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Abstract— The work analyzes the error performance of high- Buffer Fading
SNR, high-rate, point-to-point, outage-limited, wireles communi- | source Z@ Encoder |- | Decoder |»l DESH
cations, with bursty and delay-limited information. In thi s setting, nation
the bit-arrival process is stochastic and bursty, and the s are serve RT bits
limited by a strict delay condition. In the presence of fixed every T imeslots

transmission rate, errors are due to both decoding and delay

violations, and are attributed to sequences of atypical busts of Fig. 1. Model under consideration: Stochastic-bursty bit-artiy@ocess,
information and atypical fading realizations. outage-limited communications over a fast-fading chanoelimited storage

For the case of fast Rayleigh channel fading, and compound buffer, first-come first-serve queue service, CSIR, cohstmsmission/queue-
Poisson bit-arrival process, the work present,s bounds on a service rate, bit errors due to delay violations and erroneaecoding.
tradeoff between diversity and the ratio of average bit-arival
rate to ergodic-capacity. This tradeoff describes a unifom scalar

effect of burstiness on the maximum amount of diversity thatcan hil del iolati In th f1h 0 b
be accumulated given a delay limitation. For large burstings, While more delay violations. In the case of the ratio between

the bounds are tight. As a practical consequence, the tradéfo rate and ergodic-capacity, a larger ratio introduces mere d

addresses the question of how much of the maximum allowable coding errors, but a smaller queueing delay and a decreasing

time should be spent on coding and how much for timely and probability of delay violation.

responsive accommodation of the queue. From the channel point of view, in order to explore the roles

of the rate-to-ergodic-capacity ratio and of the codingation,

we adopt the approach of Zheng and Tse [1] who deviate

from analyzing capacity regions, and instead adopt a large-
We study the error behavior in point-to-point communicageviation approach on analyzing outage events. This approa

tions of high-rate, stochastic, bursty and delay-limiteadfic, equates the probability of decoding error to the probabilit

over high-SNR (signal-to-noise ratio), outage-limitedstt the rare event that a fading causes an error in the regime of

fading channels. In this setting, a bit is in error either wheasymptotically high SNR values i.e., in the limit asp — co.

it is decoded incorrectly or when it violates a strict delayn this outage limited setting, the rate-to-ergodic-catyaatio

limitation, imposed by delay-sensitive applications. ¢ldelay takes the form of the transmissionultiplexing gain[1]

is defined as the time interval between the moment the bit . o

arrives at the source and the moment it is decoded at the "= pli{QO(Rate of Transmissigr log p,

receiver. Consequently, in a stable regime of traffic whéie b

arrive at a long term average rate that is less than the ergo‘ﬁﬂth

capacity of the channel, an error occurs either when a seguen C =~ logp

of uncommonly ill channels has forced erroneous d_ecoding,_@emg the high-SNR approximation of the ergodic capacity
when a sequence ofuncommonlylargegmounts of informatigg} the Rayleigh fading single-input, single-output (S)SO
has caused large accumulations of bits in the queue. Suth efhannel. Given constant and deterministic bit-arrivate t

behavior is then a function of the channel statistics, the bhgymptotic approximation of the probability of codewortber
arrival process statistics, and the delay limitation. itntaly, g directly implied from [1] to be

more burstiness and unpredictability in the bit arrivalqass,

translates to more delay violations. Penamnelr, T) ~ p~T1=7),

T.h's brlng_s to the fore a_du_allty involving the c_h0|c_e Ofrevealing the role of the ratie, and the role of the number
coding duration, and transmission rate. When considelieg t

above outage-limited, bursty, delay-limited system, ghare of fading realizationsT" over which coding takes place, in

two degrees of freedom that impact error performance. Tﬁgﬁnm_g thediversity gng(l_— ). L
. : . . _Moving onto the point of view of delay violations, we are
first degree of freedom is the ratio between rate and ergodic:

capacity, and the second is the duration of the coding bldnks interested in the probability that, given a stochastic amcty

the case of the coding duration, bits are delayed in ordeeto E}lt-arr!val Process, b|ts_V|oIate specificdelay I|m|tat|on,1_).
! i o . or this reason we deviate from the approach of analyzing av-
transmitted over more fading realizations, thus accurmgat

more temporal diversity, resulting in fewer decoding esror 293¢ delay, and instead employ large-deviations techaitp
P Y 9 9 approximate the probability of the rare event that a seqeieic

The authors are with the ECE Department, University of Ggiia - San Past arrivals with _uncpmmonly large amounts of information
Diego, La Jolla, CA, 92093 causes a delay violation.
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We will show in this paper that, under some traffic modelgjueue. The same approach also describes another finite and
this probability can be expressed in the form potentially small ratio, between the maximum diversity eard
that can be accumulated in the presence of burstiness, and th
total diversity that would be accumulated in the absence of
burstiness and delay limitations.

The remainder of the paper is organized as follows. In

for some function/’. The above two approaches for analyzin% tiorD id : h rerizati P ——
errors due to channel and queue dynamics, are based on’ figlorl] We provide a precise characterization ot oulrsg;

including the detailed description of the channel modelthed

principle that rare events occur in the most likely mannetg.lt arrival process. The statement of the main result i®miv
The numerical interpretation of the same principle willrthe. P j Y

allow that for a choice of, T', the overall probability of error in SectiorlIll, Theorenl]1. Sectidnlll is then dedicated te th

Potal(r, T), due to both delay and channel, takes the form proof of Theoren[_ll, through ana_LIy_S|s of the effe_ctg,d]“.on
the queue dynamics, and description of the optimizatiorr ove

Pow(r,T) ~ p~ min{ - F (source statisticﬂlTLT(l—r)}. r,T. Other proofs are relegated to the Appendix.

Plel y(T T) ~ e—rlogp-F(SOUrce statisticdD,T")
ela 9 ~

~ p—r-F(source statistic,T")
~ 9

Optimization over-, T will then provide for the optimal error Il. SYSTEM MODEL
performance. This will be described in terms of a tradeoff 0§ Basic setup

the maximum amount of diversity gained, We consider a system where bits arrive at the transmitter in

L ey 08l T)) a stochastic and bursty manner, independently over ting, an
D D p—oo T log p where the bit-arrival process can take an unlimited number

normalized by the amount of diversity that would have bed} Statés. Upon arrival, the bits are queued in an unlimited

accumulated had there been no burstiness and no delay lifirage buffer. The queue size is unknown to all, with the

tations. only exception being that the transmitter knows if theresexi
The main result in this work is presented in Theof@m 1 gnough bits to encode or not. Transmission utilizes codes of

the form of bounds on this optimal tradeoff. As it turns oufXed lengthT’, and average transmission rdg in the sense

in the limit of p — oo, for Rayleigh fast-fading compoundthat each codeword carrig8I" bits. The channel experiences

Poisson arrival process governing the random nunibgf! fast-fading, which can achieve an unlimited number of state

of bits that arrive at discrete timewith average rate The statistics of the channel are known to both the tranemitt
and the receiver, but knowledge of the channel state infor-
E[A}] = Alogp, mation, i.e., of the fading realizations, is limited only ttee

receiver (CSIR).

and burstiness measure o ! . Lo
A bit is considered to be in error when it is incorrectly

1 1E[(A7)%] decoded at the receiver or when the time-duration between
po 2 E[A7] the moment the bit arrives at the queue, to the moment the bit
the tradeoff takes the form is decoded at the receiver, is larger than some delay liimitat
. D. It is assumed that the queue is operating under a steady-
S E— (D) _ H (1) state statistical distribution.
(V3p+1)? I O/ R O

The bounds describe the effect of burstiness and of averdeModel description and assumptions
throughput on the rate with which diversity is accumulated Discrete time modelWe adopt the discrete-time model for
over time. For large burstiness (small, the bounds become both the bit-arrival process and the transmission prod#gs.

tight and the optimal performance takes the form little loss of generality, we equate the basic units of tirae f
d*(\) these two processes. This common unit of time will be the
3 ~AH A=A time-slot

R K10 o de simpl . h SISO, i.i.d. Rayleigh, fast-fading channelonsider the
emark 1.0ur aim Is to provide simple expressions t a15ay|eigh fast-fading channel, with one transmit and one re-

give_ insight on the effect ok andu. on thg maximum gr_nount ceive antenna, with coding taking place o¥étime-slots. The
of time-diversity that can be gained given a specific dela()i x T) received signal vectoy is given by

limitation. The corresponding derivations are facilithta the
limit of large oA Despite the fact thab and,_as it turns ou_t, y = [z hoxo ... hpxr] 4+ [w we -+ wr]

the relevant values fof’, are all large, our interest remains ~— ) ) ] ) )

on the outage-limited regime and on the rolesroand of Where a is the transmitted signal at time, with ¢
the ratio D/T. In other words, rather than particular valuesl: - T]- The (1 x T) code vectorz := [z1 x5 ... 7]

of D and T, we are interested in the rati®/T’, which IS drawn from a codeY. The fading realizatiorh; and the
is finite and can be small. With this ratio, we address ttféditive noisew; at timet, are assumed to be i.i.d., circularly
question of how much of the maximum allowable time shouRYMmetric, complex GaussiaiV(0,1) random variables
be spent for coding, and how much for accommodating tHéth density function

L

—e€ .

1We note that neitheD nor T, scale withlog p. p(u) = -



The value of the fading coefficient will be considered to The above conclussion is derived by analyzing the outage
be entirely known at the receiver, while not known at theetsO, of all fading vectorg:, that cannot sustain enough mu-
transmitter. To ensure the rate requirement, the code Hhaal information. More specifically, decoding error is defin
cardinality by the outage region of fading vectors

x| = 9RT _ ;T
1 s O(p RT) = {h : Iaiy | b) < RT} C R,

and to ensure the energy constraint, it is required that . ,
9y q that cannot support the transmitted rdtdor a given SNRp.

lz|> < pT, alzeX. In the above[(x;y | h) is the maximum mutual information

accumulated throughout tHE channel uses. In the high-SNR

We note that the assumption of a common time-scale for bilsgime, outage is a fundamental error-performance lifoitat
arrivals, transmissions and channel coherence, can béyreags it defines the probability of error

removed by introducing simple constants which propagate

through the analysis. We avoid this for the sake of clarity Penanne(r, T') = P(h € O),
of exposition. Our results readily accommodate for such d
constants. an

First-come first-serve queue service, with constant rat an P(channel errof b € 0) = 1.

fully-diverse coding:We consider the case where service of

the queue occurs evefd time-slots and where transmissiorD. Bit-Arrival Model: Scaling of the Average Bit-Arrival Ra

employs a code of rat&? and lengthT, having each bit and of Burstiness

be transmitted over all fading coefficients. We restrict our

attention to the first-come first-serve protocol of queugiser

Consequently everyl' time-slots, the RT oldest bits are

instantaneously removed from the queue and are transmit

over the nextI" time-slots. If not enough data exists in the Rarr = Mog p,

buffer, null bits are used and the rate is maintained. It is

noted that the first-come first-serve queue-service syatity Where we define

constant service rate, does not accommodate for any palitenti A= lim

knowledge of the queue length at the transmitter. Furthezmo

in the absence of channel state information at the transmitto be the measure of how clog&, is to the ergodic capacity

only a constant service rate provides for optimal, in thénhigof the channel. Tuning of the statistics of the bit-arrival

SNR regime of interest, decoding error performance. process, will adhere to the above scaling, and will define the
degree of bit-arrival burstiness.

C. Scaling of the transmission rate and of the probability of We specifically chqose t_he compound P_0|sson bit-arrival

decoding error: process, to be .des<.:r|bed |mmed|atgly, Whlph maps well to
settings of practical interest, and which admits simpleheat

With respect to the channel model, we adopt the approaglitical characterization.
taken in [1], where for a choice @f, the error performance, in a) Compound Poisson bit-arrival procesyVe consider
the presence of constant and deterministic flow, was medésujge compound Poisson process with exponential distribufo

in the form of thediversity multiplexing gain tradeoffDMT),  packet sizes. This process governs the statistics of titoran
in the high SNR regimey — oco. In the spirit of DMT, what jntegerA?,

is of interest here is a ratB that scales as

NP
R=rlogp Af:ZYif)t’
i=1

Let R4 be theaveragerate with which bits arrive at the
gueue. Given the scale of interest for the transmission itate
Pée&omes meaningful to scale,, as

with
r— lim vyhich describes th_e number of bits f[hat have arriv_ed at éﬂeg
p—oo log p time ¢. Parametep is treated as an index. The arrivals are in
e form of an accumulation oV packets, with each packet
€ {1,..., N/}, being of sizeY},.
Each valueN/ is drawn independently from a Poisson
distribution having mean that scales as

being the multiplexing gain. For the specific channel modgf
adopted here, the work in [1] provides for the asymptotit
approximation of the optimal probability of codeword error

P T)=p T0="  0<r<i 1
chammelr, T) = T M E[Nf] = v = w(logp)*,

or equivalently for the optimal negative SNR exponent _ )
and each valu&’’, is drawn independently from an exponen-

log(FPenanne(r, T)) _ T(1—y). () taldistibution with mean and variance that can scale as

s r) = — lim
channe( ) P00 1ng 1 _
PR ; ; R E[Yz‘pt] == \/Var(Yipt) = (1ogp)( 6)7
The notation= is used to describe exponential equahty, ie., ’ I ’

N . . . logy __ . . .
y = p*is equivalenttolim 7 = x. Similarly for <,=. 5 < ¢ <1 in this work we focus on the case of= 1.



The above scaling af and% must adopt to the constraint

of
Rar = E{A}} = v = Alog p, (3) The derived bounds describe the effect of burstiness and
K delay-limitation to be a uniform and scalar reduction in
where then for fixed values of, and \, we have that diversity, as compared to the DMT expression [h (2) that
1 A relates to the case of constant and deterministic bitals;iv

— = no delay-limitations, and = T',r = \.

14
. . s . 0 i . The result also indicates that the maximum allowablis
Tuning the above variables will define the effect of burstie ¢ reduced. i.e..

Parametey: can take any finite value, where a larger value of
1/p, implies larger packets and more burstiness. Amax = max{A : d"(\) >0} =1 (8)
We also adopt the condition A20
= max{r : dgame(r) > 0} 9
A<r<1 r20

In words, we see that the effects of burstiness and delay
limitations are confined to the diversity gained, and do not
relate to the maximum value of average bit-arrival rate that
can sustain non-catastrophic communication.
The bounds also suggest that in the limit of very low
urstiness 4 is large), the effect of delay limitation might
persist, while the effect of burstiness vanishes. Finatliythe
limit of very high burstiness;( approaches zero), the bounds

in consideration of the fact that having> 1 would result
iN Pehannel = Piotal = p°, and having\ > r would result in
Pyelay = Potal = PO-

A critical function that will play a role in analyzing the
probability of delay violation, is the log-moment genenati b
function A(0) of process{A7}. Specifically the function is
defined as

— 0A
A(f) :=logE[e™™], 0 €R ) are tight and take the form:
where for the compound Poisson bit-arrival process, itdake X
d*(A)
the form g o K (I =N).
14

A(6) < p (5)

= mv =~
For a queue with a compound Poisson bit-arrival process, ]
with service rateR = rlogp, and with both the arrivals AS @ step towards the proof of Theorin 1, we now describe

and the service occurring every time-slot, thef®) defines a the effect pfr, T on the queue dynamics and on the probability
parameted to be the solution to of delay violation Fyelay A, 7, T').

A(8) = Ré, ()
which in our case, througid[3[},6) takes the form

A. Asymptotic Probability of Delay Violation: Coding Effec
We seek to establish bounds that describe the probability

§=plr—N\)/r>0. (7) of delay violation Pyelay(A, 7, T) for a given choice ofr, T
We recall that the queue is served evé&rfime-slots with an
1. TOWARDS THE instantaneous removal of the oldé&t’ bits. More specifically,

RESPONSIVENESSDIVERSITY-MULTIPLEXING TRADEOFF  after dropping index, we let A, be the number of bits that

. . . . arrive in the open intervalt — 1,t¢), and @; be the amount
We now provide simple expressions which, under the CODF bits in the gueue, at the very beginning of time-glothis

straints of our assumptions, describe bounds on the negag\fnount of work@; also includes the bit of interest. With
SNR exponent

the queue being served exactly at timé&s the queue size is

4\ = — lim max 10g(f)t;tal()\)) governed by the following dynamics:
p—00 T, P + .
for the optimal total probability of bit error Q; = Qi—1+ A — TR] if t= TTLTv m € Z, (10)
i Qi1+ Ay otherwise
Pia(A) = p~ "™ _ .
o . with [z]T := max{z,0}. A standard assumption is that
due to both delay violations and erroneous decoding. Qmr = 0 for integerm — —oo. Since the arrivals are

) § _ stationary, we have that for eache {0,1,...,7 — 1}, the
Theorem 1:The optimal tradeoff curved*(\)/D is random sequencé@,,r+;} reaches a steady-state random
bounded as: variableQ;.
The following lemma provides bounds @Relay(A, 7, T'), for
the arrival-process and queue-service described. Bouilds w

The above lower and upper bounds are respectively achie rega\te to setw,, of sample paths that force delay violations.
ith coding durati TppT here T+ /D _pl Nem y Wiore specifically,Q,, will define the set of all error-producing
with coding durationsTy, T, where T1/D = 3 775 an sequences of past arrivals = {4,}"__, reaching up to a

Ty/D = \/‘,—ﬁl- specific timet; that the bit arrives. The choice ofand 7" will

—L 1= < d*g) < (1= ).

I
(VBu+ 1) (VE+1)?




define Q;, which will in turn define the delay-error behavior , LD—HJT—i
° Effective delay bound T

through [ 1
P(delay| w E Qtl) =1 f Delay bound D |
and ———— | | —}—> timeslots
i -— > D+i D+i
Pdelay(/\,T, T) = P(u} S Qtl) : T L%JT

()\’ 1). Let Fig. 2. Timing diagram indicating the different intervals the lifespan of

Lemma 2:Let T < D and r € a bit that has arrived last, at time

k:=D — |£|T. Then the probability of delay violation is
bounded as
—u(r=N[D-T—k" & p 7 T) o —ulr—N)[D-2T—k* to the completion of decoding for the bit. Note thiag
= el =7 (11) accounts for the coding duration.
E5: The last decoding opportunity for the bit.

p

and more loosely bounded as

p DT & P\ e, T) < p #=NIP=3TIT (1) We continue with the proof and let:= | £ | and recall that
k=D-nT=D-|2|T, k € {0,1,...,T —1}. Then

Proof of Lemmdl2: , _ _ D—T+i n—1, f0<i<T—k—1,
We focus on bits that arrive at some arbitrary timhe= {#J = T _k<i<T—1

mT+i, for some finite negative integer, wherei € [0, T—1]. & ! == '

Without loss of generality, and for notational simplicitye set  Consequently,

m = 0 and thus consider the arrival of the above bits to take

place at timei. Furthermore it is easy to show that in our {w: Qiw) > (n—-1)(RT), ic0,T—k-1]}

setting and our scale of interest, the average probabifity {w : ) > n(RT), i€l —kT-— 1]}_

delay for bits that arrive at timé, is equal to the probability _ _ N o
of delay for the last bit that arrives at the same time With P(w € Q;) being the probability of delay violation
Consequently we focus on the last bit that arrives at thig tinfor bits that arrive at time, and fori uniformly distributed in
i [0,T — 1], we have that

We will explore the different cases that arise from havmgp oty A 7, T
different values ofD + i and 7', and will explain how a

combination ofi, D, T define the sample paths that force 1 _
' = Pwe Q)
error. Towards thls, we have T pard
. Qz( D +i T-1
Q; = {w i+ (T =0+ 1T > L—T |r - ZP(W €0, (smceT_pO)
. =0
= {w : (Q];(;)]T > LD;”JT—T} T—k-1 T-1
, = Y PweQ)+ Y Pwe
Qi(w) D+i-T i—0 =Tk
= qw : | 17> | |r ’ =
RT 'T = max{P(w € Qr_r_1),P(w € Qr_1)}
_ {w : (Q;'%(j‘*j)] - LDJFT’_ TJ} = max{P(Qr_4_1 > (n — )TR), P(Qr_, > nTR)}
Q ( ) Dai—T = max{P(QT_k_l > (D T - k)R),
e 1 —
- {w e s J}, P(Qr-1 > (D - k)R)}
. N (13)
\f,l\:rr:i:ﬁ)rESJ and [-] are respectively the floor and CeIlmgwhere to get the fourth equation, we used that
To clarify the above, we describe the meaning of each term. Or 341207 9220
Ba Es Qr-12Qr—22- 2 Q1
0, = {w . g +(T_z‘)+[Qi(w) > LD+1JT}, which holds because for anyi such thad < j <i <T -1,
\E’: T _]iT_/ r it is the case that
2 Es
E,: bit arrives at normalized time indek, = i. Qi(w) = Qj(W) + Aja (W) +... + Ailw) 2 Q;(w), Y.
E>: number of time-slots that the bit waits for the first block >0

of T'R bits to leave the queue.

FE5: the index of the block that delivers the bit.

Ey: total time spent for servicing the above blocks. This
is the duration between the beginning of the first service, P(Q; > D'R),

To find the dominant term if{13), we look for the proba-
bility for the general form



by relating the steady-state distributions @f and Q;, for

anyi € {0,1,...,T — 1} and anyD’ > 2T. First we easily
establish a lower bound:
P(Q; > D'R)
=P A +...+A; > DR
(Qo+Ai+...+A;, > D'R) (14)
>0
> P(Qo > D'R).

Moving onto the upper bound foP(Q; > D'R), we first
recall from [ID) that

Qr(w) = [Qi(w)+Ait1(w)+- - -+ Ar(w)=TR]", Vw.

We are only interested in sample paths for

holds:
Qi(w)>D'R
= Qi(w) —TR >0,
= Qi(w) —TR+ Ai+1(w) + -+ AT(w) >0

>0

since D' > 2T

= Qr(w) = Qi(w) + Aij1(w) + -+ Ap(w) — TR

= Qi(w) = Qr(w) — (Ai1(w) + -+ Ar(w)) + TR
= P(Q; > D'R)
=PQr —{Aiz1+ ...+ Ar} + TR > D'R)
< P(Qr > (D' =T)R).

which
Q.:(w) > DR’. For such sample paths, the following sequence

Then the bound fron{{17) applies to give the following bound
0N Pyelay( A, 7, T'), in terms of the steady-stat@,

P(Qo> (D—T—kR) <
Pyetay(\, 7, T) <
P(Qo > (D —2T — k)R). (19)
Directly from Claim in the Appendix, we know that
P(Qo > D'R) = ¢ PR — )=9D" " for D' - .
Given that
Pela(Qo > D'R | D' <0) =1,
we have the above bounds [019) taking the form
p—ér[D—T—kﬁ ﬁ Pdelay(/\ﬂ”, T) ﬁ p—ér[D—QT—kﬁ’ (20)
where we recall that = u% > 0, and satisfies
log E[e®4*] = Ro. (21)
Consequently we get,

pfp(rf)\)[Dfok]* S Pdelay()\,r, T) S pf,u(rf)\)[D72Tfk]+

(22)
and the more loose and simpler bound
p NPT < Py, 7, T) £ p - IIPTSTI - (23)

O

Due to stationarity of both the arrivals and service at times

that are finite multiples of’, we have:
P(Q; > D'R) < P(Qo > (D' —T)R).
In conjunction with the lower bound il {lL4), we have

P(Qo > D/R) < P(QZ > D/R) < P(Qo > (D/ — T)R)
(16)

(15)

We can now establish the dominant term[inl (13) by substij;utirg
for < and for the two cases adP’, to get two sets of bounds:

D’
P(Qy<(D-T-k)R) <
P(QTfkfl > (D T - k)R) <
P(Qo < (D —2T —k)R), (17)

case 1

D’:
P(Qo<(D—-Fk)R) <
P(Qr-1>(D—k)R) <
P(Qo < (D—-T-k)R)

case 2

which jointly imply that
P(Qr_r-1>(D—T—k)R) > P(Qr_1 > (D —k)R).

This identifies the dominant term i{13) and the value for

Paetay M7, T) = P(Qr_x1 > (D —T —k)R).  (18)

We now proceed with the conclusion of the proof for Theo-
rem[1.

B. Optimization of the Total Error Probability - Conclusion
of Proof for Theorenill

Having establishe@®yelay( A, 7, T'), we look to first establish
he total error probabilityPa( A, 7, T"), for a given choice
of r,T. We will then optimize over all choices of 7" and
obtain the bounds on the optimal tradeoff.

Proof of Theoreni]1:

The total probability of errorPowa(A, 7, T), due to both
delay violation and channel decoding errors, can be expdess
as

Potai(A, 7, T') =
Pehanne(A, 7, T) 4+ (1 — Penanne(A, 7, T')) Paelay(A, 7, T').
We rewrite the bound of Lemnid 2, as
Pyetay( A, 7, T) = p~#(r= M (D=arT), (24)
for some unknown value; such thatar € [amin, Gmax)s

whereamin = 1, amax = min{3, D/T} and where\ < r < 1
and0 < T < D. Using the value ofPchanne(A, v, T') from ()



and the new form foPueiay( A, , T') from (24), we get that in Since we do not know the exact value @f but only know

the scale of interet thatar € [amin, amay, We are limited to providing bounds on
) d*(N).
Poal(\,7,T) = P\ 7.T) + Pagiaf, 1, ) For this, el € [arn am, et

- pf,u(rf)\)(DfaTT) + pr(lfr)'

—min{u(r—\)(D—arT),T(1—r *

P {n(r=X)(D—arT),T(1-r)} fla,T) = 5(7‘1(T)/\,T) _ TT ’ (33)

Let o L+ w(D—aT)
. log Potal(r, T and note that sinc¢(a,T") is monotonically decreasing an

&r,T) = — lim ———= o
p00 log p it is the case that
= min{u(r — A (D —arT),T(1—1r)} (25)
d let f(amax, T) < f(aTa T) < f(amina T)a (34)
and le

foranyT € (0, D). Consequentl
&* (V) == d*(\, ar) yTe.D) auenty

= IIT{%,X min {pu(r — A\)(D —arT), T(1 —7)} (26) OinTafD flamax T) < max f(ar,T) < max f(amin,T).

0<T<D 0<T<D
~—_——

such thatA < r <1 and0 < T < D. Since this is a double d*(\)/(1=X)

maximization problem, we have _ (35)

Our goal now is to evaluate
d* ()\, aT)
= max { max min{u(r — A\) (D —arT),T(1 - r)}} . 021D J(amax T) and 012D f(amin, T).
0<T<D | A<r<1

(27)  For this we note that

Fix 7' and consider the maximization oveyr to find
max f(amax,T) = max f(3,7T) (36)
§07(T),T) = max min{u(r - \)(D —arT), T(1 - 1)} ey perEp
<r<

(28) Dbecause
for some optimizing valuer*(T). The fact thatu(r —
A)(D — arT) is an increasing function onr, and
T(1 — r) a decreasing function om, makes it so that

min {p(r — A)(D — agT),T(1 — r)} is maximized when

As a result, the bounds take the form

* — = —r* < < )
or*(T)(D — arT) =T(1 —r*(T)). (29) O<r%12%/3f(3,T) < Ongaéch(aT,T) < OinTaéch(l,T)
Solving forr*(T') we get the optimal multiplexing gain d*(\)/(1-2)
(37)
r™(T) =1 = (30) To evaluate the above, we look to find the optimizer

- T
L+ co—ary

for a givenT. Sinced < A < 1 and0 < T < D, the condition To = argoj}l?ﬁ/af(a’T)

A < r*(T) < 1 is satisfiel.

Combining [ZB) and[{30) gives the optimal exponent, for @r the two distinct cases of = 1 anda = 3. For this
specific choice off’, to be we differentiate f(a,T") with respect to7’, and solve for
f'(a,T¥) = 0. In our case, this gives

T -\
€ (0. 7) =T (1) = — =N ()
e ng(Jﬁz). (38)
The next step is to optimize ovér and establish a \ypa+1

d*(\) =d*(\,ar) = oinax Er*(T),T). (32) Using this value off};, results in

T<D
7]
_ kY
°ltis easy to see that in the scale of interest, the probgplaifibit error is of 0<g}3§/a f(a, T) - f(a, Ta) - (\//E + 1)2 D. (39)

the same exponential order as the probability of codewawat.dfurthermore,
the fact that there exist codes that can accumulate theildegativersity, has

been established in [1], and [12]- [14]. Using the bounds fron{B7) results in
3The maximization is directly valid since the two terms areleipen-
dent of p. m d*(\)

7]
4The condition\ < r*(T') < 1 is also satisfied because if this were not 7 72— [ 112 m( —A) < < 2 (1—=X). (40)
true, which would happen either whefi(T") < X or whenr*(T") > 1, then (V3p+1) D (\/ﬁ +1)
one of the terms if{28) would be zero while the other term wdnd strictly

positive. This contradicts the fact that (T') equates the two terms ifLf29). This concludes the proof of Theordrh 1. O




IV. CONCLUSION and Whereﬁ(dRT) is the log-moment generating function for

In this work we derived simple expressions that give insighgndom variabledo. To conclude the proof, we simply have
on the effect that bit-arrival burstiness has on the maximuift Show thabzr = 4. To do so, we notice that for ary< R,
amount of time-diversity that can be gained, under a givétﬂe”
delay Iimitation_. _ _ A(G) = log Fef(Ao)

The expressions, in the form of bounds, describe a tradeoff
between diversity and the ratio of average bit-arrival rate

log Eef(A1+-+Ar)

= TlogEe“ = TA(6)

ergodic-capacity. As a practical consequence, the trétilsf  sinceA;, ..., Ay are i.i.d. By definition o z7, we have that
us how to better balance the effects of channel-atypicality -
(outage) and burstiness-atypicality, by proper choicentdri Spr R = A(drr)/T = A(drT)

mation rate and encoding duration. The tradeoff addresses \yhich agrees with the definition @f This means thaf and
guestion of how much of the maximum allowable time shoulgiRT are the solutions to the same equation. The proof is
be spent on coding and how much for timely accommodati@@ncluded by noticing thaR7's is linear in§, and thatA(6)
of the queue. is convex and monotonically increasing. O
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Poisson process. Let the queue be served on a first-come first- tradeoff in multiple-antenna channel$EEE Trans. Info. Theoryvol.

; ; ; ; 49, no. 5, pp. 1073-1096, May 2003.
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[6] J. Razavilar, K. J. R. Liu, and S. I. Marcus, “Jointly optzed bit-
Proof of Claim[l rate/delay control policy for wireless packet networks hwitading
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having a time-slot being equal @ time-slots of the original [7] T. Holliday and A. Goldsmith, “Joint source and channekling for

system described in the claim. Consequently, this new syste ~ MIMO systems,” inProc. Allerton Conf. Comm., Control and Comput-

. i .. R ~ ing, Oct. 2004.
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A -4 A wireless channels with large delay boundSsjobecomm’042004.
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