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1 Introduction-Problem Formulation

We investigate the following makespan minimization problem in two interconnected queues with arrivals to
the first queue.

Problem (P) Consider a system of two interconnected queues as in Fig. 1 (page 2). Initially, there are N;
jobs in the queue i (Q;), i = 1,2. New jobs arrive in the first queue according to a Poisson process
with the parameter A. There are m identical machines available in parallel, so that every machine can
process any job in @1 and Q2. The job processing times in ()1 and @2 are exponentially distributed
random variables with rates p; and ps, respectively. After a job completes service in @1, it either joins
Q2 with probability p or leaves the system with probability 1 — p. When a job initially in @)1 joins @a,
it creates k jobs in Q2. Whenever a job completes service in 5 it leaves the system. Preemption is
allowed. The objective is to determine a server allocation policy that minimizes the expected value of
the first time the system is empty (i. e. expected makespan).
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Figure 1: Two interconnected queues in Problem (P)

The above problem is motivated by detection and classification issues in Automated Target Recognition
(ATR) systems and by quality control issues in wafer fabrication.

The ability to detect and classify objects in a timely fashion is a critical factor in determining the
efficiency of ATR systems. One approach to target detection and classification in ATR systems is the
following: The area under surveillance is divided into sub-patches. Initially, each sub-patch is separately
processed using certain sequential detection and classification rules. One of the following situations can arise
after the sub-patch processing is completed: () it is determined that there is no target in the sub-patch; in
this situation the sub-patch is discarded and is not processed any further; (i7) it is determined that there
are targets of potential interest in the sub-patch; in this situation the sub-patch is divided into & (k > 2)
smaller sub-patches and a separate processor is allocated to each of the newly created sub-patches. This



process is repeated until all potential targets are detected and classified. Under the assumption that there
is a fixed number resources (e. g. antennas and their associated data processing systems) and a fixed set of
sub-patch processing algorithms (e. g. algorithms used for detection and classification of each stage of the
above process), the objective is to determine resource allocation strategies to minimize the expected length
of surveillance time. This is equivalent to minimizing the expected makespan, that is, the expected value
of the first time that the system is first empty. Problem (P) captures essential features of this problem as
follows. The number of tasks initially present in (); corresponds to the number of subpatches originally
available for processing. Initially we have Ny = 0. Each task that completes processing in ); and leaves the
system corresponds to a subpatch the processing of which is completed and no target is found. Each task
that completes processing in (J; and then joins ()2 and creates k new tasks in Q2 corresponds to a subpatch
that is further subdivided into k& new smaller subpatches. There are no external new arrivals, hence A = 0.

Problem (P) arises also in semiconductor manufacturing systems, specifically, in quality control of wafer
fabrication. A two-stage inspection is used to speed up the quality control process in wafer fabrication. The
first stage sorts out, through a preliminary test, wafers that are defected and discards them. The remaining
wafers go through a second inspection; by the end of that inspection they are either declared perfect (and
they can be used in logic chips, memory chips, etc. ) or discarded otherwise. The above two stage inspection
is can be described by the system of Fig. 1 as follows: New wafers that arrive in the system for inspection
join Q1. The preliminary stage of inspection can be modeled by the processing of a wafer in );. The wafers
that are found imperfect after the first inspection (i.e. after their processing in (1) are discarded, that is,
they leave the system. The wafers that that pass the first inspection join @2 and go through the second
inspection. The quality control process is concluded after the processing in Q2 (i./ e./ the wafers leave the
system of Fig. 1 after their second test is completed). A reasonable objective for this problem is to minimize
the length of busy cycles. In our model this can be translated to minimizing the first time that the system is
first empty. By the memoryless property of the arrival process, every time the system gets empty the system
generates statistically similar process. As a result minimizing the expected makespan, as the first time that
the system is first empty, is a reasonable goal.

So far, makespan minimization problems have been investigated either for systems of serial machines, or
on parallel machines (see [16], [1], [14], [15], [10], [9], [2], and the references therein). Problem (P) is distinctly
different from the makespan minimization problems on serial machines, known as shop scheduling (see [10]
and [9]). Traditionally, makespan minimization problems on identical parallel machines are formulated as
follows: There are jobs N to be processed by m identical machines (m < N). These machines are available
in parallel, so that every machine can process any job. The jobs’ processing times are in general random, and
the objective is to find a strategy that minimizes the expected makespan . Several variations of the above
problem with different assumption on the jobs’ processing times have been investigated (see, for example,
[16], [1], [14], [15], and [9]). The main result states that in the above problem, it is optimal to serve the
jobs with the longest expected processing time (LEPT) first. The problems on makespan minimization on
parallel machines investigated so far are fundamentally different from problem (P) for the following reason.
In the traditional formulation, the number of jobs in the system is monotonically decreasing, in the time
intervals between successive arrivals. An increase in number of jobs in the system occurs only at the arrival
of the new jobs; these times are independent of the service completion times. In problem (P), with k£ > 1
we have an increase in the number of the jobs to be processed at the completion times if the interconnection
occurs. Thus, the time instants where the number of jobs in the system increases are highly correlated with
job completion times in ;. The correlation between job arrivals to ()2 and job completions in () gives
rise to problems that are conceptually different from those previously studied even when & = 1. In the
case k = 1, it might appear that one can convert problem (P) into a traditional makespan minimization
problem on parallel machines where the jobs’ processing times are described by a random variable 7, which



with a probability 1 — p is exponential with parameter p;, and with probability p is equal to the sum of two
independent exponential random variables with parameters g3 and ps. Such a transformation does not result
in a problem equivalent to problem (P) because it discards some of the information available in problem (P).
Specifically, such a transformation ignores the information about the occurrence of a job completion in @,
and its interconnection to Q2. More precisely if T; denotes the service time in @;, ¢ = 1,2 and I denotes the
indicator function for the interconnection, then,

a(T.) C o(Ty) \/ a(T») V a(I)

with strict inclusion, and where o(T7) \/ 0(T2) \/ o(I) is the minimal o-field with respect to which T3, T, and
I are all measurable. Note that this loss of information implies that an optimal solution to the transformed
problem is not guaranteed to be an optimal solution to problem (P).

From the above discussion it is evident that problem (P) is distinctly different from traditional makespan
minimization problems in [16], [1], [14], [15], [10], [9], and [2]. It is also different form [12] because it includes
new arrivals.

Problem (P) can be viewed as scheduling of a random task graph where the tasks’ processing times
are identically distributed at each “generation” (cf. [4]-[5]) but are statistically different across different
generations. In this aspect Problem (P) has features similar to those of [4]-[8], but is distinctly different
from the problems investigated in [4]-[8] for the following reasons: In [4] the tasks’ processing times are
deterministic. In [6]-[8] the graphs are deterministic. In [5], which is an unpublished document, the processing
times at all generations of the graph are identically distributed. In our opinion, the exchange arguments
leading to the results of [4]-[5] depend heavily on the assumption that the the processing times are either
deterministic or identically distributed across “generations”, and can not be extended in a straightforward
manner to the situation where the processing times are not statistically identical across generations. For the
special case when the processing times are statistically identical, i.e. g3 = p2, the result of this paper is the
the same as that of [5].

The main contribution of this paper is the analysis of problem (P). For problem (P) it is impossible,
as demonstrated by the example in Section 3,to determine a server allocation policy that is optimal under
any set of parameters, pi, pa, and p. Hence, we consider a specific policy g* that gives priority to @1,
and establish a condition on u;, p2, and p sufficient to guarantee that g* is optimal. Interestingly, this
conditions guarantees that policy g* coincides with LEPT. Furthermore, when & = 1, we prove that if the
above condition is not satisfied, then it is always optimal to give priority to Q2. And this again coincides
with LEPT for case when k = 1.

The paper is organized as follows: The main result on the optimality of policy g* and its proof are stated
in Section 2. In Section 2.2 we introduce the functional equation of this problem and transform and reduce
this equation into a form that can be analyzed, using iteration method. In Section 2.3 an induction proof
of the optimality of ¢g* under the specified sufficient condition is given. In Section 3 We establish a very
simple example to study the necessity and sufficiency of condition 2; in this section we discuss the special
case k = 1 and prove that for k£ = 1 if the condition in Section 2 is not satisfied the policy that gives priority
to ()2 is optimal.



2 Analysis of Problem (P)

2.1 The Main Result

In this section we provide the main result of the paper. We establish a condition on the processing times in
@1 and @2, and the interconnection process (p), sufficient to guarantee the optimality of policy g*, i.e. the
policy that gives priority to ;. In contrast to the condition presented in [], our condition is independent
of the number m of machines and the number & of jobs created in ()2 after an interconnection. Note that
the nature of the optimality is interesting only when the expected makespan is finite. In order to assure the
finiteness of makespan we assume that ul—l + % < 7, or equivalently % > 1. Under this condition,
we can show that even a suboptimal policy like FIFO have a finite expected makespan. The argument is
similar to Whitt’s proof in [17].
The following theorem gives the main results of the paper.

Theorem 1 Assume % > 1. Policy g*, that is, the policy that gives priority to Q1, is optimal for

Problem (P) under the following condition:
H1 — M2
p>——2 1)
M1
We proceed to establish the main result of the paper as follows: First, via some preliminary analysis,
we show that Problem (P) can be reduced to a corresponding n-stage problem. By induction, we establish
the optimality of policy ¢g* for the corresponding n-stage problem under the conditions of Theorem 1. The

philosophy of our approach is quite similar to that of [2].
We note that the condition of Theorem 1 is automatically satisfied, if pu; < ps or p=1.

2.2 Reduction of Problem (P) to an n-stage problem

We can formulate problem (P) as a Markov decision problem. The state space in our model consists of the
ordered pairs of the form (z1,z2), where x; is the number of available jobs in the ;. The action space
A(z,,2) at state (21, T2) consists of the ordered pairs of the form (gl(:cl,xz), g2 (xl,xz)) where g;(x1,22) are
the possible allocation of servers to the jobs in @);. Without loss of generality we can restrict our attention
to the Markov policies denoted by the vector g = (g1 (z1,22), g2(21,22)) for which

g1(z1,22) + g2 (1, 22) = min(z1 + 22, m).

Given the state (z1,72) and the action (g1(z1,22), g2(21,22)), the time until the next transition is an
exponential random variable with parameter g; (1, z2)u1 + g2(%1, T2) o + A. As a result, the next state can
be one of the following states with the corresponding probabilities.

(z1 4+ 1,22) with probability A/ (g1(z1,Z2)p1 + g2(@1, 22)p2 + N),
(1 — 1,25 +1) with probability  pu1g1(z1,22)/(91(z1, T2)p1 + g2 (1, T2) 2 + A),

(1 —1,25) with probability (1 —p)u1gi(z1,22)/(91(x1, Z2)p1 + g2(@1, T2)p2 + N),

(z1,20 — 1) with probability  paga(z1,22)/(g1(z1,22)p1 + g2(T1, B2) 2 + A).

Denote by V(z1,z2) the minimum expected makespan. Then V satisfies the dynamic programming
equation

V(IL'l,.'EQ) = mgin { (]. + Mlgl($1,$2)[pV($1 - ].,.’172 + k) + (]. —p)V(.’L‘l - ].,.732)] +



p2g2(@1, 22)V (21,02 — 1) +
AV (z1 + 1,:1:2))/<u191($1,x2) + p2ge(x1,x2) + )\) }, (2)
with V(0,0) = 0. Eq. 2 ensures that for every g = (91(21,%2), g2(21,22)),
0 < 14+wmgi(z,z2)[pV(z1 —Liza+k)+ (1 —p)V(r1 — 1,22)] +
p2ga(z1,22) V(21,20 — 1) — (Mlgl(ml,mz) + p2g2(x1,22) + )\)V(Z'I;Z'Q) +
AV(z1 +1,22)

and is equivalent to

V(xl, .’L'z) = min

! —+7[I)V(.'L'1 —1,$2+k)+(1—p)V(IIJ1 —1,.(172)]+

{ 1 pgi(z1,22)
R R

A
H202@022) oy Ay 1) +
R R
A
(1 _ g1 (w1, 22) +]/;292($17$2) + )V(ml,mz)} ®)

where R is any fixed positive number. If we pick number R such that
RZ A+mmaX([L1,M2), (4)

we can interpret Eq. (3) as the functional equation for a discrete-time Markov decision process whose tran-

sitions occur at fixed rate R, i.e. the time unit between the transitions are % which is independent of the
policy. This independence between transitions and the policy facilitates our analysis and allows us to use

successive approximation, a well-known results in dynamic programming, to analyze problem (P).

Define for any x1, 22 > 0, Markov policy g, and function f : N oo R+, the local cost function ¢?(z1, z2, f)
by

1 pgi(21,72)

@2, f) = p+——p Pl —Laa+ k) + (1 -p)f(z1 —1,22)] +
Wﬂxhxz -+ %f(wl +1,22) +
(1 g1 (71, 22) +I/;292(m1’m2) * /\)f($1,$2) (5)

Thus, because of Eq. (3) the minimum expected makespan is the solution to the equation:

V(z1,22) = minc? (1,22, V) (6)
g

Construct the sequence of {V,(z1,22) :n=0,1,2,...} as follows

Vo(z1,2z2) = 0, for allzy,zo (7

Vn(0,0) = 0, foralln>0 (8)

Valzy,22) = mincd(xy,22,Vn 1), for all n > 1. (9)
9



Lemma 1 Assume policy § = (§1(x1,%2), §2(x1,22)) achieves the minimum in Eq. (9) for all n. Then § is
an optimal allocation policy for problem (P).

Proof. Define by §(n) the policy that satisfies

Vn($17x2) = mgincg(xl;wzavn—l) = Cg(wlyx%anl);

where ¢ is defined in Eq. 5 and V,,_1(z1,22) is known for all z; > 0, z; > 0. It is known ([2], [13], [18])
that if g(n) = g for all n > 1, then § satisfies

V (21, 22) = minc? (z1,x2,V) = & (x1,22,V),
g

where V(z1,x2) is the minimum expected makespan under the initial condition (x1,%2). Furthermore, for
all (.Z'l,(EQ)

V(zi,22) = ILm Vi(z1,22)-
O

The argument used in the proof of Lemma 1 is a special case of a general relationship between negative
dynamic programming and successive approximation first introduced by Strauch [13]. Note that since our
action space is finite, lemmas 3.1 and 9.1 in [13] provide the argument sufficient for establishing the Lemma 1.

Notice that the set of Egs. (7)-(9) are called the optimality equations for n-stage problem. In the next
section we study this problem and its interpretation, and prove that if p > ‘“;1”2, policy g* is optimal for
every n > 1.

2.3 Solution to the n-stage problem

Consider the sequence constructed by Eqgs. (7)-(9). This sequence has the following interpretation. Consider
the following finite horizon problem with n transitions defined as horizon. Assume that in the queueing system
in Figure 1, transitions occur at a fixed rate R, which is independent of the servicing policy. With probability
gi(w1,72) % the transition occurs in @;, with probability % there is an arrival, and with probability 1 —
p191(z1,z2)+pag2(z1,z2)+A

there is a transition to the same state. Define the stopping time 7;, as the minimum
of the makespan and horizon 7. The objective is to minimize the expected value of 7;,. It is easy to see that
the optimality equation for this system coincides with Eqs. (7)-(9). This formulation is called the n-stage
problem. This justifies why in Section 2.2 Eqs. (7)-(9) are called the optimality equations for the n-stage
problem. Naturally, if a policy achieves the minimum in Eq. (9) for a specific number n, the policy is called
optimal at stage n. In fact, Lemma 1 shows the relationship between problem (P) and the n-stage problem.
In Lemma 1 we showed that solving problem (P) can be reduced to solving the n-stage problem. Hence,
proving theorem 1 is equivalent to proving the following theorem

Theorem 2 If % > 1 andp > % then the policy that gives priority to Q1 is optimal at every
stage n.

Proof. The proof of this theorem requires a lengthy argument. For this reason to clarify the ideas we
proceed as follows: First we present an outline of the proof where the main ideas are outlined. Then, we
present all the details of the proof.



2.3.1 Outline of the Proof of Theorem 2

We prove Theorem 2 by induction on n, number of stages. For that matter we define

Condition 1 % > 1.

Condition 2 p > %

Vﬁ(xl,m) = I [an (x1 — Lo+ k)+ (1 —p)Vp(z1 —1,22) — Vn(l'l,.'llz)] (10)
Vi(z1,22) = p2[Va(@, 22 —1) — Vo(z1,32)] (11)
Dn(xl,a@) = Vn (IL'l,IL'z) - Vn (55'1,262) (12)
Folzr,22) = pVn(xi — Lo +k—1)+ (1 =p)Va(z1 — 1,22) — V(21,22 — 1) (13)
On(z1,22) = Vp(z1 —1,292) — V(21,22 — 1) (14)

Using the above expressions, we state the induction hypotheses for stage n as

(HO), policy g*, that gives priority to @1, is optimal at stage n

(H1), Dy(z1,22) <0, for every z1 >0, 22 >0

(H2), Fn(x1,22) <0, for every 21 >0, 22 >0

(H3),, Gn(x1,12) <0, for every 1 >0, 2 >0

The induction then proceeds as follows. First we verify the validity of (#0);-(#3)1; this establishes the
basis of the induction. For the induction step we assume that (H0),-(#3),, are valid, and prove that under
this assumption and Condition 2 (H0)n4+1-(#3)n+1 are true.

We note that (H0) is sufficient to assert the validity of Theorem 2. However, to prove inductively that
that (#H0) is true we need (#1)-(#3). Specifically, (#0),-(#3), are used to inductively establish Theorem 2
via the following lemmas:

Lemma 2: (HO),, and (H1), (’HO)H+1.

Lemma 3: (HO)p+1 and (H3), (7—[3)n+1.
Lemma 4: (HO0)nt1, (H3)n, and (H2), = (H2)n41-
Lemma 5: (HO0)pt1, (H2)p, and (H1)p, = (H1)n41.

Condition 1 is sufficient to guarantee that the minimum expected makespan is finite.

2.3.2 Proof of Theorem 2

we proceed in two steps: First we establish the basis for the induction. Then, we complete the proof by
establishing the induction step.

Basis for induction:

From Egs. (5), (7), and (9) we have Vi(z1,22) = ming(5). In this case, pohcy g* performs as well as
any other policy at the first stage, so (H0); is valid. As a result, Vi (z1,22) = E for every 1 > 0, z2 > 0;
hence D (z1,22) = Fi(x1,22) = G1(x1,22) = 0, which proves the validity of (H1);-(H3):. The basis for the
induction argument is now complete.

Induction Step:

As stated in Section 2.3.1, we assume that (70),-(#3), are valid and proceed to show that (H0),41-
(H3)n+1 are also true via the proof of Lemmas 2-5. For the proof of Lemmas 2-5 we first establish the
following facts,




Fact. 1 For everyn > 1,xz; > 0,x2 > 0, the following relations hold.

Va(z1 +1,22) > Vi (21, 72), (15)
Va(z1, 22 + 1) > Vi(21,22). (16)

Proof. As it was discussed before V,,(z1,z2) can be defined as the minimum of the expected value of the
stopping time 7, in the n-stage problem. For the n-stage problem, under any specific policy, and along every
sample path of service completions, job interconnection, and job arrivals, the stopping time corresponding to
the initial state (z1,z2) is no longer than than the stopping time corresponding to the initial state (z1+1, z2)
or to the initial state (z1,z2 + 1). Therefore, the above inequalities hold.

O

Fact. 2 For everyn > 1,x; > 0,x2 > 0, the following relations hold.
Va(z1,29) < 0, (17)
V(z1,22) < 0. (18)

Proof. In the n-stage problem, consider the effect of giving a small amount of processing time to a single
job. Specifically, let 6V,1(z1,z2) denote (to first order in §) the amount by which the expected value of 7,
would change from V,,(z1,z2) if we were to give a job in ()1 an extra § amount of preprocessing time. Then,

Vi) = mé(pValwr — Loz + k) + (1 - p)Valas — 1,25)) +
A0V (z1 + 1,20) + (1 — 16 — A0) Vi (1, 22) — Vi (1, 22)
= u1(5<an(x1 —Lze+k)+ (A =—p)Va(z: —1,22) — Vn(xl,mz)) +

)\5(Vn($1 +1,22) — Vn(z'l,ﬂ?z))
Z (SV;(xl,SL‘z)

where the inequality holds because of Eq. (15).
On the other hand, since the processing times are exponential we have

0VI(z1,22) <0, for all zq,2s.

which results in 17.
Eq. (18) can be proved in a similar way.

O

Note that the proof of this fact gives us a very intuitive interpretation of the functions V,!(zy, ),
V.2(z1,22), and Dy (z1,72) for the n-stage problem. From the above discussion it is clear that Vi(z — 1, x)
can be viewed as the change in the expected value of 7,,, in the absence of arrivals, as a result of giving a
preprocessing to a job in @;. D, (z1,2z2) can be interpreted as the cost advantage of preprocessing a job in
Q)2 over a job in @1, in the n-stage problem. Note that D, (z1,z2) remains the same whether or not arrivals
are included in the problem formulation. (#1), implies that it is better to give the preprocessing to @1,
which can be shown to be equivalent to the optimality of policy g*.



Fact. 3 Under Condition 2, i.e. p > ’“H;I”Q,

V(1,22 — 1) = V2 (21 — 1,22) > p11Gn (21, 22) (19)
Proof.
V#(Z’l,l@ — 1) — V,?(:El — 1,1’2)

= ,U/l[an(xl -1,z + k- ].) + (1 —p)Vn(.flfl — 1,20 — 1) — Vn(.’L‘l,IIJQ - ].)] —
MQ[Vn(CL'l - 1,.’L‘2 - 1) - Vn(.'L'l - 1,£L'2)]

> mpVa(rr —Lzz+k—1)+ (1 —p)Vo(z1 — L,z — 1) — V(21,22 — 1)] -
p1(1—p)[Vp(zy — Lzo — 1) — V(31 — 1, 32)]

= {p[Vn(xl —1,ze+k—1)—Vo(zy — 1,22)] + [Va(z1 — 1, 22) — V(21,220 — 1)}

> pmGn(z1,72)

O

The first inequality is a result of condition 2 and the second inequality follows from Eq. (16) and k > 1.
Intuitively, G, (z1,22) can be interpreted as follows: Consider the n-stage problem where a new job is added
to the system, and one has the option of assigning it to either Q1 or Q2. Then G, (z1,22) gives the cost
advantage of assigning the extra job to @ instead of 5. (#3), implies that at every stage n, it is better
to assign the extra job to Q1.

Fact. 4 Under Condition 2, i.e. p > “1”_—1”2,
Va(z1,23 — 1) —pVii(z1 — Lizo + k— 1) — (1 — p)V,2 (z1 — 1,25)
> { = (1= P)Ga(1,25 = 1) = pOn(a1,22) = (1~ P)Fa(zr, 22 — 1) +
(1= p)Falar,2) }. (20)
Proof.
V(1,23 — 1) —pVii(z1 — Lizo + k— 1) — (1 — p)V,2 (z1 — 1,2)
= m [PVn(ﬂh —Lz+k—1)+ 1 —p)Valz1 — 1,232 - 1) — V(z1 — 1,332)] -

42 [an(ml —lLzo+k—2)—pVu(zs — Lzo+k—1) +
(1= p)Valz1 — 1,20 — 1) = (1 = p) V(21 — 1,.7:2)]

i [pVal@r = Las + k= 1)+ (1= p)Valor = Loz = 1) = Viwr = 1,2 )] -

vV

pi(1—p) [PVn(HGl —Lza+k—2)—pVu(zr —Lza+k—1)+
(1= p)Valzr — 1,20 — 1) = (1 = p) V(21 — 1,3:2)]

= m {p[Vn(xl — Lo+ k—1)—Volz, 22— )]+ (1 —p)Vu(z1 — 1,35 — 1) —
1 =p)[Va(z1,22 = 1) = pVp(z1 — L,za + bk — 1) — (1 — p) V(21 — 1,22)] +



(1= p)[~pVal(ms — 1,5 + k —2) — (1 — p)Viu(z1 — 1,29 — 1)]}

v

i { = PG, 22) + (L= p)Valer = 1,22 = 1) +

(1= p)Faler,72) = (1= p)[Fa(r,2 = 1) + Va(ar, 22 — 2)]}

= i { = pOn(o1,22) + (1 = P)Va@s — 1,2 = 1) = V(s 20 = 2)] +
(1= p)Fa(@1,22) = (1= p)Falar, 22— 1)}

= u{ = PGa(@1,72) = (1 = P)n(zr,22— 1) +

(1= p)Ful@1,@5) = (1 = p) Fular,z2 = 1) |
O

The first inequality is a result of condition 2 and the second inequality follows from Eq. (16) where k > 1,
and Eq. (14).

Based on facts 1-4 we prove Lemmas 2-5 that are needed for the completion of the induction step‘.

Lemma 2 Assume Conditions 1 and 2 hold. If Dy (x1,22) <0 for all 1 > 0, 2 > 0, then g* is optimal at
stage n + 1.

Proof. By the definition of g*, which gives priority to 1, we know that for any arbitrary policy g,
91(x1,22) < gf(x1,22) for all z1, .
Without loss of generality we have restricted out attention to policies for which
91(z1, T2) + g2 (@1, T2) = g1 (X1, 72) + g3(71, 2) = m.

If 21 + z2 < m, g*, by its definition, utilizes x; + o servers, therefore, it results in an optimal action.
When z; + z2 > m, we prove that any policy g that gi(x1,z2) < g7 (21,22) = min(m, 1), can be imposed
at stage n + 1 by reallocating one server from a job in ()2 to a job Q1. Reception of the same argument
shows that ¢g* is optimal at stage n + 1. Therefore, to compute the proof, we compare, at stage n + 1, the
local cost functions due to policy g’ and g, where

9i(z1,22) = g1(z1,22) +1  and g5 (z1,32) = ga(x1,22) — L.

We have,
(xl,wg ) — (1,32, Vy)
= %( —1l,z24+k)+ (1 —p)Vu(z1 — 1,332)) —
%V (1,29 —1) — RV(wl,x2)+ RV(xl,xg)
= B (pVa(er —Laa + k) + (L= p)Valor = 1,22) = Valar,22)) -
/;% ( (z1,29 — 1) Vnn)
= %D (z1,22) < 0. (21)

The inequality in Eq. (21) together with argument proceeding it completes the proof of Lemma 2.
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O

Lemma 3 Assume that conditions 1 and 2 hold. If g* is optimal ot stage n + 1 and G,(x1,22) < 0 for all
x1, T2, then Gny1(z1,22) < 0.

Proof.

In Appendix A, we show that
(i) If z1 > m,

gn+1 ($1, 372)

= Mlm[pgn(wl — Lo+ k)+ (1 —p)Gn(z1 — 1,32)] +
R

A
Egn(ml + 17372) + (1 - %R—*_/\)gn(xla'r?) (22)
(ii) Ifz; <m <z + 22,
Gn+1(z1,22)
< MO G a1 B+ (L P)Gaer L) +
pa(m — )

A
7 Va(z1,22 — 1) + Egn(ml +1,22) +

(1_#’13'1 +M2(g_$1)+)\)gn($1;$2) (23)

and
(iii) If 1 + 22 <m,

gn+1 (-73'1; mz)

< %[p%(aﬁ —Lza+ k) + (1 =p)Gn(z1 — 1,22)] +
—1
%gn(xlaa‘? — ].) + %gn(xl + ].,.'172) +
—1
(1 Mz A+ N2(;2 ) + /\)gn(ml,mz) (24)

Note that using Eq. (4) and the induction hypothesis, namely, G, (z1,2z2) < 0 for all z1, x5, we can see
that the left-hand-sides in Eqgs. (22)-(24) are non-positive, i.e.

Gnt1(z1,22) < 0.

O

Lemma 4 Assume that conditions 1 and 2 hold. If g* is optimal at stage n + 1, G,(z1,22) < 0, and
Fu(x1,x2) <0 for all x1,x2, then Fpiq(z1,x2) <O0.

11



Proof.
In Appendix A, we show that
(i) If 21 > m,

-7:n+1(371,$2)

= 'u;%m[p}'n(a:l —lze4+k)+ (1 —p)Fn(z1 — 1,22)] +
A + A
FFalan +1,2) + (1= D) P, o) (25)
(ii) Ifz; <m <z + 22,
-7'-n+1(371,$2)
-1
< %[an(xl Lz +k)+ (1 —p)Fa(zr — 1Lz2)] +
- A
W}%(wl,mg — 1) + }—2]:”(.’13'1 =+ ].,.’172) =+
<1 _m@ oDt pmoz) + )\)fn(ivl,wz) +
R
L {0 = p)Ga(@r,22 = 1) + (@1, 22) + (1 = P)Fular,z2 = 1) | (26)
(iii) If 21 + 22 < m,
Fr1(w1,2)
-1
< BT (o La 4K + (L P Faler — L))+
-1 A
%]‘)&%1,1’2 - 1) + E]:n(l"l + 1,:172) +
(1 _ Nl(xl - 1) +/J/2(.732 - 1) +)\).7:n(1'1,$2) +
R
E{ (1= p)Ga (1,22 = 1) + Ga(@1, 22) + (1 = P)Fular, 22 = 1) | (27)

Note that again the right-hand-sides in Eqs. (25)-(27) are non-positive, because of Eq. (4) and the
assumption that F,(z1,z2) <0 for all z1, x5, i.e.

Fn1(z1,22) <0.
O

Lemma 5 Assume that conditions 1 and 2 hold. If g* is optimal at stage n + 1, Fp(z1,22) < 0, and
Dn(x1,22) <0 for all z1,xza, then Dpi1(z1,22) < 0.

Proof. In Appendix A, we show that
(i) If £ > m,

12



Dn-|-1 ($1,$2)

- %[ppn(xl — 1,20+ k) + (1 = p)Dnl(z1 — 1,22)] +
A m+ A
R'Dn(:m +1,20) + (1 - MT)Dn(mlal'Q) (28)

(ii) If 2, <m<z + 2,

Dn-|-1 (2717-202)

-1
%[pl}n(ml — 1,22 + k) + (]- _p)Dn(wl - ]‘7'7‘.2)] +
m—x A
fﬂ?fﬁmmWTﬂ+Rm%+Lm+
<1 _ M1 + /1/2(;7/ - fl'l) + )\)Dn($1,$2) (29)

(iii) If x1 + z2 <m,

Dpti1(z1,22)

-1
< %[pbn(ml — Loy +k) + (1 - p)Da(ar — 1,22)] +
T —1 A
102 D5 (1,05 1) + S Dalar +1,22) +
T1 + paTz + A ‘
(1 _ %)Dn(th i Nllgz Fn(x1,22) (30)

Because of Eq. (4) and the induction hypothesis on D, (z1,2z2) and Fp(z1,22), namely, for all 21, x5
Dp(x1,12) <0, Fp(z1,22) <0, we know that the right-hand-side of the Egs. (28)-(30) are non-positive. i.e.
for all 1, z2,

Dn+1 (.731,.’132) S 0.
O
The induction step is now complete as (HO),+1-(H3)ny1 are true because of Lemmas 2,54, and 3,
respectively. This concludes the proof of Theorem 2.
O

3 Discussion

In this section we first present an example that illustrates the role of the condition expressed by Eq. (1) in
Theorem 1. The example shows that Eq. (1) is sufficient but not necessary to ensure the optimality of policy
g* that gives priority to Queue 1. Consequently, the result of Theorem 1 does not provide any information
about the optimal allocation strategy for Problem (P) when Eq. (1) is not satisfied. We identify an instance
where it is impossible to determine an optimal allocation strategy for Problem (P) when Eq. (1) is not
satisfied. We discuss this instance after Example 3.1.
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3.1 Example

Consider the system in Figure 1. Let the initial state be (z1,2z2) = (2,2). Suppose there are three machine
available, i.e. m = 3, and each interconnected job from @; to Q2 creates two jobs, i.e. k = 2. Let pu; = 2us
and A = 0. Hence the requirement expressed by Eq. (1) is

P> 5. (31)

N | =

Now as discussed before we only need to restrict attention to non-idling allocation strategies. Thus, when
the state (z1,z2) is such that z1 + 2 < m the allocation decision is trivial. For our example, there are
only three states encountered for which the allocation is not trivial: when the system is at the initial state
(2,2) and if the system enters states (1,4) or (1,3). We consider two non-idling priority allocation strategies:
Policy g* that gives priority to 21 and policy g that gives priority to Q2. These two policies differ from each
other in their allocation of servers if the system is in states (2,2), (1,4), and (1,3) (for other states both
policies act in the same form).

Define the functions V9" and V¢ as the expected makespan under policy g* and policy g, respectively.
At each state (z1,22) the function V is defined as the minimum expected makespan. Then,

* 1 2
VI 0,1) = VI0,1)= — = —
(0,1) O.1)= =
N 3 3
V0,2 = V90,2) = — = =
( ) ( ) 22 M1
N 11 11
Ve(0,3) = V9(0,3) = - = -
(0,3) 0.8)= g = 5
. 13 13
VI (0,4) = VI(0,4)= > = >
(0,4) 04) = o = 3
. 15 15
VI(0,5) = VI0,5) = — = —
(0,5) 0.5) = 5o =5
N 1 1
VE,0) = VI(1,0) = —+pV(0,2) = 22
251 B
VIO = VL1 = —— + —p1(0,3) + (1 - )V (0, 1] + —2—(1,0)
M1t pe p1 Tt p2 H1 + 2
_ 19p+21
91
* 1 J75% 2#2
VI (1,2) = VI(1,2) = + V(0,4) + (1— p)V(0,2)] + —22v(1,1
(1,2) (1,2) = oo+ V0.4 + (L -V 0.2]+ V()
_ 3lp4 5T
B 1811

At the states (1,3), (1,4) and (2,2) the two strategies g* and g allocate servers differently. Thus we have

: 1 P 29
VI (1,3) = + V(0,5) + (1 —p)V(0,3)] + —F2 _y(1,2
L) = 05+ (- V03] + V)
55p + 141
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1 31p + 69

VLY = s+ V(,2) = TR (33)
VL) = e+ V(0.0 + (1 V(0.4 + 2V (L3) (34)
VLA = VLY = (35)
V(2,1) 2u£¥u2+QM?fuszu;D+(l_pnquﬂ+5;%%;;(LQ) (36)
V9 (2,2) 2m1u;+w?fm@V“A*H1_mV“J” mEamadCE) (37)
VIR = o eV (1,4) + (1= V(L) 4 T (2) (38)

where as mentioned before at each state (z1,22), V(z1,22) is defined as
V(z1,22) = min{Vg* (x1,22),VI(z1,22)}.

The optimal policy in this case can be easily determined by policy iteration. In order to do so, we first
look at the expected makespan under strategies g and g* if the system is at either states (1,3) or (1,4).
comparing the expected makespan associated with each of these strategies, we identify the least expected
makespan for different values of p, i.e.

_ 9°(1,3) if p > 0.4285
vQ,s) = { V9(1,3) otherwise (39)
and
[ V9(1,4) ifp>0.4285
V(.4 = { V9(1,4) otherwise (40)

Now we first assume p > 0.4285, using Eqs. (39) and (40) it can be seen that
V(2,2) = V9 (2,2) ifp>0.4285 . (41)
Then we assume p < 0.4285, using Eqs. (39) and (40) we have

V(2,2
ve={ 70

In summary, we can identify three regions for value of parameter p as follows:

if p < 0.4267
if 0.4267 < p < 0.4267

1. p € [0,0.4267]: In this region, it is always optimal to follow policy g

2. p €[0.4267,0.4285]: In this region, the optimal policy depends on the state; at states (1,3) and (1,4)
it is optimal to follow g, while at (2,2) the optimal allocation coincides with policy g*

3. p €[0.4285,1]: In this region, policy g* is optimal

Comparing (31) with the above result, we conclude that : (i) If the requirement expressed by Eq. (1)
is not satisfied the policy g* is not, in general, optimal. (i4) The requirement expressed by Eq. (1) is only
sufficient but not necessary to guarantee the optimality of policy g*. (i44) The optimal policy need not be a
priority policy, and an optimal allocation can be dependent on the state of the system.
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3.2 Special Case, k=1

As mentioned at the beginning of Section 3, if Eq. (1) is not satisfied, the result of this paper provides no
conclusive evidence about the form of an optimal allocation policy. However, it is possible to determine an
optimal allocation strategy for Problem (P) when Eq. (1) is not true and & = 1. Such a strategy is desired
in the following theorem

Theorem 3 Assume % >1andp< ‘“;—1“2 Under these conditions, Policy § that gives priority to

Q2, is an optimal policy for Problem (P) when k = 1.

Theorem 3 can be proved by arguments similar to those used to prove Theorem 1. These arguments are
presented in Appendix B.

Theorem 1 and 3 shows that it is possible to determine an optimal allocation policy for any combination
of p1, p2, and p when each job interconnecting from (); to ()2 creates exactly one job in 5.

4 Conclusion

The main result of the paper provides a condition sufficient to guarantee the optimality of the policy that
gives priority to ()1 for Problem (P). In this case where every task interconnecting from @; to Q- creates
exactly one job in @)s, i.e. kK = 1, we have determined an optimal allocation policy for any combination of
values of up, pe, and p.

Determining an optimal allocation policy for any combination of values of p;, g2, and p when k > 1 is
a problem worthy of investigation. Another situation similar to Problem (P) that is practically significant
arises when the number of processors required to process a job at a certain queue depends on the queue.
Determining an optimal allocation strategy for such a class of problems appears to be a challenging task.
The determination of an optimal allocation strategy that stochastically minimizes makespan for each of the
above problems is also an interesting problem worthy of investigation.
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Appendices

A Proof of Egs. (22)-(30)

To prove Egs. (22)-(30), we incorpate the assumption that g* is optimal at stage n + 1, which translates to

Vn+1($1,$2) = cg* (.'L'l,iL'Q,Vn). (43)

A.1 Proof of Equation (22)

If 21 > m,

gi(z1 —1L,x3) =m ga(x1 —1,22) =0
g1(z1,22 — 1) =m g5(z1,72 —1) = 0. (44)
So we have

Ont1(x1,x2)
= Viti(z1 —1,22) — Vpga (21,20 — 1)

= %[an(a@l =2,z + k) + (1 —p)Vu(z1 —2,22)] +
A + A
RVn(ﬂ'fl,fLﬁ) + (]. — %)Vn(ﬂfl — 1,:(:2) —
{EEEpVa(@r = Las + k= 1) + (1= p)Valer — L,as = 1] +
A + A
EVn(ﬂUl +1,25—1)+ (1 - %)Vn(xlaa‘? - 1)}
= B [p0a(@i — 1,32+ k) + (1= p)Ga(wr — 1,2)] +
A + A
Egn(ml + ]-;372) + (1 - %)gn(mlazé)

The first and third equalities follow from Eq. (14). The second equality follows from Egs. (44), (43), and
(5)-

O
A.2 Proof of Equation (23)
fri <m<x + T2,
gi(zy —l,me) =21 — 1 ga(x1 — L, za)=m—mz1 + 1
gl (1,20 — 1) = 24 g5 (1,22 — 1) =m — z1. (45)
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Then

gn+1($lam2)
= Vn+1(z‘1 —1,.’172)_Vn+1($17m2 _1)

-1
- %@Vn(xl = 2,35+ k) + (1= p)Valo1 — 2,22)] +
m—1x +1 A
%Vn(ﬂh — 1,z — 1)+ EVn(m,m) +

(1 pa(s —1) + pp(m — 21 +1) + A
- R

{'u;;m PVa(z1 — 1,204+ k—1)+ (1 —p)Va(z1 — 1,22 — 1)] +

m—-T A
%Vn(wlrya — 2) + Evn(xlrrz) +

(1- b= 2 E Ay o), - 1)

R
= %[pgn(m — Lz + k) + (L= p)Gn(er — L)) +
pa(m — 71)

R
(1 _m@m -1 ""1‘%2("1 — 1) +)\)gn($1;$2) -

%[an(xl —Las+k—1)+ 1= p)Vi(z1 — 1,25 — 1) = V(21,22 — 1)] +

)vn(xl —1,35) —

A
Vn(:cl,xz — 1) + Egn(l'l + 1,272) +

%[Vn(ajl - 1,.’1;'2 - ].) - Vn(xl - 15‘772)]

- %;1[?9,1(:51 =Lz +k)+ (1= p)Gn(z1 - 1,22)] +
WVTL(%,Q -1+ %gn(ml +1,22) +
(1 oz —1)+ lg(m — 1) + )‘)Qn(m,xz) -

1 1
EVT}(mlamZ 1)+ V(@1 — 1,22)

R n
%[pgn(m —Lzy+k)+ (1 —p)Gn(z1 — 1,29)] +
pa(m = 1)
R
(1 (@ =D+ pe(m—m) + A
R

IN

A
Vn(ivl,.’lﬁz - 1) + Rgn(fbj + ].,ZL‘Q) +

)gn(-Tl;m?) -
%gn($1,$2)
M1 (331 - 1)

= T[pgn(xl — 1,20 + k‘) + (1 —p)gn(.’L'1 - 1,.’172)] +
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p2(m — 1)
R
(1 Mz A+ ,uz(;’; —71) + /\)gn(wbxz)

A
Vn(wl,:cz — ].) + Rgn(a:l =+ ].,IEQ) =+

The first and third equalities follow from the definition of G,y1(21,22) and Gp(z1,22). The second
equality is a result of Eqgs. (45), (43), and (5). The fourth equality follows from the definitions (10) and (11).
The inequality holds becasue of Fact 3 (Eq. (19)).

O
A.3 Proof of Equation (24)
If x1 + 22 <m,
gi(x1 —Lzo) =21 — 1 g5(x1 — 1,29) = 2o
91 (21,22 = 1) =13 g5 (1,22 — 1) =29 — 1. (46)
Then

Gny1(w1,22)

Vat1(z1 — 1,22) = Voya (21,22 — 1)
~1
%@Vn(xl — 2,20+ k) + (1 —-p)Vo(z1 — 2,.%'2)] +

T A
'u2R2Vn(x1 —1,25 — 1)+ RVn($1,$2) +

(1 (@ — 1) + paza + A

)Vn(wl —1,39) —

R
{M? V(21 = 1,25 + k= 1) + (1 =p)Va(er = Lz2 = 1) +
%VH(%@ -2)+ %Vn(wl,wz) +
(1 _ +H2(;2 —1 +)‘)Vn(x1,:c2 - 1)}
w[pgn(xl — Loy + k) + (1= p)Gn(z1 — 1,2)] +

Mgrb(th 1)+ %gn(ml +1,20) +

R
—1)+ —1)+2A

(1 — Pz ) 22(112 ) )gn(.'L'l,.Z'Q) -

%[an(xl —Las+k—1)+ 1= p)V(z1 — 1,25 — 1) = V(1,22 — 1)] +

%[Vn(ml — 1,25 — 1) = Vy(z1 — 1, 22)]

%[pgn(xl - 1,.’132 + k) + (1 —p)gn(xl - 1,.’52)] +

p2 (T2 — I)Gn(

A
R $1,$2—1)+Rgn($1+1,$2)+
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(1_u1($1—1)+,u2($2—1)+)\

7 )Qn(ml,wz) -
1
RV

1
nl(IL'l,.'EQ — 1) + —V2($1 — ].,.732)

R n
%[pgn(ajl — 1,20 + k‘) + (]- _p)gn(xl - 17'2:2)] +
,u2(1'2 - 1)
— " Gn(
(1 _ pr(zr — 1) + pa(ze — 1)+ A
R

IN

A
T1,T2 — 1) + Egn(xl + 1,.21'2) +

)gn($1,$2) -

%gn(xl,wg)

= %[Pgn(xl — Lz +k)+ (1 —p)Gn(zr —1,22)] +

pa(z2 — 1)
R
1+ po(re—1)+ A
(1 gLl MZ(R? ) )Qn(xl,wz)
Again, the first and third equalities follow from the definition of G, +1(x1,22) and G, (x1,x2). The second
equality is a result of Eqgs. (46), (43), and (5). The fourth equality follows from the definitions (10) and (11).
The inequality holds becasue of Fact 3 (Eq. (19)).

A
On(z1,22 — 1) + EGH(ml +1,29) +

m]
A.4 Proof of Equation (25)
If x1 > m,
gi(z1 —1,32) =m g (z1—1,22) =0
gi(xy —Loo+k—1)=m gi(z;1 —1,zo+k—1)=0
gi(z1,22 — 1) =m g5 (z1,22 — 1) = 0. (47)

Using Eqgs. (43), (47), (13) and the induction hypothesis on F, (z1, z2) we obtain

fn+1($1,$2)
= an_H (.’L‘l - 1,.’132 + k— 1) + (1 —p)Vn+1(SIJ1 - 1,1’2) - Vn+1(.’81,.’L‘2 - 1)

= p{p';%m[an(xl_2a$2+2k_1)+(1—p)vn(x1—2,x2+k_1)]+

A m+ A
EVn(xl,x2+k—1)+ (1—N1T

(1= p){ EL  pVaor = 2,20 + B) + (1= p)Va(ar — 2,20)] +
pam 4+ A

R
7 )Vn($1—1,$2)}—

A
EVn(ml,xg) + <1 —
(B pValar = Loa + k= 1) + (1= p)Valos — Lzz = 1)] +

)Vn(xl -1,z + k- 1)} +
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%vn(m1 F1,2—1)+ (1 _famtA

7 )Vn($1,$2 - 1)}
pH1m

= R [p]:n(fli'l _15$2+k)+(1_p)-7:n(~751 _1;372)]"'

A
an(xl +1,22) + (1 -

pim 4+ A
R

The first and third equalities follow from Eq. (13). The second equality follows from Egs. (47), (43), and
(5).

)fn(xl,;cz)

O
A.5 Proof of Equation (26)
Ifzy <m <z + 29,
9wy —1,z) =21 — 1 gy — L) =m—xz1 + 1
gixm—Liza+k—1)=21-1 gi(z1—Lza+k—-1)=m—z; +1
gi(xy, 22 — 1) =1 g3(x1, 2 — 1) =m — 3. (48)
Then

fn+1($1,$2)
= pVari(@m —Lzo+k—1)+ (1 = p)Vori (1 — 1, 22) — Voya (21,22 — 1)

-1
= p{%[an(ml — 2,20+ k) + (1 —p)Vp(z1 — 2,22)] +

—x1+1 A

%Vn(xl - 1,25 — 1) + RVn(ﬂh,wz) +

-1 — 1
(l_ﬂl(fﬂl )+H2](%m 1+ )+)\)Vn($1—1,ﬂ:2)}+
1

(1 —p){%[p‘fn(ml — 2,25+ k) + (1 - p)Valer —2,02)] +
—zy 41 by

%Vn(xl - 1,25 — 1) + RVn(JEhJUz) +

(1 _ =) +,u21(’%m —mA DA )\)Vn((ﬂl - 1,3:2)} -

H121

{ V@ = 1,aa + k= 1) + (1= p)Valer = Laa — D] +
— A

wvn(ﬂh,flh — 2) + EVH(.’El,.’L’z) +

(1ot sy
-1

= %Wn(xl 1,2+ k) + (1= p)Flz — 1,22)] +

— A

wfn(xl;mé -1+ }—zfn(ﬂh +1,29) +
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(1 B Nl(xl — 1) + ,UQ(m - .'L'1) + )\)fn(ml .732) -

R
%[an(xl —Lzo+k-1)+ (1 -p)\Vo(z1 — 1,29 — 1) = Vy (w1, 22 — 1)] +

EoplVa(@s = 1,22+ k= 2) = Val(or — Lo + k= 1)] +

&(1 — )[V (1 — 1,20 — 1) — Vo(zq — 1,29)]

R
= PO e L+ )+ (L Dl L)+
=) s
(l_ul(ml—l)-ﬂg(m—h) )fn(xh:cz)—
1 1-
Vi nm =)+ 2V~ Lzt k= 1)+ TPV~ 1,0)
< O D Lt B+ (- P — L) +
_ by
Wﬂ(%w — 1)+ S Faler + 1,22) +
(1- o =Dt o) Ay
%{(1 — D)Gn (@1, 2 — 1) + PG (@1, 2) + (1 — p) F(@1,22 — 1) —
¢! _p)fn(ml,mz)}
B oy L+ )+ (0 P — L)) +
_ by
w‘?ﬂ(wlamé ) R]: ('Z-l +1 :EZ) +
-1 -
(1_ 1 (o1 )+;;%2(m 1) + )j:n(xhg;z)—(l—p)%fn(xbwz)+
%{(1 = P)Gn(@1,2 — 1) + pGn(z1,2) + (1 = p) Fr(@1, 72 — 1)}
_ ul(ﬂ?l )[p]:( —Lizg+k)+ (1 —p)Fn(zr — 1,22)] +
Wﬁ(%w _1)+ %fn(ml +1,22) +
(1- pa(zs —1) + /g(m —o) + ’\)fn(a:l,xz) +
%{(1 —p)gn(xly.Z'Z - ]-) +pgn(a‘-17$2) + (]' —p)fn($1,x2 h 1)} (49)

The first and third equalities follow from Eq. (13). The second equality follows from Egs. (48), (43),
and (5). The fourth equality follows from the definitions (10) and (11). The last two equalitites are simple
grouping the terms. The inequality in Eq. (49) is a subsequent of Eq. (20) in fact 4.
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A.6 Proof of Equation (27)

If 21 + 22 <m,

g1(z1—1L,22) =21 — 1 g5(z1 — 1,22) = 72
gilxr — oo +k—1)=21—-1 gi(z1 —L,zo+k—1)=22+ N
gi(@1,22 — 1) = m1 93 (@1, 22 —1) =25 — 1.

where

N =min(k —1,m — =z — 22+ 1).

Thus

-7'-n+1(371,$2)

= pVpti(z1 — Lo+ k—1)+ (1 —p)Vpg1(z1 — 1, 22) — Vpya (21,22 — 1)
-1

R
T2 + 1N A
%Vnm — 12y = 1) + ZVa(er,22) +
(1 (@ —1) + (2 +n) + A
R

(1 - { PO D0 (o1 = 2,2 4K+ (1 Vil — 2,0)] +

A
M2g2)Vn(w1 -1,z — 1) + EVn(wl,xg) +

(1 (@ — 1)1; P2 +A)Vn(x1 _ l,xz)} _

{Nl}%ﬂl PVa(zr = 1,22+ k—=1)+ (1 —p)Vp(z1 — 1,22 — 1)] +

To —1 A
%Vn(m,wg -2)+ EVn(l‘hﬂ&'z) +

(1 _ +,u2(]3;2 -1) +’\)Vn(x1,x2 — 1)}

pFn(z1 — 1,22 + k) + (1 — p)Fn(w1 — 1,22)] +

)Vn(xl - 1,372)} +

p(z1 —1)
R
p2(z2 — 1)
R Fn
<1 ul(x1—1)+,u2(a:2—1)+)\
B R

A
(-731,332 - 1) + an(ilj + 1,:1)2) +

)fn(arl, x2) —

%[an(wl —Lz+k—1)+1-p)Va(z1 — 1,22 — 1) = Vy(@1,22 — 1)] +

%p[vn(ml —1,29 + k— 2) — Vn(wl — 1,20 + k— ].)] +

2
R

N%[Vn(xl — 1,.’E2 + k- 2) — Vn(,fL'l — 17$2 +k— 1)]

(1 —p)[Valzr — 1,12 — 1) — Vio(z1 — 1,z2)] +
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- w@fn(ml — Loy + k) + (1 —p)Falzr — 1,5)] +

W}'ﬂ(ml,@ -1)+ %fn(ﬂvl +1,22) +

<1 _ /J,l(.’L'l — 1) +,U2($2 - 1) + A
R

1_4 P

RVn(mhwz—l)*'}—%Vn(wl_17$2+k_1)+

NV (@ - Lo +k-1)

)fn(ib’h T2) —

1-p

R Vﬂ?(ml - 17$2)

%[pﬂ(xl — Lz + k) + (1= p)Fnlar — L,22)] +

-1 A
%ﬂ(mm — 1)+ ZFal@r +1,32) +
(1- pa(er —1) + pa(wp — 1) + 4

R

IN

)fn(l"l;mz) -

1 1-
EV;(ﬂflamz -1)+ £V2($1 — Lozt k—1)+ -

R'™ R
—1
%[pﬂ(xl —Lay+k)+ (1—p)Fulzr — 1,22)] +

po(z2 — 1)
R
(1 (@ =)+ pa(ze —1) + A

R
%{(1 = P)Gn (21,22 — 1) + pGn(z1,22) + (1 — p)Fp(z1,22 — 1) —

(1 —p)]:n(ﬂfla»'l?z)}

Vﬁ(ml - ]-a $2)

IN

A
(wl,mz - ].) + an(xl + 15'/'1;.2) +

)fn(ah, x2) +

= %Wrﬂ(xl — Lz +k)+ (1 =p)Fa(zr — 1,22)] +
%ﬂ(wz _)+ %fn(xl +1,02) +
(1 _p(z—1) +1/;2(x2 —D+ )\)fn(l'lme)
%{(1 = P)Gn(z1,22 — 1) + pGn (21, 22) + (1 — p) Fru(21,22 — 1)} 52)

The first and third equalities follow from Eq. (13). The second equality follows from Egs. (50), (43), and
(5). The fourth equality follows from the definitions (10) and (11). The first inequality in Eq. (52) holds
because of N > 0 (N is given by (51)), and the second inequality is a subsequent of Eq. (20) in fact 4.

A.7 Proof of Equation (28)

If z; > m,
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gi(x1 —1,z3) =m g5(x1 —1,25) =0

9i(z1 —Lza+k)=m gy(x1 —1L,za+ k) =0

9 (1,22 — 1) =m gy (1,22 —1) =0

g1 (z1,22) =m 95(21,32) = 0. (53)
Then,

an+1 (w1,22)

= (PVn+1($1 —Lza+k)+ (1= p)Voyr(z1 — 1,32) — Vn+1($1>$2))

= (P{%[pvn(wl — 2,23+ 2k)+ (1 —p)Vp (21 — 2,22 + k)] +
A m+ A
ZVal@r,22 + k) + (1- ’“T)Vn(:cl — Lok} +
(1= p{ P Vol — 2,05 + k) + (1= p)Valor — 2,22)] +
_ pam 4+ A

R
7 )Vn(:cl - 1,.’(12)} -

AVn(xl,:cz) + (1
{ulm[an(ml — 1Lz 4+ k)+ (1 —p)Va(zs — 1,z2)] +

R
R

%Vn(ml +1,29) + (1 — %)Vn(mla@)})

= BEpVi@ Lo+ k) + (1 —p)V (o — Laa)] +

A + A
ZVi(a +1,22) + (1- B2 ) Vi (@, 20) (54)

The first and third equalities follow from Eq. (10). The second equality follows from Egs. (53), (43), and
(5)-

V2 (21, 22)
= (Vn+1($1,$2 —1)=Van (331;372))

= (B Ve — Las + k= 1)+ (L= pVa(er — Lza — 1)] +

A +A
EVn(.Z'l + 1,:172 - 1) + (1 - %)Vn(m,mg - 1) —
{u;%m [PVa(z1 — 1,20 + k) + (1 — p) Vi (z1 — 1,22)] +
A pim 4+ A
EVn(Jh + 1;372) + (1 - T)Vn($1;$2)})
= BV~ Laa + ) + (1 - p)Vi(a - 1)l +
A m+ A
ZVar+1,m0) + (1 - B2 ) Vi@, o) (55)
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The first and third equalities follow from Eq. (11). The second equality follows from Egs. (53), (43), and

(5)

Because of Egs. (54), and (55), we can write

Dn+1 (9717-202)

= BV @ Las +F) + (1= p)Vi (o1 = Laa)] +
A m+ A
Ran(xl +1,29) + (1 — MT)V;(xl,mg) -
(B V2 (@ = 10+ K) + (L= )V = 1,22)] +
A m+ A
RVnQ(xl +1,29) + (1 — MT)Vf(xl,mg)}

m

= B pDn(@1 — Lza + k) + (1= p)Dala — La)] +
A m+ A
RDn(xl + 1,.712) + (1 - MT)’Dn(Ivl,.'L'z)

The first and third inequalities holds because of Eq. (12). The second equality holds because of Eqs. (54)

and (55).
O
A.8 Proof of Equation (29)
Ifzy <m <z + 29,
91 (x1 —L,z0) =21 — 1 gy(x1— L) =m—z1 +1
gi(xt1 — Lo+ k)=21 -1 g1 —Liza+k)=m—x +1
g1 (z1,22 — 1) =3 g5 (®1, 72 — 1) =m —x1
g1 (21, 22) = 21 95 (21,22) = m — z1. (56)
Then,

Vg (21,22)

,ul (an+1(371 —Lza+k)+(1-p) Vo (o1 — 1,32) — Vn+1($1,$2))

i p{ =D Vs (21— 2,22 +28) + (1= p)Valor = 2,20+ B)] +

_ 1 A
%Vn(ml —Las+k—1)+ SVa(wr, 22 + k) +
-1 — 1)+ A
(l_ﬂl(wl )+M2gﬂ T1 ¥ )+ )Vn($1—1;$2+k)}+
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R A R AT It

—x;+1 A
%Vn(xl — 1,29 — DE
(1 oz —1) +u21(%m —r1+1) +/\)Vn(x 3 1,:1:2)} 3

{m];h [an(iL‘l — 1,29 + k) + (1 —p)Vn(wl - 1,532)] +

m-—x A
%Vn(wl,xz -1+ EVn(xl +1,20) +

p1xy + po(m — 1) + A
(1 - 7 )Vn(l‘1,$2)})
-1
= D e 1 B+ (- PV — L)+
- A
B 2y 1) 4 SV 1 +1,00) +
(1 (@ = 1) +pp(m — 1) + A)
R
%[pv,f(xl 1,20+ k) + (1= p)V2(z1 — 1,25 + k)] (57)

Vn(ml, .’L‘2) +

an(.’L'l,IL'g) bl %an(ﬂil,.’lfz) +

The first and third equalities follow from Eq. (10). The second equality follows from Egs. (56), (43), and
(5).

V2 (21, 22)

= s (Vn+1($17$2 —1) = Vaga (531;372))
-1
= uz(%[ﬂ/ﬂ(wl — 1oy +k—1)+ (1 —p)Va(zy — 1,20 — 1)] +
M2(m — 1)

A
Va (.1,'1,.21'2 )-l-EVn(.Z'l-}-].,.’EQ—].)—}-

— A
H1$1+Hz z1) + Viy(z1, 29 — 1) —

R
[PVn(z1 — 1,22 + k) + (1 — p)Vo(z1 — 1,22)] +

p2(m — z1)

A
7 Vn(ml,xg—l)EVn(w1+1,m2)+
(1 iz + p2(m

7 Vn(ml,wz)})
M1 2 2
= T[an (z1— 1,22+ k) + (1 —p)V, (21 — 1,22)] +

1-—

(
{um

—a:1)+)\)

p2(m — 1)
R

(1 _ 1+ pa(m

R

A
Vnz(xl,:vz -1+ RVnZ(wl +1,z5) +

~I )2 ) 59)

28



The first and third equalities follow from Eq. (11). The second equality follows from Egs. (56), (43), and

(5)-
From Egs. (57), (58), and (12) we have

Dn+1($1,$2)
= Vn1+1 (371;$2) - Vr?+1 (371;$2)

-1
- %[pvnl(ml —Las+k)+ 1 =-pV,y(z1 —1,2)] +
2l — X A
%V;(ml,mz—l)"'ﬁ‘/ﬁ(xl+1’$2)+
_ — A
<1_N1($1 1)—}—/];2(m $1)+ )V;(Z.l,xZ)_—l;V;(mth)—f—

%[anz(ml —Lzo+k)+ (1 —p)V2(zy — 1,2)] —

(11404 0= 02

— A
va(whxz —-1)+ ]—%Vf(ml +1,22) +

(1- o= m) 22y, ) )

R
- wbﬂjﬂ(xl — 1,25 + k) + (1 = p)Dn(z1 — 1,22)] +

_ A
WDH(J‘E;:L‘Q - ]') + ED"(Q:]' + 1,322) +
<1 _ /J,l(.’L'l — 1) +,U2(m - .’L’1) +A

R
%V;(xlamQ) + %Vf(wbx?)
-1

= %[p@n(ml — 1,29+ k) + (1 = p)Dnlz1 — 1,22)] +
piz(m — 1)

R
(1 B H1T1 =+ ,u2(m — 1'1) + A

R

The first, third, and fourth equalities holds because of Eq. (12). The second equality holds because of
Egs. (57) and (58).

)Dn(xl,:cg) —

A
Dn(.’L‘l,.’L'Q — 1) + RDn(ml + 1,322) =+

)Dn(ml,mz)

O

A.9 Proof of Equation (30)

If 21 + 2 <m,

g1 —1Lm) =21 -1 g5(z1 — 1,22) = m2
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where
L=

Then,

g1 —Lzat+k)=x1—-1 gy(@1—1,za+k)=a2+L
gi(z1, 22— 1) =29 gy(x1, 2 —1) =29 — 1
gf($1;$2) =T 95(531;332) = 2.

min(k,m — 1 — x5 + 1).

VT}-‘rl (z1,72)

Ml (an+1(a?1 —Lza+k)+ (1 - p)Voyr (o1 — 1,22) — Vn+1($1,$2))

i (p{w[pvn(ml — 2,0 +2k) + (1 — p)Va(a1 — 2,22 + K)] +

R
L A
%Vn(l’l — 1,z + k— 1) + EVn(.’L'l,Z'Q + k) +
(1 (@ = 1)+ pa(z2 + L) + A
R
(e —1-1)
R

A
Vn(ml - 1,1’2 - I)EVH(-'L']_,mQ) +

)Vn(xl — 1,z +k)} +

a-pf [PV = 2,05 + k) + (1= p)Va (21 — 2,2)] +

K22
R

(1 (T = 1)}; 22 +}\)Vn($1 B 17372)} B

{”1;1 [PVa(z1 — 1,22 + k) + (1 — p)Va(z1 — 1,22)] +

M:;w V(1,22 — 1) + %Vn(ml +1,22) +

(1- T 12 2Ny y o an)))

%IPVJ% — Ly +k)+ (1 —p)V, (21 —1,32)] +

BT 42— 1) + Vi1 +1,)

(1 =)+ /g(m —x1) + A)an(wg) _ %an(xl,mz) +
M V2 @ — 1,22 + F).

(61)

The first and third equalities follow from Eq. (10). The second equality follows from Egs. (56), (43), and

(5)-

VT?—H (z1,72)
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= (Vn+1($1a$2 —1) = Vap (531;372))
= (B pValer = Loz + k= 1) + (1= pValer — Laa = 1)] +
p2(z2 — 1)
R Ve
(1 — Mlml + M2(;2 — 1) + A)‘/;’L(:E17~Z'2 - 1) -

[PVa(z1 — 1,22 + k) + (1 = p)Va(z1 — 1, 22)] +

A
(1,22 —2) + ]—%Vn(ﬂfl + 1,25 1) +

{ H1T1
R
122

R
(1 w1 + pews + /\)Vn(%@)})

R
= B V(e — Lo+ k) + (1= )V (@1 — La)] +
pa(z2 — 1)
R
(1_ M121 +/J/2(.’132 —1)+)\
R
The first and third equalities follow from Eq. (11). The second equality follows from Egs. (59), (43), and

(5).

A
Vn(aj'l,.’ll'g — 1) + }—%Vn(.’lfl + 1,1’2) +

A
Vy?(xI;z.Q -1+ EVT?(% +1,z0) +

Vi (ar,22) = SV (@1, 22). (62)

Dn+1($1,$2)

= an+1 (z1,22) — Vn2+1 (z1,22)

_ %[pv,}(m —Lzy+ k) + (1 - p)Vi (1 — Lm)] +
%V;(xl,@ —1)+ %Vé(wl +1z) +
(1 (@ =1+ /g(m — 1) + A)V'r}(xla'TQ) - %V#(ml,m) +
%pr(aﬁ — Lz +k)—
{“;;”1 [PVi(z1 — Laa + k) + (1= p) V2 (21 — L z2)] +
%Vf(xl,m -1)+ %Vf(ml +1,2) +
<1 T +”2(§2 —1) +/\)V3($1,$2) - %Vrf(m’m)}

_ %@Dn(zl — Loz +k) + (1 -p)Dnlz1 —1,22)] +
1022 D5 (1,5 1) + S Dalar +1,22) +
(1 ol —1) +g2(x2 1)+ A)Dn(th) _ %an(xl,mz) +
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BV @12 = 1) = Vi, e0)] + BV (@1,20) +

L
P%Vf(wl — Lz +k)+ &V2($1;$2) -

R n
%[pvj(ml — Ly + k) + (1 -p)Vi (21 — 1,22)]
-1
- %[ppn(xl _1,x2+k)+(1—p)'Dn($1 —].,.73'2)]"'
o —1 A
%Dn(aﬂawz - ]-) -+ RDn(ml + ].,.'172) +
A L—-1
(1= mtrans 2N g o ) RS
R R
%an(wl;mz -1)- %Vi(ml —1,22)
-1
- %[ppn(ml —Lzy+k)+ (1 —p)Dn(z1 — 1,22)] +
1 \ L-1
T1 + paTz + A ‘
(1 _ %)Dn(%m i Nllgz Fn(@1,72)
-1
S %[pl)n(ml _1,1-2—|—k)+(1—p)'Dn(-’171 _17$2)]+
zg —1 A
%pn(m,m -1+ ED”(zl +1,22) +
T1 + p2T2 + A
(1- LR TN D (04, 5) + A2 7, (11 12)

The first and third equalities holds because of Eq. (12). The second equality holds because of Egs. (61)
and (62). The fifth equality follows from Eq. (13) The inequality holds because of Eq. (18) and L > 1.

O

B Outline of the proof of Theorem 3

In this appendix, we provide the reader with the essence of the proof of Theorem 3. First define

Condition 3 p < k2

M1
as the compliment of Condition 2. Theroem 3 can be proved by the same argument as in Section 2.2; that
is Problem (P) can be reduced to proving the optimality of § under Condition 3 for the n-stage problem
described by Egs. (7)-(9). To proceed with the proof, we establish an induction similar to that of Section 2.3.1.
Notice that since k = 1, G, (21, 22) = Fp(z1, z2) and the induction hypotheses for stage n will be

(H'0)p, policy g, that gives priority to Q2, is optimal at stage n
(H'1), Dn(x1,22) > 0, for every £y > 0, 22 >0
(H'2),, Gn(z1,22) >0, for every z1 >0, z2 >0
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The basis of induction is verified through the same argument as in Section 2.3.2. Assuming that the
induction hypotheses are valid at stage n, we use a number of facts and lemmas to prove the validity of
(H'0)pg1-(H'2) 1. These facts and lemmas, which are stated below, and their proofs are very similar to

those of Section 2.3.2.
Fact. 5 For everyn > 1,21 > 0,22 > 0, the following relations hold.

Vn(.’El + 1,.’E2) Z Vn(.Z'l,.’Eg),
Va(z1, 22 + 1) > Vi(21,22).

Fact. 6 For everyn > 1,21 > 0,z2 > 0, the following relations hold.
Vo, 22) <0,
VT? (.’171, IL'Q) S 0.

Fact. 7 Under Condition 3, i.e. p < —“lu_lw:

Vi@, 20 — 1) — V(21 — 1,22) < p11Gn(21,22)

(67)

Lemma 6 Assume Conditions 1 and 38 hold. If Dy(x1,22) > 0 for all x; > 0, o > 0, then § is optimal at

stage n + 1.

Lemma 7 Assume that Conditions 1 and 3 hold. If § is optimal at stage n + 1 and G, (x1,z2) > 0 for all

Z1,%2, then Guy1(z1,22) > 0.

Lemma 8 Assume that Conditions 1 and 3 hold. If § is optimal at stage n + 1, G,(x1,22) > 0, and

Dp(x1,x2) > 0 for all x1,x2, then Dypy1(x1,22) > 0.
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