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Abstract

In this paper, an algorithm is devised to solve a general mathematical problem of optimizing an
expected average cost criterion subject to constraints on both 1) instantaneous resource allocation deci-
sions and 2) the long-term average resource allocation requirements. The construction of the algorithm
does not require knowledge about the statistics of the underlying process, yet the performance of this
algorithm, under mild mixing conditions on the underlying stochastic process, is shown to converge
asymptotically to the optimal under causal observations. This general result is applied to the case of
joint power-rate allocation in MIMO wireless multi-hop networks, in which nodes can form broadcast
clusters in an attempt to take advantage of dirty paper coding. A distributed implementation of the
algorithm is presented for the applied case. The numerical results shows that using dirty paper coding

within each broadcast cluster provides a significant improvement over traditional link-based techniques.
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I. INTRODUCTION

In many wireless networking applications, the design of a network necessitates optimizing an
expected network performance criterion, such as the sum power of the network, while satisfying
a set of long-term average QoS measures, such as the average end-end rate, in the face of
instantaneous and stochastic variation in availability and quality of the wireless channel. In all
such settings, the design problem can be formulated as a constrained optimization problem
with an expected average cost criterion, e.g., total power, with two types of constraints: a
set of constraints on the expected average of certain quantities, e.g., flow rates, and a set of
instantaneous constraints which are functions of the underlying stochastic process, e.g., the
channel conditions. Motivated by such applications, this paper studies the general mathematical
problem of optimizing an expected average cost criterion subject to constraints on both 1)
instantaneous resource allocation decisions (a function of the instantaneous realization of the
underlying stochastic process) and 2) the long-term average resource allocation requirements.
We are ultimately interested in solutions to problems which do not rely on the availability of a
precise statistical model (joint distribution) of the underlying stochastic process.

The contributions of the paper are two fold. First, to solve the problem, we use stochastic
approximation to devise an algorithm, whose construction does not require knowledge about
the statistics of the underlying process. The performance of the algorithm, under mild mixing
conditions on the underlying stochastic process, is shown to converge asymptotically to the
optimal under the instantaneous and long-term average resource allocation constraints. The

second contribution of the paper is applying this general result to the case of joint power-rate
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allocation in MIMO wireless multi-hop networks. Here we consider a MIMO network, where
nodes can form broadcast clusters in an attempt to take advantage of dirty paper coding (DPC).
We use the proposed algorithm to devise a cross-layer optimized resource allocation scheme. In
this setting, we identify network scenarios under which the use of DPC provides a significant
improvement over more traditional and link-based techniques.

Our work in the paper is strongly motivated by [1], [2], [10], [16] and [17], all of which
address various aspects of maximizing the expected network utility, which is a strictly concave
function of allocated rate vectors, subject to stochastically varying constrained sets. The problem
we study in this paper has a close conceptual tie to these papers, but provides a distinct problem
formulation: in our setting, the objective function (power) may or may not be explicitly written
as a strictly concave function of control variables of interest (power and rate). We would like to
point out, though, that similar to findings in [17], our proposed algorithm — based on a stochastic
approximation/subgradient approach — is “very parsimonious, and naturally decomposes to
become a decentralized algorithm in special cases when different network elements can make
their own control decisions independently.” In the interest of brevity, we do not include these
naturally decentralized solutions in this paper; instead, we refer the interested reader to [13]
[14].

Our work can also be viewed as a generalization of the problem studied in [11], in which
the authors studied the opportunistic downlink scheduling problem under time-varying channels.
They proposed a two stage off-line algorithm, applying the duality technique and the stochastic
subgradient method. The first stage (warm-up) generates a sequence of dual variables which
converges to a dual problem optimal point. In each time slot, the scheduler observes the channel

state and updates the dual variable accordingly, by adding a scaled ‘“subgradient-like” vector to

October 1, 2008 DRAFT



it. In the second stage, the scheduler applies the optimal dual variables, obtained from the first
stage, to the Lagrangian relaxation of the primal problem, and decides the transmit power and
rates with regard to the instantaneous channel quality.

Notice that the algorithm presented in [11] is an off-line algorithm, because the sequence
generated in the first stage of the algorithm can, in general, take a long time to converge.
Instead, we propose an online algorithm which generates sequences of dual and primal variables
concurrently, while still maintaining the optimality of the algorithm. Another important point we
would like to make is with regard to the proof of optimality for the proposed algorithm. The
optimality proof given in [11] depends on an important assumption: the conditional expectation
of the proposed “subgradient-like” vector, given the past history, forms a subgradient of the dual
function. Strictly speaking, this may or may not be true, because the conditional expectation
of the “subgradient-like” vector is, in general, not a subgradient of the dual function. Some
degree of dependency between the instantaneous channel condition and the scheduler’s previous
decisions is expected to remain. Such a subtle effect was not captured in [11]. In contrast to [11],
we apply an alternative approach, not using the subgradient assumptions in [11] directly, to show
that the sequence of dual variables generated in each recursive step asymptotically converges in
the expectation of the norm to the set of maximizer(s) of the dual problem (Theorem 3).

We would also like to point out that our application of interest coincides with the problem
studied by [15], with the main difference being our approaches and methodologies: Our work
relies on constrained convex optimization and stochastic approximation frameworks to minimize
the expected sum power, subject to a constraints on the minimum long-term average rate at
the flow level, while [15] uses a Lyapunov-type penalty function as the cost of violating the

QoS requirements. The Lyapunov drift analysis is, then, applied to prove stability, and hence
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admissibility and optimality. Working within a stochastic approximation framework, our formu-
lation allows for more general arrival and channel processes. More precisely, while Lyapunov
techniques usually rely on independent renewals over time, the convergence of the stochastic
approximation algorithm only requires mild mixing conditions. In addition, channel and arrival
processes in our work do not require finite support as required in [15].

This paper is organized as follows. We begin with the notation and some mathematical
preliminary results which will be used later in the paper, and present the problem formulation
of interest and our main results in Section III. In the first part of Section III, we present the
problem formulation as a convex optimization and also present the appropriate dual formulation
to achieve a lower bound on the optimal performance. In Subsection III-B, motivated by the
sub-gradient projection approach, we introduce a class of control policies, which we call dual
controllers. The main results of the paper, i.e. the asymptotic admissibility and optimality of the
proposed controller, are given in Subsection III-C. Section IV provides an analysis of the problem
by outlining the proof of admissibility and optimality theorems stated in Subsection III-C. The
detailed proof of these theorems are completed in the appendices. In Section V, we specialize
the proposed solution to a MIMO wireless adhoc network context. In Section VI, we present
numerical examples demonstrating the performance of the proposed algorithm using a small
network of 15 nodes. Finally, we conclude this work with a discussion of promising future

research topics in Section VII.

II. PRELIMINARIES AND NOTATION

For completeness, in this section, we provide definitions and facts frequently used in convex
optimization and stochastic approximation. These are used for establishing our result later in the
body of the paper. Those readers familiar with the terms and facts below can skip this section.
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Definition 1: A stochastic process {£"} is called exogenous to process Z" if its future evo-
lution, given the past history of Z", depends only on the past history of £". More precisely, let
{F,} be a sequence of nondecreasing o-algebras, where F,, measures {Z7~1 &/; 5 < n}, then

an exogenous process satisfies
P | F) =P | €,j=0,1,...,n) for k > n. (1)

Definition 2: Let B] be the o-algebra generated by the random variables
{em gmtl g} {€F) s called a ¢-mixing process [9, p.p. 356] (uniform mixing process [6,
p-p- 345] ) if for

o Zsup  sup | P{A|B} — P{A}]. @)

i AeBytF BeBj

we have limy, ¢, = 0.
Fact 1: [7, Chapter 6, Lemma 4]

Let £" be ¢-mixing, and let ¢g" be measurable on F.° with |¢"| < K, then
|E[g"* By ] —E[g"™"]| < 2K oy (3)

Definition 3: Let Ns(x) denote a J-neighborhood of x. A set-valued function B(-) is said to

be upper-semi-continuous if it satisfies

(Neo | |J Bl)| =B), )

§>0 yeNs(z)

where co(A) denotes the convex hull of the set A.

Definition 4: Let P, denote the measure on the Borel sets of R* determined by a random
variable A. A sequence of random variables A, is said to converge weakly to a random variable
A if

EF(A,) = / F2)dPy(z) — EF(A) = / F(2)dPa(x) )
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for each bounded and continuous real-valued function F(-) on R*. We use the following notation
to denote the weak convergence:

A, = A (6)

Definition 5: Given a concave function f : R® — R, we say that a vector d € R" is a

subgradient of f at a point z € R" if
f(z) < flx)+ (2 —x)d, VzeR" (7

We close the section with a word on our notations. Given a sequence of vector {¢",n =

1,2,3,...}, where 0" = (v}, v},...,v"), then limsup,, ¥" is defined element by element, i.e.,
limsup ¢" £ (limsup v}, limsup vy, ..., limsup v”).
n n n n

R"™* denotes the nonnegative r-dimensional real valued Euclidean space.

III. STOCHASTIC OPTIMIZATION
A. Problem Formulation and Model

Consider a system with a countable-state underlying stochastic process denoted by {{"; n =
0,1,2,...}, where the probability distribution of {{"} is unknown, but the realization {£"(w)}
can be perfectly observed by the controller/scheduler at time n. At any time n, the controller
/scheduler can select a set of control actions called control variables {(X™, Y™)| X" € R,Y" €
R",n = 1,2,...}, utilizing the observation {¢¥(w); & = 0,1,2,...,n}. Given a realization
€"(w), the choice of control variables (X™, Y™) is restricted to the set D(¢"(w)) C R x R
determined by £"(w). The scalar value X" is the performance measure of interest, such as
network power consumption, to be optimized, while the appropriate choice of yn guarantees

an acceptable level of performance in terms of other measures of interest, such as minimum
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end-end vector of flow rates. In other words, we are interested in selecting admissible control
variables (X™,Y") € D(£"(w)) in order to minimize the long-term average of the expected
value of X", while guaranteeing that the long-term average of the expected value of Y™ satisfies
the constraint (9). Before we proceed with the precise formulation, we need to establish the
following definition of a causal policy as a sequence of mappings which is used by the controller
to determine the control actions.

Definition 6: A causal (possibly randomized) policy @ = {m,m,...} is defined to be a

sequence of mappings
T {XTTL YT €005 < n} — P(D(EY(W)),

where P(D(£"(w)) is a probability measure on the set D({™(w)). The set of all causal (possibly
randomized) policies is denoted by I'.

In other words, the control policy considered in this paper could be a randomized policy,
meaning that, given realization {€"(w)}, the vector of controlled variables (X", Y7?) forms
a sequence of random vectors. All expectations, E{-}, are taken over the probability space
constructed by {£"}, as well as the selected policy 7 (possibly randomized).

With the notion of policy defined above, we are ready to introduce the stochastic optimization

in the following general form:
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Problem 1 (Stochastic Optimization):

N—1
X" = }rIellf“ lijr\?j;p% % E{X"} (8)
subject to
S
li]rélfolip N ; E{Y;} <0. )
and
foralln: (X", Y") e D(E), (10)

where X7 is a scalar and Y* € R”. Here, we added script 7 to {X"} and {Y} to distinguish
the control actions taken by different policies, i.e., {X"} and {V} denote the sequence of
controlled variables chosen by the causal' policy # € I'. Note that (10) is usually referred
to as the feasibility constraint, while (9), referred to as admissibility constraint?, guarantees a
long-term average performance. More precisely,

Definition 7: A policy m € I' is called an admissible control policy if it chooses control
variables (X, V) from the set D(£"(w)) such that limsupy . % SV E{Y?} < 0.

We aim to find admissible randomized control policies achieving the optimal value of Prob-

lem 1 under the following technical assumptions:

(A.1) D(£"(w)) is compact for each n and w. In addition, the elements in D({"(w)) are bounded

! Although we assume the causal policies in our model, the results and the associated proofs in this paper are independent of
the causality. In other words, if we consider a broader class of policies which allows controlling the system based on both the

future and the past events of {£"}, the optimal performance will not change.

The presentation of Problem 1 has been chosen to simplify the analysis. Although constraint (9) appears to be decoupled in
each entry of (E{Y "1}, E{Y2},...,E{Y",}), the formulation actually covers more general linear inequality constraint. This
is done by introducing auxiliary variables with additional constraints to redefine D({™). An example containing weighted sum

linear inequality constraint can be found in Section V.
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in norm uniformly in n and w, i.e., we assume there exists a constant B; such that V (x, 7) €
D(£"(w)), we have ||z|| < By and ||y]| < By, irrespective of n and w.

(A.2) {&"} is stationary and ¢-mixing (uniform mixing), has a finite support, and is an exogenous

process to causal control actions (control actions which utilize only the causal observations).

The above assumptions enable a dual approach to the above constraint optimization problem in

which, for a given 0 € R™*, we define:

N-1

o 1
V(o) = 1nf hmsup— ZE{X" +6- Yo}, (11)
N—oo
On the other hand,
N-1
= infli — >y E{X7" Yo
V(6) = inflimsup - Z (X3 +6-Yr}
= hmsup—ZE min X"+§'?n}
Ne—oo (Xn,Yn)eD(En (w))
N-1
= limsup — E{V( g,¢" 12
msup HZ% {V(0,¢")} (12)
whereby denoting
V(g,emy A min X" 4+6.Y", (13)
(X™Y™)eD(E™)

we have slightly abused the notation V'(-) to emphasize that V' (,£") is an analog of V() in a
per-time-instant sense. Note that the second equality in (12) holds because of the existence of a

causal policy whose control decision at time n follows the solution to
_min X" 4+60-Y"
(X™Y™)eD(E" (W)

Applying the duality concepts in optimization theory, we obtain the following bound:

—

Proposition 1: For all 0 € R, V' (#) is a lower bound for the solution to the stochastic
optimization problem, i.e., V(q) < X*.
The proof of this proposition is given in Appendix A.
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1
B. The Dual Controller and Subgradient Projection

Next, in light of Proposition 1, and motivated by the subgradient projection methods used
in solving convex optimization, we propose a recursive algorithm which asymptotically solves
Problem 1. Let us restrict our attention to a class of stationary control policies which at time n
make decisions, based on the instantaneous observation of £"(w) and a (possibly time varying)
referenced parameter 6™:

Definition 8: Given a sequence of reference variables 6", the dual control policy 7 defines
the control actions at time n (= 0,1,2,...) in the following manner. For a sequence of time
dependent referenced parameters {6™, n =0,1,2,...}, the policy 7* selects the random vector

(X7 gns }7;:179”) uniformly over the compact set of minimizers of V'(6,,£"), i.e.,

no Y, )Earg min x+0"-7 14
( m*,0 7*,0 ) g(a},gj’)ED(gn) Yy ( )

*

If the referenced parameter € is time independent , 7* is a stationary policy:

( ;1*79’ Yﬂn*ﬁ) € arg (a;’y%ré!prl(gn) X + 9 . ?j (15)

When there is a tie in (14) or (15), it is broken arbitrarily.

We will show in subsequent sections that this restriction, which is motivated by the dual
formulation above®, does not cause a loss of optimality when reference values are generated
carefully, e.g., according to a subgradient projection scheme, and under the following technical

assumption:

(A.3) The maximizer set of V() over R"", denoted by ©, is compact. In other words, there

— —

exists 0 < K, < oo, such that V* = (67, ...,67) for which V(6*) = maxg., V' (¢), then

39 plays the role of a noisy estimate of the dual variables in convex optimization Problem 1 [5]. The details can be found in

[12].
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0y € [0,K,) fori=1,...,r. We denote the compact set by
HE2{0ecR"0<6; <K,}. (16)

Note that assumption (A.3) holds when constraint (9) contains an interior admissible point. More-
over, if such a point is known in advance, a bound, as denoted by K, can be explicitly derived.
This result is summarized in the following proposition, whose proof is given in Appendix B.

Proposition 2: © is compact if and only if there exists an admissible policy 7 such that
limsupy_. & S0 E{Y"} < 0. Moreover, if limsupy_... & S0 E{Y"} < —4 for some
5 = (0,0,...,d) with 6 > 0, the i-th components of 0% is bounded above by (B; — X*)/¢ for
each 6* € ©.

To complete the dual control policy introduced in Definition 8, the reference variable " is

updated via the recursive algorithm below:
0D = Ty [0" + €Y g), (17)

where € > 0 is the step size and Il is the projection onto the set H.

The asymptotic behavior of recursive algorithms given by (14) and (17) determines the
performance of dual control policy 7*, and it can be analyzed using stochastic approximation
[8]. Note that the evolution of {#"} in general depends on the step size ¢. To emphasize this

point, in the rest of this paper, we add subscript ¢ to 6" as needed.

C. Overview of the Main Results

The main contribution of our work is summarized by the following theorems establishing the
asymptotic admissibility and the optimality of dual control policy, given the recursive algorithm

17).
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Theorem 1 (Asymptotic Admissibility): Under Assumptions (A.1)-(A.3), and given the se-
quence of reference parameters obtained via recursive algorithm (17), the dual control policy 7*

is asymptotically admissible, i.e.,

N-1
1 —
i limsup 57 3 B(Y. 5.} < 0.

Theorem 2 (Asymptotic Optimality): Under Assumptions (A1)-(A3), and given the sequence
of reference parameters obtained via recursive algorithm (17), the dual control policy 7* is

asymptotically optimal, i.e., for Vy > 0

N-1
1
li li —E:]E X" 1< X+ 1. 18

IV. ANALYSIS OF PROBLEM 1: PROOF OUTLINE FOR THEOREMS 1 AND 2

In this section, we provide an outline of the proof for admissibility and optimality of the
subgradient dual controller. The detailed proof are given in Appendix C.

The first step in proving the result is to establish the asymptotic convergence of the sequence
of reference parameters, {0”},,.

Stepl: The Asymptotic Behavior of 6"

In Appendix C, we establish the following theorem:
Theorem 3: Let O be the set of maximizers of V() over H, and assume Assumptions (A.1)-

(A.3) hold. Given ¢ > 0, there exists an € > 0 such that, for any € < ¢,
E{ distance( 07,0 ) } < § for all but a finite number of times in n, (19)

where distance(d, A) denotes the distance from point 6 to set A.

Step 2: Asymptotic Admissibility of the Dual Control Policy
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We define the compensation terms from below Z" € R™* and above Z" € R" by rewriting
the recursion (17) as

%Hﬂzé%+e@ﬁ@,+2”—2%. (20)

Equation (20) can be rewritten as

—

Ot — G = e (V2 5+ 2" = 27). (21)

We sum both sides of (21) from n = 0 to n = N — 1. The total of the left hand side of (20) is

a telescoping sum, therefore, we have

N-1
O = =€y (V1 +2" =2 (22)
n=0

Take the expectation on both sides of (22) and dividing them by ¢N, we have:

2

(a

E{f™ — g} 1 : 1 ” :
Gl ZE{ a2 TN LY (V-2 @
n=0

The inequality (a) in (23) results from the fact Zm > 0. Upon taking lim sup, lim sup,; on both

sides of (23), we get

N-1
1 .
lim sup lim sup — E IE{ — Z")} < limsup lim sup
n—0 € N

E{GN) — g0
Q ® 0, (24)
eN

in which the equality (b) holds because ||§"| is bounded by rK,, where r is the dimension of

—

o".

The following lemma complete the last piece of our proof for the admissibility of dual control

policy.
Lemma 1:
=
hm}mm%mﬁVZNMZﬂzo. (25)
Proof: See Lemmas 13 and 14 in Appendix C. [ |
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Fig. 1. Projected Point and Partition Points.

Step 3: Asymptotic Optimality

In order to establish asymptotic optimality of our proposed scheme, one needs to study the
limiting behavior of lim sup y + Zg;ol E{V (6", €")}. In particular, we show that it is possible to
bound the performance of the algorithm close to X*. To do so, we use Theorem 3 characterizing
the limit point for process {6 }.

Assume (A.3) holds. Since © is bounded by a compact set A, given ¢ > 0, one can find a
finite set of points {6%(1),6*(2),...,0%(rs)} in © such that © C Uiz, N;(6%()), where Ns(6) =
{z R | |lo— 4] < 5}.

For notational simplicity, let @" £ Ilg( 5”) denote the projection of 6" onto the solution set

© of Problem 2.5. In the proof, we need to identify in which neighborhood, Nj(6* (7)), 6" lies.

To this end, we denote 3" as the point in {#*(1),...,0%(rs)} that is closest to @". Figure 1
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illustrates an example in which the point gn is projected onto the set © at a". The set O is

—

covered by | J7_, Nys(6*(7)), and 3" = (1) is the point in {#*(1),...,6%(5)} which is closest to
ar.

To prove the asymptotic optimality, we use the following three auxiliary lemmas whose proofs

are given in Appendix D.

Lemma 2:
| mLAL-1 1 MLl L1
Y B tp 3 B X4 g3 2B+ o
where By = max{ [|0*(1)]],...,[|6*(rs)|}-

Lemma 3: There exists L' > 0 such that, for all L > L/,

mL+L—1
. L+
S OE(V(E",EMI < X 42Bi(Ba+1)0+e——— B2 + E{distance(6™", ©)} B, + 6 B;.

n=mWL

1

Lemma 4: Let X* be the optimal solution of Problem 1. Then

| N | MLl
hmsup N Z E{V(6",&")} = hmsup i Z Z E{V(6",&™)}
n=0 n=mlL

M
1
B} + lim Sup o Z E{distance(§™", ©)} B, + 6 B;.

=0

L+
Taking the square of both sides of (17), we have

1674112 = (167> < 2¢6™ - ?” Y (26)

ol

Summing both sides of (26) from n = 0 to N — 1 and dividing them by €/N/2, we have

1 .
S B - ]E{H I < 5y ZE{9"- W*,,n}Jre ZE{H g 3 @D
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Note that the second term on the right-hand side of (27) is bounded by eB;. As a result, we

have the following lower bound:

N-1

N DBV} ebi2 - —GE( 817} (28)

Now, combining (28) and the definition of V(H”, €") in (13), we have

N-1 N-1

zlv D E{X" ;) <eBi/2+ —E{H e+ — Z E{V(0",&™)}. (29)

n=0 nO

Combining (29) with Lemma 3 and 4 results in

1
hmsupNZ {X:*ﬁn} < limsup —— {H ”}

eN
n=0 N

2

+ 2
~—"B? 4+ B)(2B, + 3)6

+ lim sup N ZE{dlstance(G_D ©)}B;.

m=0

But, from Theorem 3, we have that, V¢, there exists an é(J) such that Ve < é(J) and m large

enough, the following inequality holds:
E{distance(6™", ©)} < 6. (30)

This leads to the following inequality:

N—-1
| L+2
limsup S E{X" ;} < X+ c=—=B? + By(2B, + 3)3 + 0B, 31)
N N &=~ ™ 2

Now let By (2B; +4)6 = ~, while letting € < €(4) go to 0. This yields the result of Theorem 2,
namely,
N-1

1
lim sup lim sup — Z E{X". en} < X* 4. (32)
n=0

In other words, we have shown that to establish asymptotic optimality of our recursive algorithm
(17) and the policy 7* (i.e., Theorem 2), all we need is to establish the validity of Theorem 3
as well as Lemmas 1-4. The proof of the theorem and the lemmas are given in Appendices A

and B.
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V. CASE STUDY

As an application of stochastic optimization, we study a power efficient scheduling problem

in a multihop MIMO wireless network.

A. Network Description

Consider a MIMO system of M nodes, in which each node is equipped with n, transmit
antennas and n, receive antennas. We identify each node with a unique integer index taken from
{1,2,..., M}. Let N denote the set of all nodes in the network. A MIMO link denotes a logical
connection from one node to another node over the RF channels between multiple antennas at
the transmitter and the receiver, i.e., each MIMO link corresponds to an n; X n, channel matrix.
The i*" (i = 1,2, ..., L) link is denoted by I; £ (a;, b;), where a; and b; denote the indices of the
transmitter and receiver of the i link, respectively. Therefore, we are able to enumerate the link
using the subscript ¢, or specify the group of links that originate from the same transmit node
(a;) or end at the same receive node (b;). For simplicity, the terms “MIMO link” and “link™ are
used interchangeably. Let £ denote the set of links in the network. In multihop wireless systems,
data are transferred from their source node to their destination nodes through either single or
multiple paths supported by the links. The abstraction of this end-to-end connection is called a
flow. A total of J flows in the system are assumed. The j* flow is denoted by f; = (s;,d;),
where s; and d; indicate the source and destination nodes of the j™ flow, respectively. Let J
denote the set of all flows.

System time is divided into equally spaced unit intervals called time slots denoted by n (=

0,1,2,...). At time slot n, the channel matrix from node a to node b is described by a random

matrix H™ ((a, b)) € C™*", where the (i, j)-th element in H™ ((a, b)) denotes the channel gain
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from the " transmit antenna of node a to the j*" receive antenna of node b. The channel matrix

of link [; is H™(I;). Note that we slightly abuse the notation, so that H™ (I;) and H™ ((a;, b;))
represent the same entity. We assume that H ([;) and H™ ((;) are mutually independent if i # j.
Furthermore, we assume for any link /;, the random sequence of channel matrices {H(”) (l;), n >

0} is stationary and uniformly mixing [6, p.p. 345] (¢-mixing [9, p.p. 356]). The global channel
state of the network is denoted by ¢" = (II'W(1),11™(2),...,II™(M)), where 11 (a) =
{H®™((a,b)) : b€ {1,2,...,M}}.

At any given time n, and with the full knowledge of the global channel state (I (1), ..., 1™ (M),

a controller (in general, centralized) is responsible to allocate the following:

1) System Resource:

1) P" = [P"(1), P*(2),...,P"(M)]: The array of the transmit powers P" of node m (=
1,2,..., M) at time n.

2) R* = [R"(ly),R"(ly), ..., R"(I;)]: The array of the transmit link rates R"(l;) > 0 on link
{; at time n.

3) C*={C"(f;,l;); j=1,...,J, i =1,...,L}: The array of the transmit rates over link
l; belonging to flow f; at time n.
Note that C"(f;,1;) > 0 and 37 C™(f;,1;) < R"(1y).

To ensure reliable transfer of information over the time varying wireless medium, the above
quantities have to be chosen according to the capacity region of the network. In general, this
is a non-trivial question, as it is closely related to the information theoretic capacity of ad-hoc
networks, which is an open problem. Instead of solving the open problem of the capacity of
a wireless ad-hoc network, we take a divide-and-conquer approach. We intentionally partition

the system into manageable subsystems, and enforce some rules to operate each subsystem so
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that the mutual influence between subsystems is negligible. Admittedly, in doing this, we may
sacrifice optimality, depending on the choice of system subblocks and the manner in which
subblocks are decoupled. The challenge in identifying and achieving capacity in a given ad-hoc
network is in handling interference. One simple and elegant capacity result recently studied in
MIMO communication is that of MIMO broadcast (MIMO-BC) when dirty paper coding is used.
In this paper, leveraging the BC, we decompose the system into MIMO-BC subsystems, and
assume the use of ad hoc rules to avoid interference between each BC unit. In this way, we
partially remove the effect of cochannel interference from different BC subsystems, but keep
some degree of freedom to manage the cochannel interference within each BC subsystem. Even
though the choice of ad-hoc rules via which the MIMO-BC subsystems are decoupled is beyond
the scope of this paper, the above MIMO-BC decomposition will satisfy the following:

Assumptions on the Decomposition

(D.1) For each node a, in each time slot, there exists a set of nodes Npc(a) denoting a MIMO
broadcast subsystem in which node « is the transmitter.

(D.2) In time slot n, for b & Npc(a), the interference caused by node a at b is negligible. This
is achieved by orthagonalizing the transmissions across MIMO-BC subsystems. We assume
that H™ ((a,b)) = 0 for b &€ Npc(a).

(D.3) If ¢ € Npc(a) Npc(b), the signals from node a and node b are orthogonal at node c.

The MIMO-BC decomposition along with assumptions (D.1)-(D.3) create a grouping of nodes
in the network {Nzc(1), Npc(2), ..., Npc(N)}. We refer to this decomposition as the network
topology at time n. For notational simplicity, we denote the set of all outgoing links at node m by
&(m), and the set of all incoming links at node m by F(m). With this particular decomposition,

and the existing result on the capacity of MIM-BC, we are ready to describe the allocation
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constraints (QoS and PHY).

2) Resource and QoS Constraints:

Cl-

C2—

C3—

(Physical Layer Constraint I)
(P",C") is said to be feasible under the channel realization (II™(1),... 1™ (M)
if and only if, for each node m, there exists a link rate schedule {R"(l;) | i =

1,...,L; l; € £&(m)} such that, for any node m,

J
> CMf ) < R'(l) Vii€€la), i=1,...,L (33)
j=1
and
{R*(L) |i=1,....L; L€ Em)} € Coce(Py, 11" (m)), (34)

where Cye( P, TI™(m)) is the feasible link rate region of the MIMO Gaussian broadcast
channels formed by node m and all the links originating at node m. In theory, the
capacity region of the MIMO gaussian broadcast channels [18] can be characterized

by the total power transmitted P” and the channel states 1™ (m).

(Physical Layer Constraint II)

The peak transmit power of node m is limited to P, that is,

0< P < Phax,

(Queue Stability)

The queue buildup at each relaying node m is stable, i.e., the long-term average of
information bit rate of flow f; entering node m, given that node m is neither the source
nor the destination for flow f;, equals the long-term average of the information bit rate

of flow f; leaving node m. This requirement is satisfied by fulfilling the following
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equation:

N-1

tmsup - 34 S0 B (,0) ~ 3 ECE(S ) <0 69

N=oo =¥ =0 | 1eg(m) 1€F(m)

C4— (Minimum Flow Rate Constraint)
Each flow f; (j =1,...,J) is guaranteed a long-term average rate equal to the target

rate v(f;). That is,

' | V1 v(f;), ifm=d;
limsup 5379 DT EC(f) = DD EC () <y T G6)
n=0 | le&(m) leF(m) —v(f;), if m=s,

Note that (C3) and (C4) can be combined: For any node m and any flow f;,

N-1
3 1 n n
lim sup > 9D EC(S0) = Y BCM(f L) p < wi(m), (37)
n=0 | leF(m) 1€ (m)
where )
v(f;), if m = d; (destination node of the ;" flow)
vi(m) =9 —u(f;), if m = s; (source node of the j* flow) (38)
0, otherwise.

\

3) Objective: The objective of this work is to develop a locally centralized cross-layer schedul-
ing algorithm which minimizes the average transmit power consumption while maintaining
minimum end-to-end throughput requests for time-varying channels. In other words, given the
set of control policies that satisfy (C1)-(C4), we are interested in the one which minimizes the

long-term average transmit power, limsupy_,.. + SNOSM R(PR).

B. Stochastic Optimization Formulation

The network resource allocation problem discussed above can be mathematically formulated

as a stochastic optimization problem of the form studied in previous sections.
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Primal problem (P-MIMO-BC)

N-1 M

min lim sup — Z Z E(P)
N—o0 n=0 m=1
subject to
| V-l
lim sup > TOEC(f 1) = Y B(CT(f,1) ¢ < vi(m)
N—oo n=0 | 1e£(m) le€(m)

and
On(fj, lz) >0, for fj €eJ,and [; € L
Z] LC™(f5, 1) < R™(1y), forl; € L

for all n : 39)
0 < P" < pmax, forme N

\ {R"(l;) | li € E(m)} € Coe(Pr, 11 (m)), for m e N

1) Asymptotically Optimal (Iterative) Control Policy: We use the result obtained in previous
sections to provide an iterative procedure for solving Problem (P-MIMO-BC).

Define Dpc(£") as the feasible region of the primal problem (P) defined by the set of constraints
given in (39). To decide the control actions and given the reference parameters 0, we need to

solve the following minimization for policy 7*:

L J

Dgcug P"+ZZZ S OEC(f, 1) = Y E(C"(f5, 1) —vi(m) 5. (40)

m=1 i=1 j=1 leF(m) le&(m)

After rearranging some terms, (40) can be rewritten as:

M M L J
min P+ I C"(f;,l;) + oo, 41
ot 2 mZ:“:l 2 (m) ey C" (f3:1) + o0 (41

where o9 = — Zj:l Zn]\fﬂ 0;(m)vi(m).
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Next, we briefly explain the procedure to implement the outer loop, i.e., recursive algorithm

(17) as follows.

07 (m) =07 (m) + ey | Y C™(f.l)— Y C™(fi,h) +vi(m) |, (42)

L,€F(m) 1,€€(m)

where the superscript ‘x’ denotes the optimal controlled variables under policy 7*.

We note that, because of (A.1)-(A.3), D(&") = DM (1),...,TI™(M)) can be written in
a product form. Therefore, the solution to the inner optimization above can be obtained by
solving two M separated optimization subproblems at each node m for each subsystem Ngc(m).
Furthermore, in (42), the updates can be accomplished locally at each node a by exchanging
the values of C*"( f;, ;) with its predecessor and successor nodes in the directed graph G(E, V)
which describes the system topology. Therefore, the overall algorithm can be implemented in a
distributed way by exchanging certain parameters with neighboring nodes, namely the updated
dual variables and the optimal flow rates to the inner optimization. We do not discuss this
reduction in complexity and/or distributed implementation of the schemes in this paper. However,

we refer the interested reader to [14] [13].

VI. NUMERICAL EXAMPLE

In this section, we use the developed algorithms to identify the benefits of multi-user detection

in MIMO ad-hoc networks.

A. Virtual Geographical Cells

In this subsection, similar to [15], we look into an example in which the geographic plane is

virtually partitioned into isolated cells. Exploiting the information of its instantaneous position,
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each node is aware of which cell it belongs to. This can be done with the aid of the global
positioning system (GPS). Each cell is assigned a frequency band. Two cells that are adjacent to
each other are assigned non-overlapping frequency bands. Nodes in the same cell can transmit
using the frequency band assigned to that cell. However, in each cell, the associated frequency
band is used exclusively by only one node to send data at any given time. In other words, within
each cell, the transmissions are scheduled in a TDMA fashion. In Section VI-B, we briefly
discuss the impact of such constraints. We define the neighboring cells of node a as the set
consisting of the cell where node a is present and the cells adjacent to it. For each transmit
node, its potential one-hop receivers lie in this set of neighboring cells. In other words, for
each node a, the set Ngc(a) consists of all other nodes in the cell to which a belongs and
all nodes in its adjacent cells. In practice, all the transmissions that take place outside a given
node’s neighboring cells cause interference. However, we assume here that with appropriate
frequency planning, the cochannel interference is negligible. We assume that the geographic cell
partition requires /' non-overlapping frequency bands to avoid neighboring cells using the same
frequency band*. To implement this system, each node is equipped with K transceivers tuned to
K frequency bands. If a node is selected to transmit, it uses one frequency band to send data,
and the remaining (K — 1) frequency bands to receive the data sent from the (K —1) transmitters
in its neighboring cells (except its own cell). If a node is not selected to transmit, it listens to
all K frequency bands to receive signals from the transmitters in its neighboring cells.

We note that, with this approach, we lose frequency efficiency by a factor of K’; however, we

can implement our scheduling algorithm in a decentralized manner.

“For example, for the hexagon cell, this requires 7 frequency bands.
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Fig. 2. System Topology with Partition of Hexagonal Cells.

B. Numerical Results

We consider a MIMO ad-hoc network with 15 nodes, and the network topology is depicted in
Figure 2. In the center of each cell we label seven non overlapping frequency bands from 1 to
7. Cells labeled with the same number operate in the same frequency band. The small triangles
in Figure 2 represent the starting locations of nodes. Nodes are identified by their index. Each
node is equipped with four antennas, represented by four dots around the triangle in Figure 2.
The peak transmit power of each node is limited to 1Watt. We set the pathloss exponent to 4,
the available bandwidth to 1MHz, and the carrier frequency to 2.4GHz. We assume additive

October 1, 2008 DRAFT



27

white Gaussian noise, which contributes 5.7e-16Watts received noise power at each receiving
node. The nodes are initially placed in the cells as illustrated in Figure 2. In every time slot,
each node independently moves a units in a direction u relative to its initial position, where a
is a uniform random variable distributed over an interval between 0 and the length of the cell’s
side, and u is a two dimensional unit vector with phase uniformly distributed over [0 7]. Note
that the mobility model used in this example was chosen for illustration purpose, which may or
may not capture the real systems’ behavior.

To model the time-varying behavior, we let each node randomly move around the neighboring
cells of the cell where it is present when the simulation starts. This model captures variations
in the channel gains, while keeping the system topology quasi-static. To model the effect of
multipath, we assume each channel is subjected to five multipaths reflected from randomly
positioned scatterers. We consider two network traffic scenarios, each with four end-to-end
flows. The simulations are run for equal flow demands at 3Mbps, 4Mbps and 5SMbps. Three
MIMO schemes are considered in order to capture the impact of multi-user detection: 1) MVDR
beamforming (BF), 2) point-to-point spatial multiplexing (SM), and 3) dirty paper coding (DP)
for MIMO broadcast channels.

In the first example, there are four end-to-end flow commodities: node 1 to node 15, node 3
to node 2, node 11 to node 7, and node 9 to node 12. In this setting, the overall traffic has a
left to right flow.

The average power consumption under our algorithms is given in Figure 3. When the flow rate
demand is low, the three MIMO techniques (BF, SM, DP) perform approximately the same. This
suggests that TDM is near optimal at low flow rate demands. However, as the flow rate demand

increases, spatial multiplexing and dirty paper coding outperform the beamforming scheme, while
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spatial multiplexing remains comparable to dirty paper coding.

In the second example, we reverse the directions of two flows in the first example, i.e., the
flows are between nodes 1 and 15, nodes 3 and 2, nodes 7 and 11, and nodes 12 and 9. In
this case, two flows send data from the right to the left of the network, while the remaining
two send data from the left to the right. The total power consumption versus the requested
throughput under different MIMO techniques is plotted in Figure 4. Here we see that at high
rates, SM outperforms BF. In this example, this is because SM can use up to four eigen-modes
of the MIMO channel to transmit data, while BF uses only the best one. Further, the dirty paper
coding scheme significantly outperforms both SM and BF. This is due to the fact that flows
traverse across the network in opposite directions. More specifically, while beamforming and
spatial multiplexing are limited to only point-to-point link transmission, the dirty paper coding
scheme allows transmission to take place in both directions concurrently, resulting in significant

improvements over BF and SM.

VII. DISCUSSION

In this paper, we have developed distributed algorithms which minimize the average transmit
power of the system, while maintaining end-to-end flow rates, if feasible. The numerical results
show that the benefit of multi-user transmission schemes is significant when the average flow
rate demand is high.

We emphasis that, in this work, we treat the MIMO broadcast decomposition and neighbor
associations as given, in order to derive cross-layer optimal solutions. The cost-benefit analysis
of such decomposition, on the other hand, remains largely untouched. In other words, optimizing
the decomposition scheme itself is an interesting area of future research. It will also be interesting
to see how to adaptively change the decomposition with respect to the channel states and the
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In our setting, the information flows are passed over links in a decode-store-forward fashion.

Incorporating ideas such as cooperative relaying, as well as network coding, are other interesting

and challenging topics for future research.
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APPENDIX A

A. Proof of Proposition 1

—

Proposition 1: For all g € R, V(6) is a lower bound for the solution to the stochastic

—

optimization problem, i.e., V(0) < X*.

Proof:
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Given § € R™*, the optimal value of the following optimization with respect to § is referred

to as the dual function of (8) with respect to 0:

N-1 N-1
o(f) := inf {hm sup — Z E{X"}+0- hm Sup — Z E{Y"} } (A-1)

mel’ N—oo

where I' is the collection of randomized admissible policies. Now, from

lim sup a,, + lim sup b,, > lim sup(a,, + b,), (A-2)
we have
N-1
#(6) = inf limsup ZO E{X] +6-Y} =V(h). (A-3)

On the other hand, by weak duality, the value of the dual function over 6> 0is always
smaller than the optimal value of the primal problem (Problem 1). Therefore,

—

V(0) < X*, for 6 >0,

and, hence, the assertion of the proposition. [ ]

APPENDIX B
A. Boundedness of the Dual Optimal Set ©

—

Lemma 5: V(0) and the dual function of Problem 1 are equivalent. Specifically,

V(f) = inf {hmsup— Z]E{X"} +0- hmsup— ZE{ Y”}}

wel’
N—o0 n=0 n=0
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Proof:

N—oo

N-1 N—1
1
1nf {llmsup—ZE{X"}+9 hmsup—ZE{ Y7} }

N-1

1
> mf hmsup—ZE{X”+0 Yoy

N—oo

N—-1

= hmsupi Z]E{V (6,6}

N—oo

N-1

@ hmsupi ZE{V (6,€%)}

N—oo

E{V(0,£°)}

= E{X%}+6-E{Y%}

© i —ZE{X”}+9 lim —ZE{Y”

N—oo N

v

L N | V-
inf {hmsup—ZE{X"}—l—@ hmsup—ZIE{ Y} }

mel
N—oo n=0 n=0

where 7* is the stationary policy defined in (15) and the equalities (a) and (b) above follows from
the stationarity of {¢"}. Now noticing that V () = infcr limsupy_ % 271:7;01 E{X" +6- 1208
we have the assertion of the lemma. [ ]

Fact 2: (Nonlinear Farkas’ Lemma, [4] Proposition 3.5.4, p.p. 204) Let C' be a nonempty
convex subset of R”, and let f : C' — Rand g; : C — R, j = 1,...,r, be convex functions.

Consider the set F' given by

F={seC|j) <0},
where g(x) = (g1(z),...,¢,(z)), and assume that

flz)>0,Vz e F
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Consider the subset Q* of R" given by
Q*:{é‘ §>0,f(x)+0-§x) >0, VxeC}
Then Q* is nonempty and compact if and only if there exists a vector £ € C' such that
gj(Z) <0,Vj=1,...,r

Remark 1: The equivalence between Problem 1 and a convex optimization was established in
[12], which infers the use of Nonlinear Fakars’ Lemma is legitimate. As a simple application of
Lemma 2, it follows that © is compact if and only if there exists an admissible policy 7 satisfying
lim supy . + Z E{Y”} < 0 strictly. This is summarize in the following proposition.

Proposition 2: O is compact if and only if there exists an admissible policy 7 such that

N-1

1
lim sup — Z E{Y"} < 0.

N—oo

Moreover, if limsupy ., + Ly E{Y"} < —6 for some 0 = (4,4, ...,0) with d > 0, we have
Yor 0 < (Br— X*)/6 for each 0+ = (07,...,67) € ©, where By is a constant defined in
(A.1).

Proof: The equivalence between the compactness of © and the interior admissible solution

follows from Fact 2. The second statement is justified as follows:

Bl—éié’f > hmsup—Z]E{X”} 52«9*
i=1

N—o0
= N-1
> limsup — E{X"} 1+ 6+ hmsu — E Y”
maun; 3 B iy L EL
> V(0"
© X
where the equality (*) follows from Lemma 5. [ ]
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APPENDIX C
A. Review: Stochastic Approximation Algorithms

The generic stochastic approximation algorithms consist of three major components:
1) Step Size: € > 0,
2) State Variable: 07 = (07,,--- ,07,) € R", which is updated in each iteration,

»Yer

3) Search Direction: Y = (Y[,--- ,Y") € R"; Y is a stochastic process that depends on

€,
an exogenous process {£"}.
Note that the variables are subscripted with step size € to emphasize the fact that the selection
of these variables may depend on the step size that we take.
The evolution of variable 0 is determined by the projected stochastic difference equation

given below:
0"t =Ty (07 + €Y) . (C-1)

Define the reflection term Z" = (2

€1

-, 27,) € R" by rewriting (C-1) as
O = 0" 4 €Y + €2 (C-2)

Note that, since the constraint set H is restricted to R™", §” is component-wise nonnegative.
Stochastic approximation is concerned with the asymptotic behavior (n — o0) of {(67, Z"), n =
0,1,2,...} for a sufficiently small step size. The asymptotic behavior of the above stochastic
sequences is studied via continuous-time interpolated processes as follows:

We are particularly interested in the evolution of {#”} in the following two extreme cases.
First, how does the sequence {0”} behave as the step size ¢ goes to zero? Second, does the
sequence converge as n goes to infinity? These questions can be answered by looking into the
interpolated process of sequences {67}, {Y."} and {Z”'}. The interpolated process of a sequence
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with respect to step size ¢ is the “continuous-time” interpolations® of the sequence with the
interpolation interval equal to e. Following [7], the interpolations 6.(¢), Y.(¢) and Z.(t) are

defined as follows:
0° fort <0

0(t) = (C-3)
0" on the time interval [ne, ne + €)

( eIy wwhere ¢ > 0

Ye(t) = (C-4
0 fort <0

(
eI Zi - where t > 0

Z.(1) = (C-5)

0 fort < 0

\

where || denotes the integer part® of x. An example of 0 (t) is illustrated in Figure 5.
In this paper, we use Fact 3 stated below, whose original statement and proof are given in [7].
Fact 3: [9, Chapter 8, Theorem 2.5] Let {£; n > 0} be random variables over a certain
complete and separable metric space =; {F} be a sequence of nondecreasing o-algebras, where
F¢ measures {67, Y771 ¢J; 5 < n}; and Ef, be the expectation conditioned on F¢. Assume
(A-C.1) {Y";e,n} is uniformly integrable,

(A-C.2) there are measurable functions g”(-) such that
E.Y =gl (00,€7), (C-6)

5The term “continuous-time” is not the real “time,” but a virtual continuous index used to describe the asymptotic behavior

of the interpolated process.

The integer part of a real number is defined to be the largest integer less than or equal to it.
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&, it)
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g e &
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A\

Fig. 5. Interpolated Process 0(t)

(A-C.3) for each o > 0 there is a compact set A; C = such that
inf P{]' € As} > 14, (C-7)
(A-C.4) for each 6, the sequences
{g0(00,60); e}, {9l(0,67); €,n} (C-8)

are uniformly integrable, and
(A-C.5) there is a set-valued function’ G(-) that is upper semi-continuous, and for each

compact set A, and any sequence «, o}, satisfying

lim  sup |of —al =0, (C-9)

n,M—00 n<i<ntm

"In our work, a set-valued function is a mapping from R to the subsets of R".
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we have

B, 1S € (i ¢
lnlglldlstance p— Z Esg' (0, &), G(a) | Iigneay =0 wp.l. (C-10)

Then, for any nondecreasing sequence of integers ¢., and for each subsequence of {6, (eq. + -) Z(eqc + -)},

e > 0, there exists a further subsequence and a process (0(-), Z(-)) such that
(Oc(eqe + ), Ze(ege +-)) = (0(-), Z(-)) (C-11)

as € — 0 through the convergent subsequence, where 6(¢) and Z(t) have Lipschitz continuous
paths with probability one.
Fact 4: Consider the setting for Fact 3. The limit function, (6(-), Z(-)), satisfies the following

differential inclusion: there is an integrable z(-) such that
t
Z(t) = / z(s) ds, where z(t) € —C(6(t)) for almost all ¢, w (C-12)
0

and

0 € G() + z, for almost all ¢,w., (C-13)

where the set-valued function C(z) is defined for + € H (the constraint set defined for the
recursive algorithm in (C-1)) as follows. If € H°, the interior of H, C'(x) contains only the
zero element; while if x € OH, the boundary of H, C(z) is the infinite convex cone generated
by the outer normals at x of the faces on which x lies.

Note that since an “infinitesimal” change in = does not increase the number of active con-
straints, C'(-) is upper-semi-continuous.

In brief, Facts 3 and 4 provide a scenario in which the updated sequence generated by
the stochastic approximation algorithm follows the trajectory of the solution to a projected

differential inclusion. We use this to 1) study the asymptotic behavior of 67, and 2) characterize
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the performance of our proposed iterative algorithm via the study of the corresponding differential

inclusion.

B. Stochastic Approximations and Subdifferentials

We apply Fact 3 to our case, where e, 6" and ﬁﬁﬂn in (14) and (17) form the step size, state
variables, and search directions, respectively. In this appendix, we show that these processes
satisfy conditions (A-C.1)-(A-C.4).

We note that Conditions (A-C.1), (A-C.3), and(A-C.4), directly follow from Assumptions (A.1)

—

and (A.2). Define ESY" £ g”(a, ). By construction of (X2 ., Y ) and the finiteness of
support set for £, we have the measurability of function ¢"(«, &), i.e., Condition (A-C.2).
What remains is to show that g”(«, ) satisfies Condition (A-C.5).
We first note that g"(cv, £7) is a subgradient of V(4,£™). Recall that from the construction
given in (13), it is clear that V(@j £") is concave in 6. The following lemma is easy to establish:
Lemma 6: ¢"(0,€) is a subgradient of V(6,¢) at # € R” and limsup,_, ~ SV E{Y 5}
is a subgradient of V(f).

Proof: The first part of the lemma is a simple consequence of (13) and the definition of a
subgradient. Essentially, using linearity and the equality (12) for V/(8), E{V (6,£)} and V (6)
are concave functions, too. According to [5, Proposition B. 25], this implies that the long-term
average, limsupy_ + S E{Y 5}, is a subgradient of V'(0). [

The following lemma establishes the validity of (A-C.5) for subgradient processes:

Lemma 7: Let {¢"} be a stationary ¢-mixing stochastic process and ¢ (v, £) be a subgradient

of V(o,&") at . Assume that 3B > 0 such that ||¢"(«,&)|| < B for all a,n,e & For any
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collection of vectors ;' and vector « satisfying

lim  sup |o) —al=0, (C-14)

n,M—00 n<i<ntm

we have
n+m—1

lim — E¢ EV 0 C-15
nlrgnlmz nge(a,, &) € IEV (e, &), (C-15)

=n

where E€ denotes the unconditional expectation, and 9 EV (v, £°) denotes the subdifferential of

E{V(a, &%)} at a.

Proof:
1 n+m—1
lim — i
lim — g E;,gi (0, )
n+m—1 1 n+m—1
— lim— Y Egi(al, &)+ lim — Fedi(af . 6
nqugm Z naf + 1mm ; ( nge( n,f) e(an>€e>)
The second limit in the equality above goes to zero, since
1 n+m—1 (a) 1 ntm—1
lim — E g.(al,, Eg.(al, )| < 2Klim— i C-16
im 22 3 [ Eha . €) ~ Ealen, € >0 e (€10
2K i ! Z_qb (C-17)
= 1m — i -
"
(b)
=0 (C-18)

The inequality (a) above follows Fact 1, and the equality (b) holds because the Cesaro mean of
a converging sequence converges to the limit of that sequence. The completion of this proof is

achieved using the fact:

n+m—1 n+m—1

1 (d)
lim — Eq( ,Z 9 Jim — Ecgi(al, %) € OEV (o, £2), C-19
lim — Z (0, &) nr;gm Z g0, &) (o, &) (C-19)
where (c) follows the stationarity of £ and (d) follows the upper-semi-continuous property of

the subdifferentials. [ ]
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In light of Conditions (A-C.1)-(A-C.5) for processes 921 and 37”’17971 , the following lemma is
a simple restatement of Facts 3 and 4.

Lemma 8: Assume that assumptions (A.1)-(A.3) hold. Let 02’ and }771179” be obtained recur-
sively from (14) and (17), while g"(a,&r) £ E;{ﬁr’i’a} (is shown to be a subgradient of
V(a,&")). Let G(0) be equal to the subdifferential of the concave function V'(#) at 6. Then
the interpolated process of the stochastic approximation 6.(¢) and its limiting process 0(t) have
the following convergence property: For any nondecreasing sequence of integers ¢., and for
each subsequence of {6 (eq. + -)Z.(eqc + -)}, € > 0, there exists a further subsequence, which

converges, and a process (0(-), Z(-)) such that
(Oc(eqe + ), Zeege +-)) = (0(-), Z(-)) (C-20)

as € — 0 through the convergent subsequence and where 6(t) and Z(t) have Lipschitz continuous
paths with probability one. Furthermore, 6(¢) is a solution of the following projected differential
inclusion:

0covV(h)+z 60)=06 2t e—-Ct)). (C-21)

with initial condition 6(0) = 6°.
In the next section, we study the properties of the solution to the differential inclusion equation
(C-21). We use the uniqueness of the solution as well as its limiting behavior to characterize

the limiting behavior of our proposed dual-controller/stochastic-subgradient-projection method.

C. Asymptotic Behavior of the Limiting Process

Lemma 9: The solution to the projected differential inclusion (C-21) is uniquely determined
by the initial condition 6°.
Proof:
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Let us first prove the one dimensional case, in which § € R!. Let z(¢) and y(¢) be two

solutions of (C-21) with initial conditions z° and 1°, respectively. By definition, we have
2 (t) = g.(t) + 2.(¢) (C-22)
y'(t) = gy(t) + 2,(t), (C-23)

where g,(t) € OV (z(t)) and g,(t) € OV (y(t)). The derivative of 1/2[|z(t) — y(¢)||* satisfies:

—Sllz®) =y = (@) —y®) - (@'(t) —y'(®) (C-24)
= (@(t) = y(®)) - (92(1) = gy(1) + 22(t) = 2,(1)) (C-25)

< 0. (C-26)

The inequality (C-26) can be proved using the following two steps. Without loss of generality,

we assume that z(t) < y(t) (note that (C-26) holds trivially when z(t) = y(t)).

1) By the definition of subgradient, we have: (i) V (y(t)) — V(z(t) < ¢.(t)(y(t) — x(t)), and
(i) V(z(t)) — V(y(t)) < gy(t)(z(t) — y(t)). Summing (i) and (ii), we end up with the
inequality (z(t) — y(t)) - (92(t) — g,(t)) <0

2) Note that, from Assumption (A.3), 0 < z(t) < y(t) < K,. This means that z(¢) either
lies in the interior of H or x = 0. As a result, the compensation term z,(t) is either
0 (when x(t) is in the interior of H) or positive (when x(¢) = 0, the drift pushes z(t)
away). On the other hand from 0 < y(¢t) < K,, we have that the compensation term
z,(t) is either 0 or negative (again, if y(¢f) = K,, the drift is compensated). In other
words, we have (z(t) — y(t)) < 0 and (z;(t) — 2,(¢)) > 0, which gives us the inequality

(@(t) = y(t)) - (z(t) — 2(t)) < 0.

Since ||z(t)—y(t)|| has non-positive derivative, ||z (t)—y(t)|| must be a non-increasing function
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in t. Comparing with the initial conditions, we have:
lo(t) — y(O)Il < |2 —y°|| for t > 0. (C-27)

Moreover, if 2° = y° = 0°, the monotonicity of ||z(¢t) — y(t)|| implies that x(¢) = y(t) V¢ > 0.
This proves the uniqueness of the projected differential inclusion.

We now use Assumption (A.3) to reiterate that set H is an n-dimensional interval. In other
words, since H is an n-dimensional interval, projecting a vector to H is equivalent to projecting
each component of the vector to the corresponding 1-dimensional intervals. Now from above
arguments we know that each projected term satisfies (C-26), generalizing the above for the

n-dimensional case.

One important implication of Lemma 9 is given by the following corollary:
Corollary I: Given the initial condition, 6°, the statement of Lemma 8 can be strength-
ened as follows. For any nondecreasing sequence of integers ¢., and for each subsequence of

{0.(eqc + )}, € > 0, there exists a further subsequence and a process 6(-) such that for all ¢
lim0 E{||0(exqe, +1) — O0(t)||} = 0. (C-28)
€p—

Proof: 1f a random variable converges in distribution to a constant ¢, then it converges to
c in probability. Furthermore, if the random variable is almost surely bounded, it converges to
c in any r** mean.
]
Lemma 10: If 6(t) is a continuous solution to (C-21) defined in Theorem 9, its derivative
Q(t) is right continuous for all but a countable set of ¢.

Proof: See [12]. |
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Lemma 11: Let 0(t) be the unique solution of the projected differential inclusion (C-21). The

trajectory of 0(t) converges to a point. That is,

lim 6(t) = 6%, (C-29)

t—o0
where 0* is a maximizer of V(-) over H.
Proof: Using Lemma 10 and [3, p. 160, Theorem 2].
|
Now we are ready to restate and prove the first main contribution of our work, characterizing
the asymptotic behavior of the iterative stochastic approximation based on a subgradient iteration.
Theorem 3: Let O be the set of maximizers of V(-) over H. Assuming (A.1)-(A.3), we have

the following result:

V4§ > 0,3é > 0, such that Ve < €, E{ distance(0”,0 ) } < ¢ for all but finitely many n,
(C-30)
where distance(f, A) denotes the distance from point 6 to set A.

Proof: Let 0(t) be the weak-limiting process of 6.(t), with §(0) = 6°. Lemma 9 ensures
that 6(¢) is unique. Moreover, from Lemma 11, we know that lim; .., 0(t) = 6* for some
0* € © with probability one. Since V'(+) is concave, O is a convex set and hence distance(-, ©)
is a continuous function. This, together with the dominated convergence theorem, implies that

lim,_,, E{distance((¢), ©)} = 0. In other words,
3T such that E{distance(6(¢),0)} < /2 for all t > T. (C-31)

Next, we show that (C-31) implies (C-30), or equivalently, that (C-30) is a necessary condition
for (C-31). We prove this by contradiction, i.e., we show that assuming (C-30), but not (C-31),

results in a contradiction. Suppose (C-30) does not hold, i.e., suppose that 30 > 0 such that, for
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Vo, de < o such that for VN*, Idn > N* for which
E{ distance(0',©) } > 4. (C-32)
In other words, it is possible to pick a sequence {e;} such that ¢, — 0 and

E{ distance( 0] ,© )} > o for infinitely many n. (C-33)

€k
Pick any t, > T'. Define a sequence of integers n, in the following iterative manner:

. Letn1:%+1,

o For every k= 2,3, ..., define n; such that

1 1
ne > Ng_1 + to(— — —)
€L €r—1
and
E{ distance( 0%, © ) } > 0. (C-34)

From (C-33), we know that n;, exists.

Next, we show that (C-34) and (C-31) cannot hold simultaneously.

Combining (C-34) with (C-31), we have
E{ distance( 07, 0(to) ) } > 0/2. (C-35)

Now notice that, from the construction of ny, ¢, = ni; — t/€ is an increasing sequence for

which

Qek (Eerk + to) = 9€k (Eknk) = Q?kk

This, together with (C-35), implies that we have found a converging sequence {¢;} and an

increasing sequence ¢, such that

E{ distance( 0., (€xqe, + t0),0(t0) ) } > 0/2, V. (C-36)
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On the other hand, from Corollary 1, we know that for the converging sequence € and the

non-decreasing sequence ¢, , there exists a further subsequence ¢;; along which

lim B |[6, (€x()der,, + L) — Bt0)]| } = 0. (C-37)

€k(j)—0
But this is a direct contradiction to (C-36). In other words, it must be true that (C-31) implies
(C-30), i.e., for V§ > 0, there exists a € > 0 such that, for any € < €, E{ distance(6",0)} < ¢

for all but a finite number of times in n. [ ]

D. Admissibility: Asymptotic behavior of Reflections

Lastly, we have two important results for stochastic approximation regarding the reflection
terms. By characterizing the asymptotic behavior of reflection terms, the following lemmas
establish admissibility of the stochastic subgradient projection algorithm we introduced.

Lemma 12: Assume (A.1)-(A.3) hold. Let Z(t) be the limiting process of the interpolated
process defined for the reflection term, and © be the set of maximizers of V(-) over H. If
© C H° (interior of H) and ||Y*|] < B; for some constant B, there exists By such that
|Z(t)]| < By for all t > 0.

Proof:

Since H is compact, it implies that there exist p points, {ai,as, - ,a,} in H such that
H C U, Nsj2(a;), where Njjo(a;) denotes the neighborhood of a; of radius /2. Consider the
limiting process (6(t), Z(t)) for an arbitrary initial condition. From Lemmas 9-10, we know that
9(t) — 6*, where 6* € ©. Since every point in H is covered by a neighborhood Njs/2(a;), via
the triangular inequality and the monotonically decreasing distance between any two solutions

of (C-21), we can obtain the equality ||6(t) —6*|| < J for all ¢ > T". This means that 0(¢) locates
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in the interior of H after time 7", and, hence, no reflection occurs after time 7. In other words,
Z(t)=2Z(T") for t > T".

It remains to show that Z(7”) is bounded. By the definition of reflection terms, we have that

(t+s)/¢€
1Ze(t+5) = Z(B)] < D eV < (s +€)Bu. (C-38)

i=t/e

Let ¢ — 0. For each sample path of the limiting process Z(t), we then have
|1Z(t + s) — Z(t)|| < sB, with probability one. (C-39)

The boundedness of Z(7") follows from this inequality, and the proof is done by setting By =
T'B, [ |
Lemma 13: Assume (A.1)-(A.3) hold. Also, assume that the maximizer(s) of V() consti-

tutes(constitute) a compact set ©. Given Vo > 0 there exists an ¢ > 0 such that

n—1 1

-V E{Z!
hmsupw <46

n n

for all e < é.
Proof: The proof is by contradiction. We first prove that Vo > 0, there exists ¢ > 0 such
that lim sup, w < ¢ for all € < é. Suppose that this is false, i.e., 30 such that Vé > 0 and

VT >, de < € and 3t > T such that

E{Z. ()}
t

> 0. (C-40)
This implies that there exists a converging sequence ¢, — 0 and a nondecreasing sequence of

integers g such that

E{Z., (exqp + T)} > 0T. (C-41)

Combining this with Fact 3 implies that E{Z(7")} > T'§, which contradicts Lemma 12 (set

T = % using the same constant B, defined in Lemma 12).
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However, by the definition of interpolated process Z.(t), we have

Z(t) Y Z

t n

< Bi/n fort/e —1<n <tfe, (C-42)

where B is the same constant defined in Lemma 12. As a result, given > 0, there exists an

n—1 i
w < ¢ for all € < ¢, and we have the assertion of the lemma.

€ > 0 such that lim sup,,
]
Alternatively, we can treat these reflection terms according to whether they touch the lower or

the upper boundaries of H. We define the reflection term from above Z." > 0 and the reflection

term from below Zen > 0 by rewriting the recursive algorithm (C-1) as
O = 0" (Y + 2. — 7). (C-43)

Also, we define the interpolated processes Z(t) and Z.(t) analogously to Z.(t), using respec-
tively, Zen and Z.", in lieu of Z. In fact, the proof of the following lemma closely follows that
of Lemma 13, and is omitted in the interest of brevity.

Lemma 14: Assume (A.1)-(A.3) hold. Assume, also, that the maximizer(s) of V() consti-

tutes(constitute) a compact set ©. Given Vo > 0, there exists an € > 0 such that

n—1

1 =i
li -y E{Z.} <
m sup - iz_; {Z.} <

for all e < €.

APPENDIX D
A. Proofs of Lemma 2, 3, and 4
Lemma 2:
1 mL+L—1 1 mL+L—1 1 L—1
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where B, = max{ ||5*(1)||a ces ||§*(T5)||}

Proof:
mL+L 1 1 mL+L—1
T > E(XL [ A =00) e Y B YL G | A =0) )
n=mL n=mL
mL+L 1
Z E{X" | A= 67(i) }
n=mL
mL+L 1
+— Yo B{O(0) Y, | O =000 )
n=mL
(a) mL+L 1 1 mL+L—1
s >, E{XL ot t T Dl 2Bideomy (D-1)
n=mL n=mL
1 mL+L—1 1 mL+L—1
L—-1
< X* 4 = ZzB1 (Bz + 1)y (D-2)
n=0

The inequality (a) in (D-1) above follows from Lemma 1 under Assumption (A.1) using

—

IB{XT. . 167 = 0°(0)} = BAX". 5 M < 2B1dn-mny (D-3)

and

IBLY? 5. 157 = 6°(0)} — BAY?. 5. 3| < 2B1dbucmy. (D-4)

The inequality (b) in (D-2) is a consequence of the following result due to the stationarity of

{¢"} and the definition of V(-):

mL+L 1 1 mL+L—1
7> Bt D0 B0 Vi =VE@) <X (D)
n=mL n=mWL

Lemma 3: There exists L' > 0 such that, for all L > L/,

1 mL+L—1 L—l—l
— > E{V(",&M} < X" +2Bi(By+1)6 + e—— B} + E{distance(§™", ©)} By + 6B,
n=mL
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Proof: Assume that L is sufficiently large, so that %Eﬁ;& ¢n < 6. We have

mL+L 1
T D E{V(".¢) (D-6)
n=mL
mL-I—L 1 1 mL+L—1
= 7 2 BXpitg D E(YI)
n=mL n=mL
mL+L 1 mL+L 1
< U e+ LTS BT
n=mL n=mL
mL+L 1 mL+L—1
n=mL n=mL
1 mL+L—1
- ZL E{(0 — 5 V7 50
1 mL+L—1 1 mL+L—1
—= Z _Z:L E{X:*7ﬁmL} + z _X:L E{ﬁmL Yn BmL}
1 mL+L—1 mL+L—1
+Z _Z:L E{(en - emL> . YWZ7BmL} -+ Z _X:L ]E{(QWLL ﬁmL) " ﬁmL}
© * 1 — L + 1 2 amL amL
< X'+ 2 2Bi(By+ 1)y + e~ —Bf +E{|[0" — 5|} By, (D-7)
n=0
(d) L+1 _ .
< X' +2B(By+1)0 + e~ B} + E{||g™F — amF|} B,
+E{||amE — FmE|[} By (D-8)
© L+1_, : FmL
< X"42Bi(By+1)d+¢ B; + E{distance(0™",©)} By + dB;. (D-9)
The inequality (c) in (D-7) results from Lemma 2 and the facts ||}7'Tr”* Gt | < By, H}i’i §n|| < B

and ||6" —

give the inequality (d) in (D-8). By the definition of @”L, we know that BmL € Ns(a™

QmLH < €(n —mL)B,. The triangular inequality and the assumption Zfl 01 O <

L) and

|@mE — GmL|| < 5. This fact, in turn, gives the inequality (e) in (D-9). [
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Lemma 4: Let X* be the optimal solution of Problem 1

N-1

: 1 _’TL n
thSUPNZE{V(Q €M)}
mL+L 1
= hmsup Z Z E{V (6" &)}
n=mL

1
B} + lim sup — Z E{distance(6™", ©)} B,

mO

L+
< X*42Bi(By+1)§+¢

+0B;.

Proof: The result follows from Lemma 3. [ ]
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