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The correspondence in which we are interested is defined by

Xx—= U Sq3, (1-1

et 823 —)*quEJQx X
and is called the mapping by parallel support hyperplanes.
general this correspondence is many-many. If either side j
single point then the correspondence is continuous in the sing
valued sense. Thus we have '

(i) if every frontier point of ¥ is regular then the frontier ofj
mapped onto the frontier of & continuously by the mapping
parallel support hyperplanes,

(ii) if every support hyperplane of X is regular then the fron|
of € is mapped onto the frontier of X continuously by |
mapping by parallel support hyperplanes.

The proofs are left to the reader.

It is easy to see that any closed bounded n-dimensional cons
set £ with a non-empty interior is such that its set of regy
frontier points is dense in the frontier of . For if p is any pa
of the frontier of £ and ¢ is a given positive number we @
choose a point q of the interior of X such that | p—q | < 4.

is a largest closed sphere @ whose centre is q and which is :

tained in X and there is at least one point say r that belong
Fr¥ n©. Now & cannot have radius greater than 44 or it wa

include p as an interior point and we should not have &¢

Thus | p—r | <4. But r is a regular point of Fr X, for of any{
distinet hyperplanes through r one must cut © and hence m
cut X. Thus there is a unique support hyperplane to X at r. Si
p is any point of Fr¥ and ¢ is any positive number this is!
required result. :

Exercise 1-11
1. Show that to every closed bounded n-dimensional con
set there corresponds at least one regular support hyperplas
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CHAPTER 2

HELLY’S THEOREM AND ITS
APPLICATIONS

One of the most striking properties of Euclidean n-dimensional
space is a result on the intersection of convex sets due to Helly.
This property is closely related to Carathéodory’s theorem on the
convex cover of a given set, and the relationship is connected
with duality. Carathéodory’s theorem implies Helly’s theorem,
and conversely also Helly’s theorem implies the dual of Cara-
théodory’s. Here of course we are using the concept of duality
in a descriptive and imprecise sense.

The properties of convex sets which were developed in
Chapter 1 are true in one form or another in Banach spaces of
either finite or infinite dimension. This is no longer the case
with the theorems that are to be proved in the present chapter.
A vector space which satisfies Helly’s theorem is essentially one
whose dimension is finite. It is possible to generalize Helly’s
theorem by a process of axiomatization, but we shall not do
80 here.

1. Radon’s proof of Helly’s theorem

- We give here a simple analytical proof of Helly’s theorem due
to Radon.

TaEOREM 17. HELLY’S THEOREM. A finite class of N convex sets
in R™ is such that N >n+ 1, and to every subclass which contains
n+1 members there corresponds a point of R™ which belongs to
every member of the subclass. Under these conditions there is a point
which belongs to every member of the given class of N convex sets.

The theorem is trivially true when N =n-+1. Assume in-
ductively that the theorem is true for every class of N —1 sets
and consider the case when the class contains N sets.

Let the sets be %, ..., £y. By the inductive hypothesis applied
%0 the subclass of this class of sets which consists of the whole







