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Abstract— The work analyzes the error performance of high-
SNR, high-rate, point-to-point, outage-limited, wireless communi-
cations, with bursty and delay-limited information. In thi s setting,
the bit-arrival process is stochastic and bursty, and the bits are
limited by a strict delay condition. In the presence of fixed
transmission rate, errors are due to both decoding and delay
violations, and are attributed to sequences of atypical bursts of
information and atypical fading realizations.

For the case of fast Rayleigh channel fading, and compound
Poisson bit-arrival process, the work presents bounds on a
tradeoff between diversity and the ratio of average bit-arrival
rate to ergodic-capacity. This tradeoff describes a uniform scalar
effect of burstiness on the maximum amount of diversity thatcan
be accumulated given a delay limitation. For large burstiness,
the bounds are tight. As a practical consequence, the tradeoff
addresses the question of how much of the maximum allowable
time should be spent on coding and how much for timely and
responsive accommodation of the queue.

I. I NTRODUCTION

We study the error behavior in point-to-point communica-
tions of high-rate, stochastic, bursty and delay-limited traffic,
over high-SNR (signal-to-noise ratio), outage-limited, fast-
fading channels. In this setting, a bit is in error either when
it is decoded incorrectly or when it violates a strict delay
limitation, imposed by delay-sensitive applications. Here delay
is defined as the time interval between the moment the bit
arrives at the source and the moment it is decoded at the
receiver. Consequently, in a stable regime of traffic where bits
arrive at a long term average rate that is less than the ergodic
capacity of the channel, an error occurs either when a sequence
of uncommonly ill channels has forced erroneous decoding, or
when a sequence of uncommonly large amounts of information
has caused large accumulations of bits in the queue. Such error
behavior is then a function of the channel statistics, the bit-
arrival process statistics, and the delay limitation. Intuitively,
more burstiness and unpredictability in the bit arrival process,
translates to more delay violations.

This brings to the fore a duality involving the choice of
coding duration, and transmission rate. When considering the
above outage-limited, bursty, delay-limited system, there are
two degrees of freedom that impact error performance. The
first degree of freedom is the ratio between rate and ergodic-
capacity, and the second is the duration of the coding blocks. In
the case of the coding duration, bits are delayed in order to be
transmitted over more fading realizations, thus accumulating
more temporal diversity, resulting in fewer decoding errors
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Fig. 1. Model under consideration: Stochastic-bursty bit-arrival process,
outage-limited communications over a fast-fading channel, unlimited storage
buffer, first-come first-serve queue service, CSIR, constant transmission/queue-
service rate, bit errors due to delay violations and erroneous decoding.

while more delay violations. In the case of the ratio between
rate and ergodic-capacity, a larger ratio introduces more de-
coding errors, but a smaller queueing delay and a decreasing
probability of delay violation.

From the channel point of view, in order to explore the roles
of the rate-to-ergodic-capacity ratio and of the coding duration,
we adopt the approach of Zheng and Tse [1] who deviate
from analyzing capacity regions, and instead adopt a large-
deviation approach on analyzing outage events. This approach
equates the probability of decoding error to the probability of
the rare event that a fading causes an error in the regime of
asymptotically high SNR valuesρ, i.e., in the limit asρ → ∞.
In this outage limited setting, the rate-to-ergodic-capacity ratio
takes the form of the transmissionmultiplexing gain[1]

r = lim
ρ→∞

(
Rate of Transmission

)
/ log ρ,

with
C ≈ log ρ

being the high-SNR approximation of the ergodic capacity
for the Rayleigh fading single-input, single-output (SISO)
channel. Given constant and deterministic bit-arrivals, the
asymptotic approximation of the probability of codeword error,
is directly implied from [1] to be

Pchannel(r, T ) ≈ ρ−T (1−r),

revealing the role of the ratior, and the role of the number
of fading realizationsT over which coding takes place, in
defining thediversity gainT (1 − r).

Moving onto the point of view of delay violations, we are
interested in the probability that, given a stochastic and bursty
bit-arrival process, bits violate aspecificdelay limitation,D.
For this reason we deviate from the approach of analyzing av-
erage delay, and instead employ large-deviations techniques to
approximate the probability of the rare event that a sequence of
past arrivals with uncommonly large amounts of information,
causes a delay violation.



We will show in this paper that, under some traffic models,
this probability can be expressed in the form

Pdelay(r, T ) ≈ e−r log ρ·F (source statistics,D,T )

≈ ρ−r·F (source statistics,D,T ),

for some functionF . The above two approaches for analyzing
errors due to channel and queue dynamics, are based on the
principle that rare events occur in the most likely manner.
The numerical interpretation of the same principle will then
allow that for a choice ofr, T , the overall probability of error
Ptotal(r, T ), due to both delay and channel, takes the form

Ptotal(r, T ) ≈ ρ−min
{

r·F (source statistics,D,T ),T (1−r)
}

.

Optimization overr, T will then provide for the optimal error
performance. This will be described in terms of a tradeoff on
the maximum amount of diversity gained,

d∗

D
:= − 1

D
lim

ρ→∞
max
r,T

log(Ptotal(r, T ))

log ρ

normalized by the amount of diversity that would have been
accumulated had there been no burstiness and no delay limi-
tations.

The main result in this work is presented in Theorem 1, in
the form of bounds on this optimal tradeoff. As it turns out,
in the limit of ρ → ∞, for Rayleigh fast-fading, compound
Poisson arrival process governing the random number{Aρ

t }
of bits that arrive at discrete timet with average rate

E[Aρ
t ] = λ log ρ,

and burstiness measure

1

µ
=

1

2

E[(Aρ
t )

2]

E[Aρ
t ]

,

the tradeoff takes the form

µ

(
√

3µ + 1)2
(1 − λ) ≤ d∗(λ)

D
≤ µ

(
√

µ + 1)2
(1 − λ).

The bounds describe the effect of burstiness and of average
throughput on the rate with which diversity is accumulated
over time. For large burstiness (smallµ), the bounds become
tight and the optimal performance takes the form

d∗(λ)

D
≈ µ (1 − λ).

Remark 1:Our aim is to provide simple expressions that
give insight on the effect ofλ andµ on the maximum amount
of time-diversity that can be gained given a specific delay
limitation. The corresponding derivations are facilitated in the
limit of large D1. Despite the fact thatD and, as it turns out,
the relevant values forT , are all large, our interest remains
on the outage-limited regime and on the roles ofr and of
the ratioD/T . In other words, rather than particular values
of D and T , we are interested in the ratioD/T , which
is finite and can be small. With this ratio, we address the
question of how much of the maximum allowable time should
be spent for coding, and how much for accommodating the

1We note that neitherD nor T , scale withlog ρ.

queue. The same approach also describes another finite and
potentially small ratio, between the maximum diversity order
that can be accumulated in the presence of burstiness, and the
total diversity that would be accumulated in the absence of
burstiness and delay limitations.

The remainder of the paper is organized as follows. In
Section II we provide a precise characterization of our setting,
including the detailed description of the channel model andthe
bit-arrival process. The statement of the main result is given
in Section III, Theorem 1. Section III is then dedicated to the
proof of Theorem 1, through analysis of the effects ofr, T on
the queue dynamics, and description of the optimization over
r, T . Other proofs are relegated to the Appendix.

II. SYSTEM MODEL

A. Basic setup

We consider a system where bits arrive at the transmitter in
a stochastic and bursty manner, independently over time, and
where the bit-arrival process can take an unlimited number
of states. Upon arrival, the bits are queued in an unlimited
storage buffer. The queue size is unknown to all, with the
only exception being that the transmitter knows if there exist
enough bits to encode or not. Transmission utilizes codes of
fixed lengthT , and average transmission rateR, in the sense
that each codeword carriesRT bits. The channel experiences
fast-fading, which can achieve an unlimited number of states.
The statistics of the channel are known to both the transmitter
and the receiver, but knowledge of the channel state infor-
mation, i.e., of the fading realizations, is limited only tothe
receiver (CSIR).

A bit is considered to be in error when it is incorrectly
decoded at the receiver or when the time-duration between
the moment the bit arrives at the queue, to the moment the bit
is decoded at the receiver, is larger than some delay limitation
D. It is assumed that the queue is operating under a steady-
state statistical distribution.

B. Model description and assumptions

Discrete time model:We adopt the discrete-time model for
both the bit-arrival process and the transmission process.With
little loss of generality, we equate the basic units of time for
these two processes. This common unit of time will be the
time-slot.

SISO, i.i.d. Rayleigh, fast-fading channel:Consider the
Rayleigh fast-fading channel, with one transmit and one re-
ceive antenna, with coding taking place overT time-slots. The
(1 × T ) received signal vectory is given by

y = [h1x1 h2x2 ... hT xT ] + [w1 w2 · · · wT ]

where xt is the transmitted signal at timet, with t ∈
[1, · · · , T ]. The (1 × T ) code vectorx := [x1 x2 ... xT ]
is drawn from a codeX . The fading realizationht and the
additive noisewt at timet, are assumed to be i.i.d., circularly
symmetric, complex GaussianCN (0, 1) random variables
with density function

p(u) =
1

π
e−|u|2 .



The value of the fading coefficient will be considered to
be entirely known at the receiver, while not known at the
transmitter. To ensure the rate requirement, the code has
cardinality

|X | = 2RT = ρrT ,

and to ensure the energy constraint, it is required that

|x|2 ≤ ρT, all x ∈ X .

We note that the assumption of a common time-scale for bit-
arrivals, transmissions and channel coherence, can be readily
removed by introducing simple constants which propagate
through the analysis. We avoid this for the sake of clarity
of exposition. Our results readily accommodate for such
constants.

First-come first-serve queue service, with constant rate and
fully-diverse coding:We consider the case where service of
the queue occurs everyT time-slots and where transmission
employs a code of rateR and lengthT , having each bit
be transmitted over all fading coefficients. We restrict our
attention to the first-come first-serve protocol of queue service.
Consequently everyT time-slots, theRT oldest bits are
instantaneously removed from the queue and are transmitted
over the nextT time-slots. If not enough data exists in the
buffer, null bits are used and the rate is maintained. It is
noted that the first-come first-serve queue-service strategy with
constant service rate, does not accommodate for any potential
knowledge of the queue length at the transmitter. Furthermore,
in the absence of channel state information at the transmitter,
only a constant service rate provides for optimal, in the high-
SNR regime of interest, decoding error performance.

C. Scaling of the transmission rate and of the probability of
decoding error:

With respect to the channel model, we adopt the approach
taken in [1], where for a choice ofT , the error performance, in
the presence of constant and deterministic flow, was measured
in the form of thediversity multiplexing gain tradeoff(DMT),
in the high SNR regime,ρ → ∞. In the spirit of DMT, what
is of interest here is a rateR that scales as

R = r log ρ

with

r := lim
ρ→∞

R

log ρ

being the multiplexing gain. For the specific channel model
adopted here, the work in [1] provides for the asymptotic
approximation of the optimal probability of codeword error,

Pchannel(r, T ) =̇ ρ−T (1−r), 0 ≤ r ≤ 1 (1)

or equivalently for the optimal negative SNR exponent

d∗channel(r) = − lim
ρ→∞

log(Pchannel(r, T ))

log ρ
= T (1 − r). (2)

The notation=̇ is used to describe exponential equality, i.e.,
y =̇ ρx is equivalent to lim

ρ→∞
log y
log ρ = x. Similarly for ≤̇, ≥̇.

The above conclussion is derived by analyzing the outage
setsO, of all fading vectorsh, that cannot sustain enough mu-
tual information. More specifically, decoding error is defined
by the outage region of fading vectors

O(ρ, R, T ) = {h : I(x; y | h) < RT } ⊂ R
T ,

that cannot support the transmitted rateR for a given SNRρ.
In the above,I(x; y | h) is the maximum mutual information
accumulated throughout theT channel uses. In the high-SNR
regime, outage is a fundamental error-performance limitation,
as it defines the probability of error

Pchannel(r, T )
.
= P (h ∈ O),

and
P (channel error| h ∈ O)

.
= 1.

D. Bit-Arrival Model: Scaling of the Average Bit-Arrival Rate
and of Burstiness

Let Rarr be theaveragerate with which bits arrive at the
queue. Given the scale of interest for the transmission rate, it
becomes meaningful to scaleRarr as

Rarr = λ log ρ,

where we define

λ := lim
ρ→∞

Rarr

log ρ

to be the measure of how closeRarr is to the ergodic capacity
of the channel. Tuning of the statistics of the bit-arrival
process, will adhere to the above scaling, and will define the
degree of bit-arrival burstiness.

We specifically choose the compound Poisson bit-arrival
process, to be described immediately, which maps well to
settings of practical interest, and which admits simple mathe-
matical characterization.

a) Compound Poisson bit-arrival process:We consider
the compound Poisson process with exponential distribution of
packet sizes. This process governs the statistics of the random
integerAρ

t ,

Aρ
t =

Nρ
t∑

i=1

Y ρ
i,t,

which describes the number of bits that have arrived at integer
time t. Parameterρ is treated as an index. The arrivals are in
the form of an accumulation ofNρ

t packets, with each packet
j ∈ {1, . . . , Nρ

t }, being of sizeY ρ
j,t.

Each valueNρ
t is drawn independently from a Poisson

distribution having mean that scales as

E[Nρ
t ] = ν = ν0(log ρ)ǫ,

and each valueY ρ
i,t is drawn independently from an exponen-

tial distribution with mean and variance that can scale as

E[Y ρ
i,t] =

1

µ
=

√

var(Y ρ
i,t) = (log ρ)(1−ǫ),

0 ≤ ǫ ≤ 1. In this work we focus on the case ofǫ = 1.



The above scaling ofν and 1
µ must adopt to the constraint

of
Rarr = E{Aρ

t } = ν
1

µ
=: λ log ρ, (3)

where then for fixed values ofν0 andλ, we have that

1

µ
=

λ

ν0
.

Tuning the above variables will define the effect of burstiness.
Parameterµ can take any finite value, where a larger value of
1/µ, implies larger packets and more burstiness.

We also adopt the condition

λ < r < 1

in consideration of the fact that havingr ≥ 1 would result
in Pchannel

.
= Ptotal

.
= ρ0, and havingλ ≥ r would result in

Pdelay
.
= Ptotal

.
= ρ0.

A critical function that will play a role in analyzing the
probability of delay violation, is the log-moment generating
function Λ(θ) of process{Aρ

t }. Specifically the function is
defined as

Λ(θ) := log E[eθAt ], θ ∈ R (4)

where for the compound Poisson bit-arrival process, it takes
the form

Λ(θ) =
νθ

µ − θ
, θ ≤ µ. (5)

For a queue with a compound Poisson bit-arrival process,
with service rateR = r log ρ, and with both the arrivals
and the service occurring every time-slot, thenΛ(θ) defines a
parameterδ to be the solution to

Λ(δ) = Rδ, (6)

which in our case, through (3,5,6) takes the form

δ = µ(r − λ)/r > 0. (7)

III. T OWARDS THE

RESPONSIVENESS-DIVERSITY-MULTIPLEXING TRADEOFF

We now provide simple expressions which, under the con-
straints of our assumptions, describe bounds on the negative
SNR exponent

d∗(λ) := − lim
ρ→∞

max
r,T

log(Ptotal(λ))

log ρ
,

for the optimal total probability of bit error

P ∗
total(λ)

.
= ρ−d∗(λ)

due to both delay violations and erroneous decoding.

Theorem 1:The optimal tradeoff curved∗(λ)/D is
bounded as:

µ

(
√

3µ + 1)2
(1 − λ) ≤ d∗(λ)

D
≤ µ

(
√

µ + 1)2
(1 − λ).

The above lower and upper bounds are respectively achieved
with coding durationsT1, T2 where T1/D = 1

3

√
3µ√

3µ+1
and

T2/D =
√

µ√
µ+1 .

The derived bounds describe the effect of burstiness and
delay-limitation to be a uniform and scalar reduction in
diversity, as compared to the DMT expression in (2) that
relates to the case of constant and deterministic bit-arrivals,
no delay-limitations, andD = T, r = λ.

The result also indicates that the maximum allowableλ is
not reduced, i.e.,

λmax := max
λ≥0

{λ : d∗(λ) ≥ 0} = 1 (8)

= max
r≥0

{r : d∗channel(r) ≥ 0}. (9)

In words, we see that the effects of burstiness and delay
limitations are confined to the diversity gained, and do not
relate to the maximum value of average bit-arrival rate that
can sustain non-catastrophic communication.

The bounds also suggest that in the limit of very low
burstiness (µ is large), the effect of delay limitation might
persist, while the effect of burstiness vanishes. Finally,in the
limit of very high burstiness (µ approaches zero), the bounds
are tight and take the form:

d∗(λ)

D
≈ µ (1 − λ).

As a step towards the proof of Theorem 1, we now describe
the effect ofr, T on the queue dynamics and on the probability
of delay violationPdelay(λ, r, T ).

A. Asymptotic Probability of Delay Violation: Coding Effect

We seek to establish bounds that describe the probability
of delay violationPdelay(λ, r, T ) for a given choice ofr, T .
We recall that the queue is served everyT time-slots with an
instantaneous removal of the oldestRT bits. More specifically,
after dropping indexρ, we let At be the number of bits that
arrive in the open interval(t − 1, t), andQt be the amount
of bits in the queue, at the very beginning of time-slott. This
amount of workQt also includes the bit of interest. With
the queue being served exactly at timestT , the queue size is
governed by the following dynamics:

Qt =

{

[Qt−1 + At − TR]
+ if t = mT, m ∈ Z,

Qt−1 + At otherwise,
(10)

with [x]+ := max{x, 0}. A standard assumption is that
QmT = 0 for integer m → −∞. Since the arrivals are
stationary, we have that for eachi ∈ {0, 1, . . . , T − 1}, the
random sequence{QmT+i} reaches a steady-state random
variableQi.

The following lemma provides bounds onPdelay(λ, r, T ), for
the arrival-process and queue-service described. Bounds will
relate to setsQti

of sample paths that force delay violations.
More specifically,Qti

will define the set of all error-producing
sequences of past arrivalsω = {At}ti

−∞, reaching up to a
specific timeti that the bit arrives. The choice ofr andT will



defineQti
which will in turn define the delay-error behavior

through
P (delay | ω ∈ Qti

) = 1

and
Pdelay(λ, r, T ) = P (ω ∈ Qti

).

Lemma 2:Let T < D and r ∈ (λ, 1). Let
k := D −

⌊
D
T

⌋
T . Then the probability of delay violation is

bounded as

ρ−µ(r−λ)[D−T−k]+ ≤̇ Pdelay(λ, r, T ) ≤̇ ρ−µ(r−λ)[D−2T−k]+

(11)
and more loosely bounded as

ρ−µ(r−λ)(D−T ) ≤̇ Pdelay(λ, r, T ) ≤̇ ρ−µ(r−λ)[D−3T ]+ . (12)

Proof of Lemma 2:
We focus on bits that arrive at some arbitrary timet =

mT+i, for some finite negative integerm, wherei ∈ [0, T−1].
Without loss of generality, and for notational simplicity,we set
m = 0 and thus consider the arrival of the above bits to take
place at timei. Furthermore it is easy to show that in our
setting and our scale of interest, the average probability of
delay for bits that arrive at timei, is equal to the probability
of delay for the last bit that arrives at the same timei.
Consequently we focus on the last bit that arrives at this time
i.

We will explore the different cases that arise from having
different values ofD + i and T , and will explain how a
combination ofi, D, T define the sample pathsω that force
error. Towards this, we have

Qi =

{

ω : i + (T − i) + ⌈Qi(ω)

RT
⌉T > ⌊D + i

T
⌋T

}

=

{

ω : ⌈Qi(ω)

RT
⌉T > ⌊D + i

T
⌋T − T

}

=

{

ω : ⌈Qi(ω)

RT
⌉T > ⌊D + i − T

T
⌋T

}

=

{

ω : ⌈Qi(ω)

RT
⌉ > ⌊D + i − T

T
⌋
}

=

{

ω :
Qi(ω)

RT
> ⌊D + i − T

T
⌋
}

,

where ⌊·⌋ and ⌈·⌉ are respectively the floor and ceiling
functions.

To clarify the above, we describe the meaning of each term.

Oi =

{

ω : i
︸︷︷︸

E1

+ (T − i)
︸ ︷︷ ︸

E2

+

E4

︷ ︸︸ ︷

⌈Qi(ω)

RT
⌉

︸ ︷︷ ︸

E3

T >

E5

︷ ︸︸ ︷

⌊D + i

T
⌋T

}

.

E1: bit arrives at normalized time indexE1 = i.
E2: number of time-slots that the bit waits for the first block

of TR bits to leave the queue.
E3: the index of the block that delivers the bit.
E4: total time spent for servicing the aboveE3 blocks. This

is the duration between the beginning of the first service,

timeslots

Delay bound D

i D+iD+i
T

Effective delay bound

T T

D+i
T

T - i

Fig. 2. Timing diagram indicating the different intervals in the lifespan of
a bit that has arrived last, at timei.

to the completion of decoding for the bit. Note thatE4

accounts for the coding duration.
E5: The last decoding opportunity for the bit.

We continue with the proof and letn :=
⌊

D
T

⌋
and recall that

k = D − nT = D −
⌊

D
T

⌋
T, k ∈ {0, 1, . . . , T − 1}. Then

⌊
D − T + i

T

⌋

=

{

n − 1, if 0 ≤ i ≤ T − k − 1,

n, if T − k ≤ i ≤ T − 1.

Consequently,

Qi =

{{
ω : Qi(ω) > (n − 1)(RT ), i ∈ [0, T − k − 1]

}

{
ω : Qi(ω) > n(RT ), i ∈ [T − k, T − 1]

}
.

With P (ω ∈ Qi) being the probability of delay violation
for bits that arrive at timei, and fori uniformly distributed in
[0, T − 1], we have that

Pdelay(λ, r, T )

=
1

T

T−1∑

i=0

P (ω ∈ Qi)

.
=

T−1∑

i=0

P (ω ∈ Qi), (sinceT
.
= ρ0)

=

T−k−1∑

i=0

P (ω ∈ Qi) +

T−1∑

i=T−k

P (ω ∈ Qi)

.
= max{P (ω ∈ QT−k−1), P (ω ∈ QT−1)}
.
= max{P (QT−k−1 > (n − 1)TR), P (QT−1 > nTR)}
.
= max{P (QT−k−1 > (D − T − k)R),

P (QT−1 > (D − k)R)}
(13)

where to get the fourth equation, we used that

QT−k−1 ⊇ QT−k−2 ⊇ · · · ⊇ Q0

QT−1 ⊇ QT−2 ⊇ · · · ⊇ QT−k

which holds because for anyj, i such that0 ≤ j < i ≤ T −1,
it is the case that

Qi(ω) = Qj(ω) + Aj+1(ω) + . . . + Ai(ω)
︸ ︷︷ ︸

≥0

≥ Qj(ω), ∀ω.

To find the dominant term in (13), we look for the proba-
bility for the general form

P (Qi > D′R),



by relating the steady-state distributions ofQ0 and Qi, for
any i ∈ {0, 1, . . . , T − 1} and anyD′ ≥ 2T . First we easily
establish a lower bound:

P (Qi > D′R)

= P (Q0 + A1 + . . . + Ai
︸ ︷︷ ︸

≥0

> D′R)

≥ P (Q0 > D′R).

(14)

Moving onto the upper bound forP (Qi > D′R), we first
recall from (10) that

QT (ω) = [Qi(ω)+Ai+1(ω)+· · ·+AT (ω)−TR]+, ∀ω.

We are only interested in sample paths for which
Qi(ω) > DR′. For such sample paths, the following sequence
holds:

Qi(ω) > D′R

⇒ Qi(ω) − TR > 0, since D′ ≥ 2T

⇒ Qi(ω) − TR + Ai+1(ω) + · · · + AT (ω)
︸ ︷︷ ︸

≥0

> 0

⇒ QT (ω) = Qi(ω) + Ai+1(ω) + · · · + AT (ω) − TR

⇒ Qi(ω) = QT (ω) − (Ai+1(ω) + · · · + AT (ω)) + TR

⇒ P (Qi > D′R)

= P (QT − {Ai+1 + . . . + AT } + TR > D′R)

≤ P (QT > (D′ − T )R).

Due to stationarity of both the arrivals and service at times
that are finite multiples ofT , we have:

P (Qi > D′R) ≤ P (Q0 > (D′ − T )R). (15)

In conjunction with the lower bound in (14), we have

P (Q0 > D′R) ≤ P (Qi > D′R) ≤ P (Q0 > (D′ − T )R).
(16)

We can now establish the dominant term in (13) by substituting
for i and for the two cases ofD′, to get two sets of bounds:

P (Q0 <

D′: case 1
︷ ︸︸ ︷

(D − T − k)R) ≤
P (QT−k−1 > (D − T − k)R) ≤

P (Q0 < (D − 2T − k)R), (17)

P (Q0 <

D′: case 2
︷ ︸︸ ︷

(D − k)R) ≤
P (QT−1 > (D − k)R) ≤

P (Q0 < (D − T − k)R)

which jointly imply that

P (QT−k−1 > (D − T − k)R) ≥ P (QT−1 > (D − k)R).

This identifies the dominant term in (13) and the value for

Pdelay(λ, r, T )
.
= P (QT−k−1 > (D − T − k)R). (18)

Then the bound from (17) applies to give the following bound
on Pdelay(λ, r, T ), in terms of the steady-stateQ0

P (Q0 > (D − T − k)R) ≤̇
Pdelay(λ, r, T ) ≤̇

P (Q0 > (D − 2T − k)R). (19)

Directly from Claim 1 in the Appendix, we know that

P (Q0 > D′R)
.
= e−δD′R = ρ−δrD′

, for D′ → ∞.

Given that

Pdelay(Q0 > D′R | D′ ≤ 0) = 1,

we have the above bounds in (19) taking the form

ρ−δr[D−T−k]+ ≤̇ Pdelay(λ, r, T ) ≤̇ ρ−δr[D−2T−k]+ , (20)

where we recall thatδ = µ r−λ
r > 0, and satisfies

log E[eδAt ] = Rδ. (21)

Consequently we get,

ρ−µ(r−λ)[D−T−k]+ ≤̇ Pdelay(λ, r, T ) ≤̇ ρ−µ(r−λ)[D−2T−k]+ ,
(22)

and the more loose and simpler bound

ρ−µ(r−λ)(D−T ) ≤̇ Pdelay(λ, r, T ) ≤̇ ρ−µ(r−λ)[D−3T ]+ . (23)

�

We now proceed with the conclusion of the proof for Theo-
rem 1.

B. Optimization of the Total Error Probability - Conclusion
of Proof for Theorem 1

Having establishedPdelay(λ, r, T ), we look to first establish
the total error probabilityPtotal(λ, r, T ), for a given choice
of r, T . We will then optimize over all choices ofr, T and
obtain the bounds on the optimal tradeoff.

Proof of Theorem 1:
The total probability of errorPtotal(λ, r, T ), due to both

delay violation and channel decoding errors, can be expressed
as

Ptotal(λ, r, T ) =

Pchannel(λ, r, T ) + (1 − Pchannel(λ, r, T ))Pdelay(λ, r, T ).

We rewrite the bound of Lemma 2, as

Pdelay(λ, r, T ) =̇ ρ−µ(r−λ)(D−aT T ), (24)

for some unknown valueaT such thataT ∈ [amin, amax],
whereamin = 1, amax = min{3, D/T } and whereλ < r < 1
and0 < T < D. Using the value ofPchannel(λ, r, T ) from (1)



and the new form forPdelay(λ, r, T ) from (24), we get that in
the scale of interest2:

Ptotal(λ, r, T )
.
= Pchannel(λ, r, T ) + Pdelay(λ, r, T )
.
= ρ−µ(r−λ)(D−aT T ) + ρ−T (1−r).
.
= ρ−min{µ(r−λ)(D−aT T ),T (1−r)}.

Let

ξ(r, T ) := − lim
ρ→∞

log Ptotal(r, T )

log ρ

= min {µ(r − λ)(D − aT T ), T (1− r)} (25)

and let

d∗(λ) := d∗(λ, aT )

= max
r,T

min {µ(r − λ)(D − aT T ), T (1− r)} (26)

such thatλ < r < 1 and0 < T < D. Since this is a double
maximization problem, we have

d∗(λ, aT )

= max
0<T<D

{

max
λ<r<1

min {µ(r − λ)(D − aT T ), T (1− r)}
}

.

(27)

Fix T and consider the maximization overr, to find

ξ(r∗(T ), T ) = max
λ<r<1

min {µ(r − λ)(D − aT T ), T (1− r)}
(28)

for some optimizing valuer∗(T ). The fact that µ(r −
λ)(D − aT T ) is an increasing function onr, and
T (1 − r) a decreasing function onr, makes it so that
min {µ(r − λ)(D − aT T ), T (1− r)} is maximized3 when

δr∗(T )(D − aT T ) = T (1 − r∗(T )). (29)

Solving for r∗(T ) we get the optimal multiplexing gain

r∗(T ) = 1 − 1 − λ

1 + T
µ(D−aT T )

(30)

for a givenT . Since0 < λ < 1 and0 < T < D, the condition
λ < r∗(T ) < 1 is satisfied4.

Combining (28) and (30) gives the optimal exponent, for a
specific choice ofT , to be

ξ(r∗(T ), T ) = T (1 − r∗(T )) =
T (1 − λ)

1 + T
µ(D−aT T )

. (31)

The next step is to optimize overT and establish

d∗(λ) = d∗(λ, aT ) = max
0<T<D

ξ(r∗(T ), T ). (32)

2It is easy to see that in the scale of interest, the probability of bit error is of
the same exponential order as the probability of codeword error. Furthermore,
the fact that there exist codes that can accumulate the described diversity, has
been established in [1], and [12]- [14].

3The maximization is directly valid since the two terms are indepen-
dent ofρ.

4The conditionλ < r∗(T ) < 1 is also satisfied because if this were not
true, which would happen either whenr∗(T ) < λ or whenr∗(T ) > 1, then
one of the terms in (28) would be zero while the other term would be strictly
positive. This contradicts the fact thatr∗(T ) equates the two terms in (29).

Since we do not know the exact value ofaT but only know
that aT ∈ [amin, amax], we are limited to providing bounds on
d∗(λ).

For this, seta ∈ [amin, amax], let

f(a, T ) :=
ξ(r∗(T ), T )

1 − λ
=

T

1 + T
µ(D−aT )

, (33)

and note that sincef(a, T ) is monotonically decreasing ona,
it is the case that

f(amax, T ) ≤ f(aT , T ) ≤ f(amin, T ), (34)

for any T ∈ (0, D). Consequently

max
0<T<D

f(amax, T ) ≤ max
0<T<D

f(aT , T )
︸ ︷︷ ︸

d∗(λ)/(1−λ)

≤ max
0<T<D

f(amin, T ).

(35)
Our goal now is to evaluate

max
0<T<D

f(amax, T ) and max
0<T<D

f(amin, T ).

For this we note that

max
0<T<D

f(amax, T ) = max
0<T≤D/3

f(3, T ) (36)

because

f(amax, T ) = 0, D/3 ≤ T < D.

As a result, the bounds take the form

max
0<T<D/3

f(3, T ) ≤ max
0<T<D

f(aT , T )
︸ ︷︷ ︸

d∗(λ)/(1−λ)

≤ max
0<T<D

f(1, T ).

(37)
To evaluate the above, we look to find the optimizer

T ∗
a = arg max

0<T<D/a
f(a, T )

for the two distinct cases ofa = 1 and a = 3. For this
we differentiatef(a, T ) with respect toT , and solve for
f ′(a, T ∗

a ) = 0. In our case, this gives

T ∗
a =

D

a

( √
µa

√
µa + 1

)

. (38)

Using this value ofT ∗
a , results in

max
0<T<D/a

f(a, T ) = f(a, T ∗
a ) =

µ

(
√

µa + 1)2
D. (39)

Using the bounds from (37) results in

µ

(
√

3µ + 1)2
(1 − λ) ≤ d∗(λ)

D
≤ µ

(
√

µ + 1)2
(1 − λ). (40)

This concludes the proof of Theorem 1. �



IV. CONCLUSION

In this work we derived simple expressions that give insight
on the effect that bit-arrival burstiness has on the maximum
amount of time-diversity that can be gained, under a given
delay limitation.

The expressions, in the form of bounds, describe a tradeoff
between diversity and the ratio of average bit-arrival rateto
ergodic-capacity. As a practical consequence, the tradeoff tells
us how to better balance the effects of channel-atypicality
(outage) and burstiness-atypicality, by proper choice of infor-
mation rate and encoding duration. The tradeoff addresses the
question of how much of the maximum allowable time should
be spent on coding and how much for timely accommodation
of the queue.

V. A PPENDIX

Claim 1: Consider a batch queueing system where arrivals
happen every time-slott, t an integer, and where the number
of bits At that arrive at timet, follow the i.i.d. compound
Poisson process. Let the queue be served on a first-come first-
serve basis by instantaneously removingRT bits, at timesmT ,
m an integer. Let the queue be stable, i.e., letE[A0] < R. Let
Qt be the queue length (in bits) at timet, and letQ−t ≡ 0
for t → ∞, allowing Q0 to be governed by the steady-state
distribution. Then,

lim
D′→∞

1

D′ log P (Q0 > D′R) = −Rδ (41)

whereδ > 0 is defined as in (6) to be such thatΛ(δ) = Rδ.

Proof of Claim 1
We consider a new system with a normalized time-scale,

having a time-slot being equal toT time-slots of the original
system described in the claim. Consequently, this new system
is defined by a new i.i.d. arrival process{Ât}, where

Ât = AtT+1 + · · · + A(t+1)T

defines the number of bits that arrive during (new) time-slot
t. The new system is also defined by the service that happens
every (new) time-slot with fixed rate

R̂ = RT, bits per (new) time-slot.

The new queue lengtĥQt(ω) satisfies

Q̂t(ω) = QtT (ω), ∀ω

and follows a new set of queue dynamics

Q̂t+1 = (Q̂t + Ât − R̂)+. (42)

Given the standard assumption that for every sample pathω,
Q−tT (ω) = Q̂−t(ω) = 0, for t → ∞, we have a common
steady-state distributionQ0 for t = 0. Consequently, Theorem
1.4 from [19] applies, to give

lim
D′→∞

1

D′ log P (Q0 > D′R) = −δRT R (43)

whereδRT is the solution to

Λ̂(δRT ) = δRT RT

and whereΛ̂(δRT ) is the log-moment generating function for
random variableÂ0. To conclude the proof, we simply have
to show thatδRT = δ. To do so, we notice that for anyθ ∈ R,
then

Λ̂(θ) = log Eeθ(Â0) = log Eeθ(A1+···+AT )

= T log EeθA1 = TΛ(θ)

sinceA1, . . . , AT are i.i.d. By definition ofδRT , we have that

δRT R = Λ̂(δRT )/T = Λ(δRT )

which agrees with the definition ofδ. This means thatδ and
δRT are the solutions to the same equation. The proof is
concluded by noticing thatRTδ is linear inδ, and thatΛ(θ)
is convex and monotonically increasing. �
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