Many-Sources Large Deviations for Max-Weight
Scheduling

Somsak Kittipiyakuil and Tara Javidi Vijay G. Subramaniahn
ECE Department Hamilton Institute
University of California at San Diego NUIM, Maynooth
San Diego, CA 92037 Co. Kildare, Ireland
Email: {skittipi, tjavidi}@ucsd.edu Email: Vijay.Subramanian@nuim.ie
Abstract

In this paper, we establish a many-sources large deviagidnsiple (LDP) for the stationary workload of a
multi-queue single-server system with simplex capacipgrated under a stabilizing and non-idling maximum-
weight scheduling policy. Assuming a many-sources sampte pDP for the arrival processes, we establish
an LDP for the workload process by employing Garcia’s ex¢éehdontraction principle that is applicable to
quasi-continuous mappings. The LDP result can be used twlesé asymptotic buffer overflow probabilities
accounting for the multiplexing gain, when the arrival @ss is an average of i.i.d. processes. We express the
rate function for the stationary workloads in term of theertnctions of the finite-horizon workloads when the
arrival processes have i.i.d. increments.

. INTRODUCTION

In this paper, we consider a single-server multi-classrdisetime queueing system where the server
is allocated to queues according to a maximum weight sckeeduhich is known to be stabilizing [1].
We provide a refined analysis of the statistical performafcthis policy under stochastic arrivals. In
particular, with X' independent queues we seek to derive the probability oEbofferflow. Specifically,
for a given finite valueB, we consider the transient behavior, i.e., quantities $UGh, » > B1x) where
Wor € RE is the workload (to be formally defined later) at tifdevith “zero” initial workload at time
—T and1y € RY is the vector of allls, as well as the stationary behavior, i.e., the similar pbilstic
guantities as before for the limiting workload vector’&as— oco. Like many recent papers on analysis
of scheduling algorithms [2]—[8], our work considers laganic asymptotics to the probabilities by
analyzing a large-deviation approximation to the probldime present paper is closely related to [6],
where the buffer overflow probability for the workload preses of a single-server multi-queue queueing
system under max-weight policies and general compact andegocapacity regions was established.
While [6] addresses the large-buffer scaling regime, thigep&stablishes similar results for a classical
multi-class single-server (simplex capacity region) egstunder a “many-sources” asymptotic regime
(see [7]-[14]).

In a many-sources asymptotic regime, one considers a seguémueueing systems indexed by the
number of the (independent) sources multiplexed (or aeshagver a particular queue, i.e., the arrival
process to each queue is the averagéd. gfrocesses. The analysis focuses on the asymptotic behavior
of the systems wheih — oo. The motivation to consider many-sources scaling inclutesfollowing
considerations: 1) practical interest in real applicaiovhen there are large number of flows to each
user or node. This asymptote usually gives a more refinecoappation to the probabilistic quantities
of interest by incorporating the impact of the multiplexigain [9]-[12], [15]-[17]; and 2) a cross-layer
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optimization for the optimal duration of the finite code teavhen the transmission channel is operated
at high-SNR regime (see [18]).

Given a sample path large deviation principle for the alrpracesses (in the space of real-valued
sequences with the scaled uniform topology), we derive gelaeviations principle for the workload.
In particular, we first show that the workload is a quasi-oardus map of the arrival process. The first
contribution of the paper is, thus, obtained based on a tesgansion of the contraction principle by J.
Garcia [19]. More precisely, we use Garcia’s extended emtitbn principle together with an assumed
sample path large deviations principle (LDP) (see Defin#for the arrival process to establish an LDP
for the workload at any given timeas well as the stationary workload. The LDP results (Thesidm
and[2) directly imply that the probability of buffer overfldwas an exponential tail whose decay rate is
dictated by a good rate function whose form is determinedhieystatistics of the arrival process. This
rate function can be expressed as a solution to a finite-diroeal optimization problem which has the
same flavor of a deterministic optimal control problem. Whiea arrival process has i.i.d. increments,
we provide a simplified form for the rate function.

The outline of the paper is as follows. The problem formolatis given in Sectiofll. Section]II
provides background and preliminary results on the larggatiens principle. The main results of
the paper, which are the LDPs of the workloads, are given uti@eIV. Section[Y gives simplified
expressions of the rate functions. We conclude in Se€fiomith a discussion of future work.

[I. PROBLEM FORMULATION

We consider a discrete-time queueing system Witindependent queues and one server with capacity
¢ (bits per timeslot). For every queuec K := {1,..., K} we assume that work (in bits) arrives into
the queue given by a sequencé’,t € N) where A¥ € R, is the work brought in at time-¢. For
0 < my < my integers, we definel”(my, my] := >/ . Aj as the total amount of work to arrive
for userk from timeslot—m, and until timeslot—m, — 1. We also writeA¥|(,,, .., to denote the finite
sequence of arrivalgl® restricted to{—ms,,...,—m; — 1}.

We assume a maximum-weight server allocation policy wheee weights are functions of the
unfinished workloads, and under which we are interestedansthtistical properties of the unfinished
workload in queue: at timet. Let W} € R, be the unfinished workload (queue length) of quéust
the beginning of time-t and R be the amount of service allocated to quéuguring time(—¢, —t+1].
Let W, := (W}, k € K) be the corresponding workload vector alid:= (RF, k € K) be the rate vector.
One can define a simplex rate regi®)

K
72::{r:(rl,...,rK)ERf:Zrkgc}, Q)
k=1

as the set of server’s operating points, i&;,c€ R. At the beginning of timeslot-¢, the rate vector
R, € R is selected by a work-conserving max-weight schedélein response to the current workload
Wy, that is, R, = H(W;) where the schedulell servesc bits from the queué* which has the largest
workload W} when the workload of the longest queue is at leasin case of a tie, the scheduler
chooses the queue with the lowest index. To make the schedateidling, we assume the scheduler
splits the service when the unfinished workload in each queless thanc. That is, we assume that
the scheduler assigng(x) = Proj, (x) whenx € [0,¢)*, where Proj(b) is the projection of vector
b on the setB. Specifically, forx € RE we considerH (x) to be given by

Hx) = {e(x) if x¢[0,c)X;

Proj,(x) if x €[0,¢)%. @)



Abovee(x) is defined as thé& -dimensional vector whose elements are zeros except fdr'theslement
which is ¢, wherek* = min{k : k € argmax;cx z;}. For example, wheril'’ = 2, the scheduler{ in
(2) becomes
(c,0), if o1 >a% 2! >c
H(x) =< (0,¢), if 28 <a2? 2?2 >c¢, 3)
Projs (x), if 2! <c,2? <c.

For ¢t € N, the dynamics of the workloads of quekiec K is
Wf—l = [Wtk - Rf]+ + Af, (4)

where forz € R, [z]" := max{0,z}. We assume that the arrival vectal; happens any time in
(—t,—t + 1) but cannot be served in that timestot

In this paper, we are interested in the asymptotic proliadsliof the finite-horizon and infinite-
horizonworkloads. The finite-horizon workload, denoted 1% », is the workload at tim&, assuming
the initial condition at time-7" is W € R. The indexT" in W, + reminds us of this initial conditiol.
The infinite-horizon workload)V, is defined asV = W(A) := limy_.oo Wor(A|1)). We assume that
the limit exists but may be infinite. It can be shown thétis the stationary workload when the system
is stable. We will use the functioi'r to meanGr(A|o.r1) = Wo,r(A|,r) and the functiorG to mean
G(A) =W(A). To aid in describing our results we further defi@é and G* in the following way:

Definition 1: For a functionF' : X — Y andz € X, we define

F*:={y €Y :(3z, — z) such thatF'(x,) — y}. (5)

Note thatF() is a set-valued mapping. It is single-valued:athereF is continuous (i.e.F'” = {F(z)}).

We consider a sequence of queueing systems indexddddW and will be interested in the behavior
of the queueing systerh as L becomes large. For each ugee K and system indexed b, we assume
a stationary arrival process of work brought into the systgven by a sequencd®’ := (Af’L,t e N)
where Af’L € R, is the work (in bits) brought in at time-¢ into the queue of usek. The arrivals
to different queues/users are mutually independent. Wewothe many-sources scaling regime on
the system with indexl.. The arrival process to each quekeis assumed to be an average bf
ii.d. processes, i.edb! .= LY~ ARG where eachA™ is an independent identically distributed
copy of a stationary procesd. We denote the mean arrival rate ly:= EA’{’L = FA;. Also let
AL .= (AP k € K) be the sequence of arrival vectors.

A. Main Results

Assuming that the sequence of the arrival proce$ses satisfies a many-sources sample path LDP
with a continuous rate function (Assumptidds 1 ahd 2, retsgelg, given in Sectiofi Ill), the main results
of the paper are the following LDP’s for the finite and infiaiterizon workloads. We also provide a
simplification of the rate functions when the arrival prams have i.i.d. increments.

Theorem 1:Fort € N, the sequence of the finite-horizon workloald$’ ;(A”|(o4) := G+(A%]0.4)}
satisfies an LDP ofR% with the rate functionl;, where forb € R

L(b)= inf  I*(x) (6)

Kxt,
x€RY "":GY¥3b

The initial condition is normally taken to be the zero vector but the resultiramalid even when the initial condition is withiR.
With Wz € R, we always have the workload at timeTl" + 1 be Wr_1 = [Wr — H(Wr)]t + Ar = Ar from the non-idling condition
that we imposed on the server allocation mechanism.



Theorem 2:1f Kpu < ¢, the sequence of infinite-horizon workloaig)(AL) := G(AF)} satisfies an
LDP onR% with rate function./, where forb € R

J®)= inf  I*(a). (7)

a€DK:G5b

In the above results; denotes a sequence taking value®ih ande is a special subset of sequences
taking values inR” which will be clarified in Sectiof TI=A .

[1l. BACKGROUND AND ASSUMPTIONS
A. Topology for Sample Paths

Since a large deviations principle is defined with topolagientities and since we will deal with
continuity and convergence of the workload mappings, wel rteeprecisely specify the topology for
the space of the arrival sample paths. We use the scaledminiépology as in [13] for our analysis. Let
D denote the space of sample paths (non-negative discre¢eftinctions), i.e.D := {z : N +— R, },
and let DX be the K cartesian product of. Let || - ||, be the scaled uniform norm oP, i.e.,
||2]|u := sup,en ‘@ for all z € D while for all a = (a*, k € K) € DX, wherea” € D, the scaled
uniform norm ofa is ||a||, := maxxex ||a*||,. Define a subspacP,, of D which contains all the arrival
paths whose average arrival rate is equal to the expected rae., D, := {:c €D :limy_ @ = u}

and fo the K products ofD,. Again, we equipD, and fo with the scaled uniform topology. For
metric spaces lik&R"', n € N, we use the square uniform topology with the square met[0], where

B. Large Deviations Principle

The following definition of a large deviations principle iaken from [13]. For an excellent full
introduction to the theory, definitions, and tools, see [@44 for queueing applications, see [14].

Definition 2 (Large deviations principle)A sequence of random variablés” in a Hausdorff space
X with o-algebral3 is said to satisfy a large deviations principle (LDP) withodorate function/ if,
for any B € B,

. o1 L . 1 L :
xleano I(z) < hLIILlcgf 7 log P(X" € B) < hanﬁs:ip 7 log P(X" € B) < ;reljf?; I(z), (8)
where B° and B are the interior and the closure @&f, respectively, and the rate functidn: X —
R, U{oo} has compact level sets, where the level sets are definéd as(x) < a}, for a € R.

If X~ is a mapping fronN to R describing sample path of a random sequence, the LDP igedfer
to as asample path_DP.

We are interested in finding an LDP for the sequence of the lwads)V(A") and W, r(A”|o1),
assuming the following sample path LDP of the arrival preessi”.

C. Sample Path LDP of Arrival Processes

The following sample path LDP for the sequence of arrivakcpesesA’ is the starting point of our
analysis.

Assumption 1 (Many-sources sample path LDPe sequenced AL} satisfies a sample path LDP
in fo equipped with the scaled uniform topology with rate functis, where the rate functiod® is
given as

Iﬁ(a) = Sug Iﬁt(a|(07t]) = 1tlirn Iﬁt(a|(0,t}) (9)
tE — 00



for a € DI, where forx = (x* € R/, k € K) € R},

K
I'y(x) =Y A (xh), (10)
k=1
and A} is the convex conjugate or Fenchel-Legendre transform,of
A (y) :==sup -y — Ay(0), for y € R, (11)
Rt
A(8) :==log Eexp (6 - Aloy) , for 0 € R". (12)

Remark 1: Assumptior]L implies that the sequer{cé”} also satisfies an LDP oR® equipped with
the scaled uniform topology, with rate functidh where*(a) = oo for a € D* /D[ [14]. It is shown
in [14, Lemma 7.8] that under Assumptidh A;(-) is non-negativeA; is convex, and\;(u1;) = 0,
where1,, is the vector of all ones ifR". Hence,l*;(;ulg,) = 0 and I¥, is convex.

In this paper, we also assume the following continuity cbadion the rate functiod® in (9):

Assumption 2:/* is continuous on its effective domain defined{ase DX : I¥(z) < oo}.

Remark 2:As shown in [13] and [14], the above many-sources sample bBf (Assumptior 1)
holds when the underlying arrival procedssatisfies mild regularity conditions. This implies that el
standard stationary processes used for traffic modelingh ss i.i.d. increment processes, Markov-
modulated, a general class of Gaussian, and fractional Baowprocesses (for long-range dependent
or heavy-tailed traffic), satisfy Assumptions 1 dnd 2.

D. Garcia’s Extended Contraction Principle

The contraction principle (see [21, p. 126]) says that if va@ehan LDP for a sequence of random
variables, we can effortlessly obtain LDP’s for a whole ottlass of random sequences that are obtained
via continuous transformations. However, due to the infitedlescontinuity in the max-weight scheduling
function, the usual contraction principle fails to provisigficient structure. Instead, we will utilize the
following powerful extension of the contraction princigta quasi-continuous transformations on metric
spaces, given by Garcia [19]. First, let us provide the dafimiof quasi-continuity on metric spaces:

Fact 1. [19, Theorem 3.2] IfX',) are complete metric spaces, a functibn: X — ) is quasi-
continuous if and only if for eachr € X, there is a sequendr,, } such thatr,, — =, F(x,) — F(z),
and such that for alh, F' is continuous atr,,.

Remark 3:Obviously, every continuous function is quasi-continuofsstep functionF' : R — R,
whereF'(z) = 0 for x < 0, F'(x) =1 for z > 0, is quasi-continuous. But if'(0) = 1/2, then F' is not
guasi-continuous. From this example, we can infer that obeduling functionH is quasi-continuous.

Fact 2 (Garcia’s Extended Contraction PrincipleAssumes2 Yl Y, X,) are metric spaces,
and{ X'} satisfies a large deviation principle with good rate functié. If at everyx with I*(z) < oo,
F is quasi-continuous anéf is continuous, thed F(X*)} satisfies the LDP with rate function given
by
I(y) =inf {I*(z) 1y € F*}. (13)

Hence, given Assumptiol 2, the LDP’s for the sequences dkfirdnd infinite-horizon workloads
would follow as a direct consequence of the quasi-conynaftthe mappingss, and G. The quasi-
continuity of the workload mappings is inherited from theagucontinuity of the schedulét.

IV. ANALYSIS: LDP’s FORWORKLOADS

In this section, we present the main result of the paper: kD& the sequences of the finite- and
infinite-horizon workloads. We first establish an LDP for gefjuence of the finite-horizon workloads.



A. LDP for Finite-Horizon Workloads

In this section, fort € N, we establish an LDP for finite-horizon workload8/, := G(A"|4)}-
The approach is to first show that the mappifg : RE*" — RX is quasi-continuous, then use
Garcia’s extended contraction principle to obtain an LDP tfte finite-horizon workloads from the
LDP assumption fo{ A"}

Lemma 1:Fort € N, G, is quasi-continuous o’ ** with respect to the uniform topology.

Proof: See Appendix. The idea of the proof relies on the quasi-oaityi of the schedulef! and
the linear dependence of the workloHd at time —s on A, for all s € (0,¢ — 1]. [ ]

Now, as already discussed, the proof of Theofdm 1 is compWie refer to the corresponding
rate function,/;, as the finite-horizon rate function. Next, we discuss théPfdr the infinite-horizon
workloads.

B. LDP for Infinite-Horizon Workloads

In this section, we establish an LDP of the sequence of theitefhorizon workload§ W' = G(A")}
where AL € DX, Similar to the last section, we first show that the mapgihgs quasi-continuous on
Df when K1 < ¢, and then use Garcia’'s extended contraction principle tabésh the desired LDP.

Lemma 2:1f Ku < ¢, the mapping= is quasi-continuous o@ff with respect to the scaled uniform
topology.

Proof: See Appendix. The main idea is to use the fact that the sunr @leueues) workload
process behaves like that of a single queue. [ |

Again, the above lemma and Garcia’s extended contractidmcipte to the sequence of A’}
immediately give the LDP for the sequence of the infinitedtmr workload in Theoreni]2. Recall
that the seD/* contains all arrival sample pathssuch that/*(a) < oo and E[a}] = p for all k € K
andt € N.

Let us now consider the problem of calculating the rate fionctEqn. [T) suggests that the rate
function J, whereJ(b) = inf,epr.gosn I*(a), could be interpreted as the minimum-cost solution among
all pathsa € D/ such thatb € G, where the cost of the pathis I*(a) and convex. Hence, the problem
of finding the rate functions is a deterministic optimal ¢ohproblem like those in [4], [6].

The expressions for the rate functiohsand.J in (@) and [T) are of little use in their current forms,
as their computation is far from straight forward. In the ihegction, we simplify the rate functions
when the arrival processes are limited to having i.i.d. enoents.

V. 1.1.D. INCREMENTS SIMPLIFIED RATE FUNCTIONS

In this section, we give a calculation of the finite-horizamdanfinite-horizon rate functions in the
case when the arrivals have i.i.d. increments. In this dhsecost of a sample pathe DX, which is
I*(a), is additive and the total cost of any arrival sample patthésgum of the cost over all timeslots
and queues. This property helps us to simplify the calcutatif the rate functions.

Consider the underlying arrival proceglsto be a process with i.i.d. increments, e.g., a compound
Poisson arrival process with exponential packet lengtle (48]). For these i.i.d. increment arrival
processes, it is easy to show that foe RY,, Af(x) = ', A*(z;), whereA* is the Fenchel-Legendre
transform of A and A(9) = log E exp(fA;) [14]. Hence, for a finite vectas = (af, k € K,i € (0,t]) €
RX** | the costl?(a) in (I0) can be written as

t
Fya) =) X% (a), (14)
=1
where we definet4(x) := Yor | A*(z%), for x € R, as the per-timeslot cost of &-dimensional
sample path. Next, we simplify the rate functions for thenidéi-horizon and finite-horizon workloads,
respectively.



A. Infinite-Horizon Rate Function

The following lemma expresses the infinite-horizon ratectiom J as the infimum of the finite-horizon
rate functions/, over all timet.
Lemma 3:For i.i.d. increment arrivals anfl u < ¢, the infinite-horizon rate functiod is simplified
as
J(b) = %121{ Li(b). (15)
Proof: The cost of a sample path over time is the sum of the cost ofadsrin all timeslots. As
in the proof of Lemmd12, fon € D/ where K. < ¢, we can findt := s*(a) such thatiV;(a) € R.
Hence, fora such thatb € G, one can reduce the cost of the path by setting= . for all v > ¢
while keepingG® > b. This is becauseé’ (1) = 0 and implies that*(a) = I*(al(). On the other

a|(0,t

hand, sincéV;(a) € R, we can writeb € G, . All of these imply that
I(b) = aGDiIfr:lg‘labI (a) = %g{ xeR%Itlszfab[ t(x) = %g{ Li(b),
by the definition ofl;(b) in (). u

With this simplification available, we now look at the fini@rizon rate functior/;, in more details.

B. Finite-Horizon Rate Function
In this subsection, we provide a further simplified expr@sf the finite-horizon rate functiofy.
Lemma 4:Fort € N, the finite-horizon rate functios, is simplified as
Ii(b) = min inf I%,(x) (16)

ue(0,t] x€A(u,b)
for b € R, where
A(u,b) :={a e R : b € G, Gyv(a|wy) & R, Vv € [L,u—1]}. (17)

Proof: This follows the idea from the proof of Lemnid 3. Lete N. For a € R*" such that
b € G¢, we letu = min {¢,min{s € [1,t — 1] : W, = G;_,(a|syy) € R}} . In other words,—u is the
last time the workload vector is inside the capacity regirbefore time(. By definition of I, we
already know that the workload vector starts initially oesik at time —¢. With this definition ofu, we
havelV, ¢ R for all v € [1,u—1]. We can find another pathe R%X* with a reduced cost while keeping
the workloads at time-u+1to 0 (i.e., W,,_; to 1) intact by settingi, = ulx, Vo € (u,t] anda, = a,
otherwise. SinceV“(p1x) = 0, we havel*;(a) > I*(a) = I*,(al(.) and yetb € Go " = Ga. Since
by definition W, = G,—,(a(v,y) for v € [1,u — 1], we have

IL(b)= inf I*(x) = min inf IFy(x) = min  inf I%,(x),
XER}ft:G;‘Bb ue(0,t] xERf“:bEG’x,Gu,U(xkv’u])g??, u€(0,t] x€A(u,b)
whereA(u, b) is defined as in[(17). u

Remark 4:The above lemma reduces the set of feasible sample paths seth(u, b) for u € (0, ¢].
It is interesting to note the property of the sample pathshia set. For any € A(u,b), we have
Wy(x) = %(0,u] — ¢(u — 1) = b, recalling that the’ notation is the sum over queues. There is no
wastage of service capacity over the- 1 timeslots becauseév € [1,u — 1}, W, = Gy—o(X|(w) € R
and hencdl, > c. That is, any sample patk € A(u, b) has its sum of the arrivals over tin{e, u]
and queues equal t(0,u] = b + c(u — 1).

In addition, an immediate implication of Lemrha 4 is that we cawrite J in () as

J(b) =inf I,(b) =inf min = inf I%,(x)=inf inf I*(x). (18)

t>1ue(0,t] x€A(u,b) t>1 xeA(t,b)



If we denotet™ as the optimizer of the last equation, th&ns called thecritical timescale(see [13]).
It can be interpreted that is the length of time which the buffers are most likely to ta&efill from
“empty” level (more precisely, anywhere withiR) to a given levelb.

Note that for fixedu € N, infyc(un) I*,(x) is a optimization problem, with a convex cost function
I*,(-) and a set of mixed discrete and continuous feasible sokitidn, b). This problem is difficult
to solve analytically. However, we could employ the addtgiand convexity of the rate functiof?,
to further provide some simplified bounds of the rate fundioDue to space limitations, this will be
explored in our future work.

VI. CONCLUSION

In this paper, we have established a many-sources LDP fosttt®nary (infinite-horizon) work-
load for multi-queue single-server system with simplexawaty, operated under the maximum-weight
scheduling with the arrival processes assumed to satisfgrgyseources sample path LDP. To extend the
LDP of the arrival processes to the LDP of the workloads, weleyed Garcia’s extended contraction
principle, which applies to quasi-continuous mapping®ndl the way, we also establish an LDP for the
finite-horizon workload. We gave the associated rate fonstiand the expression of the infinite-horizon
rate function in term of the finite-horizon ones, when thevals processes have i.i.d. increments.

Note that the quasi-continuity of the finite-horizon worktb mapping and hence the LDP for the
sequence of finite-horizon workload processes is valid eveen the rate region is MAC or any convex
and compact set. The main difficulty in establishing LDP fe infinite-horizon workload is in showing
the quasi-continuity of the infinite-horizon workload mapgp This is an interesting area of future
research.

APPENDIX

Here we prove Lemmdd 1 andl 2. The proof of Lenitha 1 uses thenmalipfact which is a direct
result of the definitions of quasi-continuity and contiguit

Fact 3: AssumeXx -§ Y, X,Y are metric spaces, andec X. If F'is quasi-continuous at and G
is continuous atr, then F' + G is quasi-continuous at.
Lemmdll:Fort € N, G; is quasi-continuous oﬁf” with respect to the uniform topology.
Proof: We first observe the following recursive relation betwégrandG,_; for anyt € {2,3,...}
andx € R "
Gy(x) = [Gra (%] (1) — H(Gra(x].0))] T + %, (19)

where we note thalV, € R, Wy(x) = Gy(x), and Wy (x) = G;—1(x|a4) in the queue dynamic§](4).
Equation [(ID) says thaf,(x) depends linearly ox;. This implies the following observation:

Observation 1:If G, is strictly quasi-continuous at, then it is strictly quasi-continuous a =
(X1,Xa,...,%;) foranyx; € Rff. On the other hand, if7; is continuous ak, then it is also continuous
at x.

Using the recursive relation if_(119), we prove this lemma bgluction ont € N. For¢ = 1,
G1(a;) = aj, henceG, is continuous oer. Assuming that’, is quasi-continuous o]Ri“, we want
to show thatG,,, is quasi-continuous omf“”). Using the fact that thé]* function is continuous
and Fac{B, to show tha¥,,, is quasi-continuous, it suffices to show that the functicgida[-]™ in
(I9), which isF, := G, — H o G, for this case, is quasi-continuous &f".

Let any a € REY*!. Since G, is quasi-continuous ah, by Fact[1 there exists a sequente'}
such thata™ — a, G,(a") — G,(a), and G, is continuous at™ for all n. From Observatiofi]1, for
any sequenca) € RX converging toa;, the new sequencéa” := (af,a},...,a})} constructed
from a” also converges ta. By (I9) and Observatiohl 1, we also ha@(a") = [G,_1(a"|q1,4) —
H(Gy—1(a"|1,4))]t + a} converging toG,(a), and G, is continuous a&" for all n. Now, since the
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Fig. 1. An example illustgrating the proof of Lemrih 1 wh&h= 2 and G:(a) is at the boundary wheré& (given in [3)) is strictly
guasi-continuous (shown by the dotted Ilnes) In this example the segue(G:(a™)) = (0,¢) 4~ H(G:(a)) = (¢,0) but we can
construct a new sequenae = (a'{ ,as,...,ay) such thaG:(a ") — G¢(a), H (Gt(a”")) = (¢,0) = H(G+(a)) andH is obviously
continuous ati;(a ™) for all n.

sequence} can be chosen arbitrarily as long as it converges;tove have that by adjusting;, the
sequence,(a") can also be chosen arbitrarily to convergedga). Since H is quasi-continuous at
Gy(a), we can select the sequenggsuch thatz,(a") — G,(a) in a way thatH (G,(a")) — H(G(a))
and H is continuous at7;(a") for all n (See Figuréll for illustration in the case whé&h= 2.). For
eachn, using the result that is continuous atG;(a™) and the fact thaty; is continuous a&", by
the definition of continuity [20] it can be shown that o GG; is continuous at™. Therefore, for this
sequence&”, we haveF;(a") = G(a") — H(G,(a")) — F,(a) and F, is continuous a&”" for all n.
Hence, F; is quasi-continuous at by Factl. Therefore(s;,, is quasi-continuous as discussed earlier
and hence the proof is completed by induction. [ |

Next, we prove Lemmal]2:

LemmdR:If Ku < ¢, the mappingZ is quasi-continuous o@f with respect to the scaled uniform
topology.

Proof: The proof follows the concept in [13]. L&k < c and A € fo. Consider any sequence
{A"} such thatA™ — A. The main step of the proof is based on the following claim:

Claim 1: There exists &* = s*(A) < oo andny, such that, whem > nj, the workloads at time-s*
of the arrival sample pathd4™ and A stay within the rate regioRR, i.e., W (A") € R andW(A) € R.

With this claim and by the definition af,-, the workloads at time zero fot” and A areG(A") =
G (A" (0,5) andG(A) = G (Al(0,s+1), respectively, when > ny. In other words, we have transformed
the infinite-horizon workload into the finite-horizon wooldd whose mapping is already known to be
quasi-continuous by Lemnid 1. The proof is now complete siigeis quasi-continuous oR% **" and
An|(015*] — A‘(O,s*}'

What is left is to show Claini]1l. To do this, we look at the sum ailrigrocesses and the sum
workload processes and follow the proof in [13], [14] for {{aggregate) single-queue scenario. Given
the definition of H and the simplex capacity regioR, the queue dynamics for the sum workload is
that of a single queue whose arrivals are the sum of the &yiva.,

Wiy = [Wt — "+ Ay, (20)
where we define the hat)(notation to mean the sum over all users, .= Zk L AF and W, =
Zk . W/. Recursion of the queue dynami€s](20) and lettihg> co whereW; € R, gives the standard
expression for the stationary sum workload [14]:

Wo(A) = sup A(0,1] — e(t — 1). (21)

teN



To prove the claim we use the fact that the rate regifis simplex, hencéV, <ces W, eR.
That is, it suffices to show that there arexg@and a finites such that, forn > nj, W (A) < ¢ and
W, (A™) <

SlnceA” — A under the scaled uniform topology, for any given 0, there exists a, such that for

n,k
n > ng, maxge supyey | — A0 ¢ Hence,sup, |47 — AQL) - ¢ Since A € DX, there

is at, < oo such that fort > ¢, andk € K, tU < e Therefore it follows thatﬂ < Kpu+Ke
for t > t,. Since K < ¢, we choose = (¢ — Kpu)/4K. We now have that for alh 2 no andt > t,
% < K(p+2¢) = (c+ Kpu)/2 < ¢, and we also have thafll(?—’t] < K(p+e) =(c+3Ku)/d<ec.
In other words, for alln > ng, the workload at time zero is a function of only the arrivalghim time
(0,t0] and hence,

Wo(A) = sup A(0,t] —c(t—1) and Wy(A") = sup A™(0,t] — c(t — 1). (22)

1<t<to 1<t<tg

Lets < ¢, ands™ < t, be the minimum values of the optimizirt in the above equations, respectively.
It can be shown as in [14, Lemma 5.4] tH&t(A) < c and W, (A™) < ¢ (and in additionV,(A) > ¢
and W, (A") > ¢ for all v € (0,s) andv™ € (0, s™)).

Next we show that there exists such that fom > n;, st = s.AThis is not difficult tgecause it ie known
that 17, is continuous oD, [13, Lemma 13]. Sincel” — A on D, we havelWy(A") — Wy(A)
and s™ — s. Sinces”, s € N, there exists a; such thats™ = s for n > n;. The claim is now proved
by takingn, = max(ni, no). [
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