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ABSTRACT

It is necessary to bound the cardinality of the random variable U in

expressions like

max { AII(Z;U) + A, I{X;Y]U) }

2

in order to show the.computabi1ity of the capacity region in problems in

| mu]tip]e—user theory.  The mappings suggested by Ahlswede and Kdrner, to-

- gether with the standard theory of convexity, have previously been used to
find bounds for source coding with side information. In this paper we apply
these methods to some problems in multiple-user theory. Improved bounds are
found using the theorem of'Fenche1 and Eggleston. Cardina]ity bounds are

~found for 1) moré capable broadcast channels, 11i) broadcast channels with
degraded messages, i1i)} multiple access channels with correlated sources,

and. iv) multiple access channe?s with feedback.
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1. Introduction

The description of a capacity region is in computable form if there exists
an algorithm of finite length for computing it to any given degree of accuracy.
An example of a computable description is Shannon's formula

¢ = max 1{X:Y) ,
p(x)
where X and Y are finite sets and p(y]x) is given for all xeX , yeY.
Here C is expressed as the maximum of a continuous function over a compact
set. The equally correct expression

C = sup sup %—I(X],Xz,...,Xn;Y1,Y2,..,,Y ) (1)

n
n P(X],...,Xn)

is not in computable form as described above.

In many problems in muitiple—user thebry, capacity regions are described
in termé of auxiliary random variables. In order to express these regions in
computable form, it is necessary to bound the cardinality of these random
variables. |

Bounds have previously been found for degraded broadcast channels
(Gallager [2]), source coding with side information (Ahlswede and Kérner [31),
and the common information problem (Wyner [97).

In this paper we will use a slightly modified version of the method of
Ahlswede and Korner. This modification improves their result by 2. Then we
will apply this technique to 1) more capable broadcast channels, 1ii) broad-
cast channels with degraded messages, i1i) multiple access channels with

correlated sources and iv) multiple access channels with féedback.



1. A Modifiéd Version of the Technigue of Ahlswede and Kdrner

‘The key point in Ahlswede and Kbrner's method is a clever use of the
Caratheodory's Theorem as stated below.

Caratheodory's Theorem: - Let X be a subset of R" , let C{X} denote

the convex hull.of X , and Tet y be a point of C{X) ; then there exists

a set of s points 54,,..,X » all belonging to X , with s < n+—i , such

L
that y s a point of the simplex whose vertices are 54,...,35 .
_Egggf; See [4], page 35.
We will state below the closely related theorem of Fenchel and Eggleston.
The use of this theorem enables us to improve Ahlswede and Korner's bound
by 1ﬂ

Theorem (Fenchel-Eggleston): If in the conditions of Caratheodory's

theorem it is also assumed that the set X 1is the union of at most n
connected sets then s s n .

Proof: See [4], bage 35.

Ah1sweﬂe and Kérner establish the following lemma of crucial impertance
~in finding cardinality bounds: |

Lemma 1 {Ah¥swede and Kérner): Let P be any subset of R" ,.and Tet

fj(B) > J=1,2,...,k be real valued functions on P . Then to any probabil-

ity measure u (on the Borel subsets of) P there exists k+1 elements
k+1

P, of P and constants @, z20,i=1,2,....,k, I di =1, such that
i=1
k+1

Jrs@ ua) = B o nie) g ek

Proof: See [3], Lemma 3.



However, dsing the theorem of Fenchel-Eggleston, we can improve the
_bound in Lemma T from k+1 to k , under conditions fhat continue to hold
true for the channel cardinality theorems.

Lemma 2: Let P be any subset of R" consisting of at most k con-
nected subsets. Let fj(E) » J = 1,2,...,k be real valued continuous
functions on P . Then to any probability measure u (on the Borel subsets

of} P there exists k elements Eﬁ of P and constants a, = g,

-~

i=1,2,...,k , L a, = 1 , such that
i=1 '

ffj(ﬂ) du = a, f

1‘j(P

_1) 9 j=],2,...,k.

0 =

i

Proof: The image of a set S consisting of at most K connected
subsets under a continuous mapping f:S +ﬁRk is again a set conéisting of

at most k connected subsets. This shows that the set

IE =~

02 {(7(0)5, @5 @) ¢ Eip e )

'_ consists of at most k connected subsets.

For any measure u on P , the point

(f+ (E0(eR), [ (BIulap)...., f7, (Bhu(ap))

belongs to the convex hull of D . Now we can apply the theorem of Fenchel

and Eggleston and find k points in P, namely P. , 1=1,2....,k, and k

i

-~

scalars o s i=1,2,....k » o, 2 0 and I a; = 1 , such that
i=1

n



Application: In the usuaj Shannon channel, assume X = {1,2,...,]X||}
is the input alphabet and V ={1,2,...,||Y]|} is the output alpahbet.

Then in order to achieve capacity it is enough to.put positive probability
on at most min { ||X|].|[Y}] } input.Tetters.

Proof: It is obvious that the number of input letters with positive
probability under the capécity—achieving distribﬁtion is less than or equal
to f|x]] . It femains to prove this number is also less than or equal to
vl

To show this, let Ef be the probability vector on X , the input

alphabet, that achieves capacity. Then
C o= H(Y) - H*(Y|X) .

‘We will prove that there exists another probability vector putting positive
prbbability on at most |Y|[ letters of X énd achieving both H'(Y) and
H*(Y]X) . |

Let P be the set consisting of all extreme points of the ||X][-
dimensional probability simplex. Let P e C(P) be a probability distributioh
on X, and let Ef ¢ C(P) be the probability distribution achieving capa-

city. Then there exists a measure u*(dP) on P such that
[o o ap) - b~
’P

Define H*(Y) to be the entropy of Y when P* s the probability distri-

bution on X . For each P e P define
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f”YHH 1 (B) = Py([l¥]l-1)

f[|Y|‘(£1) = }Ei(Y|X)

where HP(YIX) is the entropy of Y given X when P is the probability

distribution on X . Note that

* - »
Jei () = P3) 3= 12y (2)
and S ey @) = [0t ey = v (v (3)
Now applying Lemma 2 we see that there are Y]]  extreme points
fh,fz,,v.,ﬁuylle P and nor-negative numbers G, » 1= I,25...,”Y]L ,
such that
P*'—”Y” . (P j = 1,2 Yl -1 (4
Y(J) = 151 a.i J(—'I) s J = E :---s’ ”" )
H* (Y] X) ”;” f (P.) (5)
= o . . N
j=1 1 Y|

i.e., there exists a probability mass function (&1’a2""’aHYII) putting
positive probability on at most |[[Y|]] letters of X and resulting in the

same H*(Y|X) and H*(Y) as does P* . This completes the proof.



Another gain in the cardinality bound in multiple-user problems follows
from the convexity of the capacity regions and the.fact that a convex set
cﬁn be described by its supporting hyperplanes. The following Temma clears
“this point.

Lemma 3: let for § =1,2,...,n, 9; R" %R be a set of n positive

valued functions, Tet T c R be a closed set, and define

A -
E={§eRn:£2§L3£eT; x; s g;(t), 1=L2p.”n}.

Let E' = C(E) denotes the convex hull of E . and let

A ' '
£ ={ieRn,£2g:VieRn,A29s A x s G(.&)}s (6)

A
MhEre T 6(a) = sup 2t [91(2),9,(1),. .09, (£)1°
: tel

Then E' = E

i} E s convex. This is easy to check from the definition of E .
i1) EcE". Let XeE. Then 3t*eT such that 0 < x; < g, (t%) ,
i=1,2,...,n . For A 20, we have

At

X5 A% [0 (E9):0,(8%),..00, (£ < 6(a)

therefore X e E
‘From i) and ii) it follows that E' < E .
- i11) To prove E' < E' it is enough to show y ¢ E implies Yy ¢ E".
It is easy to see that E' s a closed set lying in the first orthant

and is closed under projection on the coordinate axes. It is bounded by n

-6




coordinate hyperplanes and an upper surface. Now let y be in the first
prthant; but y ¢ EI . Then the line joining y to the origin cuts the

-~ upper surface of E' at a point X . By construction, and since ' s
closed, x > X . Since E' is closed under projection on the coordinate

axes, the supporting hyperplane at X s of the form l? X=1, where

A >0, and for all Zﬁ:EI we have AF Z<1., From y > X, we have

t X=122a'Z forall ZeE' . (7)

wy >t

Thus AFy > G(A) . Therefore y ¢ E .

Coroliary: The function G(i) completely describes the region E'
~in Lemma 3 ‘through Equation (6). | -
Application: Source ceding with side information: [|U] < ||X]| .

Let {(Xi’vi)}? be a seguence of i.i.d. drawings from a source with

i=0
joint probability distribution P(x,y), x € X, ¥y € ¥ . Wyner [1] and

. Ahlswede and Kdrner [3] have shown that the following is the achievable rate
region for noiseless coding of the X and Y processes for error free re-

construction of the Y process
R ={(RX,RY) PRy = 1(X3U), Ry = H(Y|U)} , (8)
where U is a discrete random variable with [JU}l < lIX||+ 2 and

p(x,y>u) = plulp(xjulplylx) . | (9)

We shall improve the bound as follows. By Lemma 3, we can write

e 2
R —{3— (RysRy) s ¥ A€ R,

A=0, A Rz G(A)} R (10)



where G6(2) = inf AY [1(X;U).H(Y|U)TY (11)

and the infimum is over all discrete random variables U where U + X » Y
form a Markov chain. Knowledge of G(}) 1is sufficient information to get
R , and we will prove for ail A that _G(&) can be achieved by.considering
those U's with cardinality less than or equal to ||X]l . |

Fix A = (AT,Az) >0 énd let P in Lemma 2 be the [[X]|- dimensional
probability simplex. Let X =1{1,2,...,||X]|} be the range of X and inter-

pr‘et ) )
P = (POX= U= u).p(X=2U= 1), P(X= [IX] U= 1))

as a point in P . Then each probability distribution on U defines a

measure u(dP) on P . Let P;(') achieve G{A) and let p*{(dP) achieve

P;(-) (and thus G(A) }. Denote by H*(X) the entropy of X under prob-

ability distribution P;(-) , and define

fj(f_) = Py(3) . J =12, IX]]- (12)

(P) = = Ay Hp(X) + A, Ho(Y) | (13)

where HP(X) and HP(Y) are the entropies of X and Y respectively

when the distribution of X 1is P . WNoting that

il

fHE(x)u*(dg) H (X|u) B (14}

i}

[ Hot0u*(aR) = W (Y|) (15)

and using Lemma 2 it is seen that there exist [[X|| elements P. e P,

i =1,2,...,|[X]| » and constants



x|l
L oa

SR REENENTTNS

such that | ' _

. Px(J) = io1 Oﬁ-i fJ(R1) s J=.|52:|0-°’”X“—] ' (16}
3!

sz*(v[u)-A1 H*(X|u) = _§1 o f”X[l(Ei) . (17)

'I_

‘From P;(j) » J = 1,2,...,|X]I-1 , we can compute H*(X) and can form

A H(X) + 2y HE(YIU) - Ay HE(X]U) Ay T¥(X0) + 2, H¥(Y[U)

= G(a) . (18)

This means that in order to achieve G(A) it is enough to put positive prob-
ability on at most {|X|| elements of P . This in turn shows it is enough

to consider U's with |lU]| < [[X|| .

I11. Some New Cardinality Bounds

In this section we apply results of Section II'to some problems in

muitiple-user theory. In these cases
y=sup At 1, - (19)

G(A
where 1 and the set on which sup is defined are given in each case.

a) More capable broadcast channels, [[U]l = x| :

The capacity region given in E1 Gamal [5] is




A

C = {(RO,R1,R2) :R0 + R1 + R2 < I(X;Y)

Ry + R1 + R2 < T{GY[U) + 1(U;Z)
Ry + R, = I(U;Z)} - (20)

where p(u,x,y,z) = p{u)p(x]u)p{y,z|x) . By Lemma 3, all information neces-

" sary to describe C is in
6(A) = sup A" I where I = (I(XsY),1(X;¥|U) + I{Us2),1(U;2))%

- . t t
C = {(RO,RPRZ) 20:¥ 3> 0, A (Ry+Ry +RyuRy+ Ry +Ry R +R,) SGQ)},.

and sup in G(A) is over all r.v.'s U such that

plu,x,y,z) = p{u)p(xju)ply.z[x) . (21)

For each P in the [|X||—dimensional simplex PHX|| define

£5(P) = Py(3) » 3 = 1a2eeen, X[+ (22)

then J[fj(E)p*(dE) = Py(3) » 3= Ta2s o ix)-1

*

From PY{d) » 3 = 1.2,...,[[X]-1 , we can calculate H™(X) , H*(Y) , H"(2)

and then form

-10-



S @B 3y B 5, 1@+, w
= LLI0GY]U) = BE (YD) + 5T + A, [T50GY ) -

- HY(ZJU) + H52)T + Al (Z) - H*(z]u)]

A TOGY) + LI (Y ]U) + T¥(Z50)] + A3 T%(Z;0)

-6 . | (24)

Applying Lemma 2, we conclude that [|U|| < ||X]|" s enough to describe

b) Broadcast channels with degraded messages: [|Ufl < |||

Kérner and Marton [6] have shown for broadcast channels with de-

graded messages that the capacity region is given by

A

C = {(R1,R0) PRy < I(X3Y]U)

1{U;Z)

A

iA

I(X;Y)}

“where U 1is a random variable such that

plusx,y.z) = p(u)p(XIU)p(y,ZIX) . (25)

By Lemma 3, we have

- I t t
C = {(R1,RQ) :¥A>0, A_(R],RO,R1-+RO) < e(g)}

-11-




6(A) = sup A TIOGY|U), 1(Us7), T0Y)TE

where sup is over all r.v.'s U such that (25) is satisfied. For
PeP » define
=5 T CC

fiBY =P (3) » §=1.2,...,]x)1

) . . * ’
Noting that jrfj(g)u*(dgj = Px(j) = L2, X

and that knowledge of P;(j) > J = 1,2,.. L {[X]|-1 1is enough to compute

H*(z) and H*(Y) , we can compute G(A) , i.e.,

M@ g 1+ fE ()

A TG L) + MIHN(Z) - H*(z|u)] + A[T*(X:Y|u) -

HY(YIU) + H*(Y)]

1}

A TTXEYIU) + a, TH(ZU) + g TF(XY)

It

G(a) . : | (26)

Then Lemma 2 applies, and |[U]| < ||X|| 1is seen to be sufficient to

achieve G())} .

- -2




¢) Multiple access channels with correlated sources: |JU|| =

min { |[Y[[L[[Xq 1l [[Xp]1}

The capacity region for this case is given in Slepian and Wolf [7]

by '
C = {(RO,R],RZ) : Ry = I(x];lez,u)
Ry = T(Xy5Y (X .0)
Ry + Rz's LKy X535 Y[U)
RO.+ Ry + R, < I(X],XZ;Y)} | (27)
where :
pusxpax,5¥) = plulp(xylu)p(xylu)p(ylxyax,) - (28)
By nsing Lemma 3 we have the equivalent descriptfon
c={(&y&,%):viag,gﬁy,%,&+nzmo+nr+%)sagj},
nhere

G(A) = sup JJ:P(X7;Y|X2=U),I(XZ;Y[XI,U),I(X],X2;Y|U),I(X1,X2:Y)]t

and sup is over all r.v.'s U such that (28) is satisfied. We develop two
bounds on U] .

1) Let Xy ={1.2,., 1% [13 and X, ={1.2,...,][%,]|} be the input

alphabets and ¥V ={1,2,...,|Y][[} be the output alphabet. Let PHX 115 |
1 2

be the subset of the IX{ 1+ || X5 || — dimensional simplex representing

independent probability distribution on X1, XZ . Then each P ¢ P”X II‘HX I
1 2

defines a distribution on xT and Xys say PX X (.} . This distribution
_ 1%2

~13-




has [[X,[[-]IX,[| components. For i = 2o I I X 01-1 5 Tet £o(P)

denote all components of P (-,-) except one, say P {(1,1) , and let
4%, 1%

Note that knowledge of P; X (+,+)} s enough to compute I° (x],x 3¥)  and

172
that
S ), 5= 1l ) -1
are enough to compute PXTXZ( .t ) . Now we can form
FATNEIR IR RS
= A 1 (x],v|x2,u + 2y TT(X53Y]Xy50) + Ag T7(X,X 53Y[U)
+ A4 (X1,X2,Y)

=G(A) . | (29)
Applying Lemma 2 we conclude that [|U] = |]X1||-HX2|| is enough to achieve
H(2) |

ii) Now focus attention on the output Y . Let PHX 1% be as
i 2
in part i). Then for each P ¢ P“X [T PY(-) is uniquely determined
' ] 2 ' ‘

and is a continuous function of P . Let

F5(B) = Py(3) » 3= 2., lv)-1

-1a-




HY|| (P) = % ;E(x];Y]xz) t IE(XZ;Y[xi * P(x1,x V) +

+ 0y [I PO ¥3Y) = Hp(N)]
Then
iy (PIAP) + 2, H(Y) = Ay T¥(Xy3Y]X,0U) + A, T5(X5Y]X,,U) +
v (BITLdR) + 2y = A D XgsYXy, 2 T (Xp3Y]Xgs
* .*
ERVS (x1, Xo 3 YUY+ A LT (XX 5 Y [U)-H¥ (¥ | U} +H (1)
= Ay T (KY 10,0+ 0, TG 5Y X000 + A T5(X, 0,5 |U)
1 13V 1 XgoU) ¥ 0 T3 ¥ XU+ Ag T7(Xy 0%y
+ 2 T (X5 Y)
= 6(2) - (30)
Now Lemma 2 applies and thus HUI[ (Yl ~is sufficient.

From i} and ii) we conclude that

10 < min VI f 0 - 1,11

is sufficient to achieve capacity.

d} Multiple access channels with feedback: [jU|| < min{ WYL, X - X 1E

An achievable rate region for this problem as given in Cover and

Leung-Yan-Cheong f8] is

I(X];YIXZ,U)

A

R = {—(RI’RZ) : R]

I(XZ;Y|X],U)

2 < 10Xp.X 2=Y)}

+
A
1A



where U 1is a random variable and

P(usxysX,5y) = plu)p }I Ip(xy [udply|xx,) - (31)

Using Lemma 3, the alternative description of R is
= {(R],Rz) : ¥ A

where ¢
' .t . ]
G(l\_) = Sup A [I(X]=Y]X25U): I(Xzsylx] su)s (X}=X2=y)]

~
|

v

0, 35(Rp Ry + k)T < 6 |

and the supremum is over all r.v.'s U such that (31) is satisfied.
i) Let P and fj(B) s J o= 1,2,...5||X1H-|§X2H—3 , be as in part i)

of C) and let

I (X2;Y|X])

2

f P) = A Y + A
1%, 11+ 1% 1 (B = 2 Tp(XysYiXp) # 2y Tp

It is easy to see

ffux] 1 [ ) (B (R) + g Ty Kp5¥) = 6(2)

which shows [[ull < ”X][]'HXZII is sufficient to achieve capacity.

i1} With P and fj(E) as in part ii) of ¢), let

Fv ) = g TplqaYIXe) + 2 1p0X3¥ %)+ AgLTp (X X3 ¥) - Hp (V)]

Then we can see that

-16-




S

- * . ok ) . * .
f‘r”\,” (P)u" (dP) + H*(Y) Ay T (xi,uxz,u) + (xz,v|x15u)

+ g0 (X Xy 3V U) + HE(Y) - W5 (Y |U)]

12 ?’

= 6()) . (32)

Now from i) and Eq. (32), we conclude that G(A) can be achieved with
ULl = win CYIEL X I1X01

IV. Conclusions

In this work, we have used a slight modification of the method of
Ahlswede and Kdrner to get bpgnds on the cardinality of the auxiliary random
variables in the definitions of capacity regions in multiple-user theory.
The bounds obtained are natural in the sense that they involve only the
cardinalities of input and output alphabets and no constants appear in them.
The problem of the tightness of these bounds remains open.

The following table compares the new bounds with the bounds obtained

previously.

Problem ' Previous Bounds New Bounds'
Source coding with lUlf =< |[X][+ 2 lull = [x]|
side information (Ah1swede and Kbrner)

Broadcast channels J[ull = |ix]|+ 2 full = X
with degraded messages (Korner and Marton)

“More capable full = Qixl+ 2 ol < fx|
broadcast channels (A. 3] GamaTl)

Multiple access channels  [[U]| < [[X; ][ ][]+ 2 [[u] smin{{[X; ([~ X, [l Y]]}
with correlated sources (Slepian and Wolf)

Multiple access channels - ”U[|$'“1“{”X]“ °HX2||,”Y||}
with feedback ' ' - :

-17-
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