F̂ .

Case 2.2: If W ∗ 6∈ X ∗(R12(b
′), C), then there ex-

ists a balancing pathS(W ∗, 2, 1). Hence, (W ∗)b(S) ∈
X ∗(R12(b

′), C), ensuring that1(W ∗)b(S) = R12(1W
∗).

Thus, (31) is equal to zero.
Case 3: If W ∗ ∈ X ∗(R21(b

′), C) but W ∗ 6∈
X ∗(R12(b

′), C), then, by the permutation invariance property
of v̂n, this reduces to Case 2.1 above.

Lemma 5:AssumingN = 2 and v̂n ∈ F̂ . For any state
b such thatb1 ≥ b2 + 1, Ea,C[T a,C

n (b)] satisfies condition
(B.6).

Proof: To show that Ea,C[T a,C
n (b)] meets condi-

tion (B.6) is equivalent to show the non-negativity of
Ea,C

[

T a,C
n (b) − T a,C

n (R12(b))
]

. For convenience, let us de-
fine

Za,C(b) := T a,C
n (b) − T a,C

n (R12(b)). (32)
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Using the permutation invariance property of the arrival and
connectivity processes (AssumptionsA1 and A2), we can
rewriteEa,C [Za,C(b)] as

Ea,C

[

Za,C(b)
]

=
1

2
Ea,C

[

Za,C(b) + Zπ12(a),Ππ12
(C)(b)

]

.

Thus, it suffices to show that, for any(a, C) andb1 ≥ b2 +1,

Za,C(b) + Zπ12(a),Ππ12
(C)(b) ≥ 0.

We show this by noticing that

Za,C(b) + Zπ12(a),Ππ12
(C)(b)

= Za,C(b) + Za,C(π12(b))

= Za,C(b) + T a,C
n (π12(b)) − T a,C

n (π12(R12(b)))

= T a,C
n (b0) − T a,C

n (b1) + T a,C
n (bM ) − T a,C

n (bM−1)
(33)

whereM := b1 − b2 (≥ 1) andbm := b −me1 +me2, for
m = 0, . . . ,M . The first equality follow from the permutation
invariance property, while the second and third equalities
follow from (32). Note thatπ12(b) = b2e1 + b1e2 = b −
(b1 − b2)e1 + (b1 − b2)e2 = bM , π12(R12(b)) = bM−1,
bm+1 = R12(b

m), andbm−1 = R21(b
m).

Now notice that ifM = 1, then the RHS of (33) is zero. If
M ≥ 2, we have

T a,C
n (b0) − T a,C

n (b1) − T a,C
n (bM−1) + T a,C

n (bM )

=

M−1
∑

m=1

{

T a,C
n (bm−1) − 2T a,C

n (bm) + T a,C
n (bm+1)

}

=

M−1
∑

m=1

{T a,C
n (R21(b

m)) − 2T a,C
n (bm) + T a,C

n (R12(b
m))}

≥ 0,

where the inequality holds becausêvn ∈ F̂ and, from
Lemma 4,T a,C

n (·) satisfies condition (B.5).
Remark 4:The proofs for Lemmas 4 and 5 are valid only

for N = 2. The main difficulty in the extension to the
general case ofN > 2 is with Lemma 4, Observation 1,
where we cannot claim that there exists an MTLB allocation
W ∗ ∈ X ∗(b′, C) such thatW ∗ ∈ X ∗(b′, C) ∩ X ∗(b′ +
e1, C)∩X ∗(b′+e1+e2, C). This reflects a major obstacle that
adding one packet to queue 1 and/or queue 2 may generate a
balancing path in the original optimal allocation. For general
N , we will need to explore more cases and require extra
convexity properties of functions inF . Currently, we do not
know which extra conditions are needed and how to show
that these conditions ofvn carried over tovn+1. Therefore,
the extension to the general case ofN > 2 remains open.

APPENDIX C
SUPPORTINGLEMMAS AND PROOF OFTHEOREM 3

In this appendix, we prove the optimality of the MTLB-F
policy for the fluid server allocation relaxation. We assume
that the cost functionφ(b) is monotonically increasing, per-
mutation invariant, and convex onb ∈ R

N
+ . It is easy to see

that the strict monotonicity and permutation invariance ofvn

in the fluid relaxation (Lemmas 1 and 3) still hold for alln.
Next we show the convexity ofvn for all n.

Lemma 6:vn(b) is convex onb for all n = 0, 1, . . . , T .
Proof: It suffices to show the convexity ofV ∗

n (b, C) for
every C. We show this by induction:V ∗

0 (b, C) = φ(b) is
convex onb. AssumeV ∗

n−1(b, C) convex onb. For i = 1, 2,
let W i ∈ Wf (bi, C) be an optimal allocation at timen for
(bi, C), i.e.,

V ∗
n (bi, C) = φ(bi)+E

a,C̃

[

V ∗
n−1(b

i + a − 1W i, C̃)
]

. (34)

Then, for anyβ ∈ [0, 1], let W β = βW 1 + (1 − β)W 2

and bβ = βb1 + (1 − β)b2. We can easily see thatW β ∈
Wf (bβ , C) since it satisfies the conditions (a’) to (d) in
Definition 9. Then, we have

V ∗
n (bβ , C)

= φ(bβ) + min
W∈Wf (bβ ,C)

E
a,C̃

[

V ∗
n−1(b

β + a − 1W, C̃)
]

≤ φ(bβ) +E
a,C̃

[

V ∗
n−1(b

β + a − 1W β , C̃)
]

≤ φ(bβ) +E
a,C̃

[

βV ∗
n−1(b

1+a−1W 1, C̃)
]

+ E
a,C̃

[

(1 − β)V ∗
n−1(b

2+a−1W 2, C̃)
]

≤ β
(

φ(b1) + E
a,C̃

[

V ∗
n−1(b

1+a−1W 1, C̃)
])

+ (1 − β)
(

φ(b2) + E
a,C̃

[

V ∗
n−1(b

2+a−1W 2, C̃)
])

= βV ∗
n (b1, C) + (1 − β)V ∗

n (b2, C),

where the second inequality follows from the induction hy-
pothesis, the last inequality from the convexity of the cost
function φ, and the last equality from (34).

The notions of alternating, balancing, and throughput-
increasing paths and allocations can be generalized as follows:

Definition 17: For ǫ > 0, an ǫ-alternating pathfrom queue
u0 ∈ U to queueuk ∈ U with respect toW ∈ Wf (b, C) is
a sequence of distinct vertices

S(W,u0, uk, ǫ) := (u0, v1, u1, v2, . . . , vk, uk),

with vi ∈ V , ui ∈ U , wvi,ui
≥ ǫ for eachi = 1, . . . , k. An ǫ-

alternating pathS(W,u0, uk, ǫ) is called anǫ-balancing path

if
(

bu0
−

∑K

i=1 wi,u0

)

−
(

buk
−

∑K

i=1 wi,uk

)

≥ 2ǫ.

Definition 18: For ǫ > 0, an ǫ-throughput-increasing path
relative toW ∈ Wf (b, C), is a sequence of distinct vertices

I(W, v0, uk, ǫ) := (v0, u1, v1, u2, . . . , vk−1, uk)

with (a) vi ∈ V , ui ∈ U , andwvi,ui
≥ ǫ for eachi, (b) v0

is not fully matched, i.e.,1 −
∑N

j=1 wv0,j ≥ ǫ, and (c)uk is

non-empty, i.e.,buk
−

∑K

i=1 wi,uk
≥ ǫ.

Definition 19: Given an ǫ-balancing path S =
S(W,u0, uk, ǫ) for ǫ > 0, an ǫ-balancing allocation
W b,ǫ(S) balances the queueu0 and uk by ǫ packets by
reassigning servervl to serve ǫ packets more from queue
ul−1 and ǫ packets less from queueul, ∀l = 1, . . . , k.

Definition 20: Given anǫ-throughput-increasing pathI =
I(W, v0, uk, ǫ) for ǫ > 0, an ǫ-throughput-increasing alloca-
tion W t,ǫ(I) ∈ Wf (b, C) achieves additional throughput ofǫ
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packets by assigningv0 to serveǫ more packets fromu1 and
reassigning servervl to serveǫ packets more from queueul+1

and ǫ packets less from queueul, ∀l = 1, . . . , k − 1.
Note that the throughput-increasing and balancing paths

previously considered under the integral server allocation
(Definitions 13 and 14) are equivalent to the fluid versions
(Definitions 17 and 18), when we takeǫ = 1.

We see that similar results as in Appendix A hold for the
ǫ-throughput-increasing andǫ-balancing paths as well. The
existence of the MTLB-F policy could be similarly established
as in Theorem 1 using the following result:6

Proposition 3’: An allocation achieves the maximum
throughput (C1) if and only if it has no ǫ-throughput-
increasing paths for anyǫ > 0.

Proof: Similar to the proof in Proposition 3.
Proposition 4’: Any allocation satisfying the maximum-

throughput condition (C1) also satisfies the load-balancing
condition (C2) if and only if it has noǫ-balancing path for
any ǫ > 0.

Proof: The proof is very similar to that of Proposition 4
but here we allowǫ ∈ (0, 1] packets to be reallocated. It
suffices to show that if a maximum-throughput allocation
W = [wi,j ] ∈ Wf (b, C) does not satisfy (C2), then W
has at least oneǫ-balancing path for someǫ > 0. Let
W ∗ = [w∗

i,j ] ∈ Wf (b, C) be an MTLB-F allocation, chosen
such that||W ∗−W || is minimized, where||X|| :=

∑

i,j |xij |
for any matrix X = [xij ]. Now let Gd be the weighted
subgraph of the bipartite graphG = (V,U,C) induced by
the allocation difference matrixW ∗ − W . Specifically,Gd

contains an edge(v, u) for v ∈ V and u ∈ U if and only
if |w∗

v,u − wv,u| > 0. We assign the weight of the edge
(v, u) as |w∗

v,u −wv,u|. Color the edges(v, u) of Gd green if
w∗

v,u−wv,u > 0, and red ifw∗
v,u−wv,u < 0. Direct the green

edges fromV to U and the red edges fromU to V . Let the
leftover queue vectors underW andW ∗ be l = b− 1W and
l∗ = b − 1W ∗, respectively.

We claim that for every directed pathP in Gd from u1 ∈ U
to u2 ∈ U , we have

l∗u1
≤ l∗u2

. (35)

To see this, letP = (u1, . . . , u2) be a directed path in
Gd. By the choice of the directions for the edges,P must
be alternating between red and green edges. Letǫ′ be the
minimum of the weights of the edges along this path (ǫ′ > 0 by
construction ofGd). If l∗u1

> l∗u2
thenP is anǫ-balancing path

for W ∗ with ǫ = min{ǫ′, (l∗u1
− l∗u2

)/2} > 0, contradicting to
the assumption thatW ∗ satisfy (C2).

Next, we claim thatGd is acyclic. AssumeGd is cyclic,
i.e., there is a red-green alternating and directed pathP =
(u1, . . . , u1) in Gd, for someu1 ∈ U , with the minimum
weight ǫ > 0 along this path. Then, we get another MTLB-F
allocationW ∗∗ = [w∗∗

i,j ] by letting w∗∗
v,u = w∗

v,u − ǫ for all
green edges(v, u) ∈ P , w∗∗

v,u = w∗
v,u + ǫ for all red edges

(v, u) ∈ P , andw∗∗
v′,u′ = w∗

v′,u′ for all edges(v′, u′) not in
P . We see thatW ∗∗ is closer toW thanW ∗ is toW because
|w∗∗

v,u−wv,u| = |w∗
v,u−wv,u|−ǫ ≥ 0 for each edge(v, u) in P .

6One can argue the existence by seeing that this is equivalentto minimizing
max(b − 1W ) on a compact set.

In other words,||W ∗∗ −W || < ||W ∗ −W ||, in contradiction
to the choice ofW ∗. Hence, we must have thatGd is acyclic.

Now, since bothW ∗ andW achieve the maximum through-
put, we have that

∑N

i=1 li =
∑N

i=1 l
∗
i . But sinceW does not

satisfy the LB condition (C2), there must existu1 ∈ U such
that

lu1
< l∗u1

. (36)

Obviously, there is a red edge directed out ofu1. Starting from
u1 we build an alternating red-green and directed pathP ′ in
Gd as follows: (1) From an arbitrary vertexu ∈ U (including
u1), if there is a red edge directed out ofu and lu ≤ lu1

, we
build P ′ by arbitrarily select one of the red edges directed out
of u. (2) From an arbitraryv ∈ V , we buildP ′ by arbitrarily
follow one of the green edges directed out ofv. Such a green
edge always exist.7 (3) Otherwise, stop.

Using the fact thatGd is acyclic, P ′ is well-defined and
finite. Letu2 ∈ U be the final vertex on the path andǫ′ > 0 be
the minimum weight alongP ′. There are two possible cases:

Case 1:lu2
> lu1

. In this case, we reverse the order of
nodes inP ′ to arrive at anǫ-balancing path relative toW ,
whereǫ = min{ǫ′, (lu2

− lu1
)/2} > 0.

Case 2: There is no red edge directed out ofu2. Thus,
P ′ arrived atu2 via a green edge(v, u2) for somev ∈ V .
This means thatu2 is served at leastw∗

v,u2
− wv,u2

> 0
packets more underW ∗, relative toW . Hence,lu2

> l∗u2
. This

together with (35) and (36) givelu2
> l∗u2

≥ l∗u1
> lu1

, which
meanslu2

> lu1
. Reversing the order of nodes inP ′ gives

a ǫ-balancing path relative toW , whereǫ = min{ǫ′, (lu2
−

lu1
)/2} > 0.
Since there exists anǫ-balancing path in both cases for some

ǫ > 0, we have the assertion of the proposition.
Using the above results, we can show the following:
Theorem 3:For the problem (P) with the fluid server allo-

cation relaxation, the MTLB-F policy is optimal.
Proof: We need to show that

vn(b − 1W ∗) = min
W∈Wf (b,C)

vn(b − 1W ), (37)

where W ∗ ∈ Wf (b, C) is MTLB-F. Since Wf (b, C) is
convex and compact, there exists an optimal allocationW ∗.
Similarly as in the proof of Lemma 2, we can show that
W ∗ must satisfy (C1) using Proposition 3’ and the strict
monotonicity ofvn (Lemma 1).

Now assumeW ∗ satisfies (C1) but not (C2). By Propo-
sition 4’, there must exist anǫ-balancing pathS =
S(W ∗, i, k, ǫ) relative to W ∗, for some ǫ > 0 and some
queuesi, k ∈ U . Let W ′ = W b,ǫ(S) be the corresponding
ǫ-balancing allocation. Letl∗ = b− 1W ∗ and l′ = b− 1W ′.
We then havel′i = l∗i − ǫ, l′k = l∗k + ǫ, and l′u = l∗u for
all u 6= i, k. By the convexity and permutation invariance
properties ofvn, we can show thatvn(l′) ≤ vn(l∗) [4]
as follows: Sincel∗ and l′ differ only in the ith and kth
components, it suffices to consider a functionvn of two
variables. We notice that(l∗i − ǫ, l∗k + ǫ) lies on the interval

7Otherwise, combining one of the red edges coming intov with W ∗ would
have yielded a non-idling feasible allocation with additional positive packet
throughput, a contradiction to (C1).
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joining (l∗i , l
∗
k) and (l∗k, l

∗
i ). Hence, for someγ ∈ [0, 1], we

have (l∗i − ǫ, l∗k + ǫ) = γ(l∗i , l
∗
k) + (1 − γ)(l∗k, l

∗
i ). Using the

convexity and the permutation invariance ofvn, we obtain
vn(l∗i −ǫ, l

∗
k +ǫ) ≤ γvn(l∗i , l

∗
k)+(1−γ)vn(l∗k, l

∗
i ) = vn(l∗i , l

∗
k).

Hence,vn(l′) ≤ vn(l∗) and W ′ is also optimal but more
balanced thanW ∗. Thus, we can conclude that any MTLB-F
allocation is optimal.
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